SPACES OF BOUNDED SPHERICAL FUNCTIONS ON
HEISENBERG GROUPS: PART II

CHAL BENSON AND GAIL RATCLIFF

ABSTRACT. Consider a linear multiplicity free action by a compact Lie group K
on a finite dimensional Hermitian vector space V. Letting K act on the Heisenberg
group Hy = V x R yields a Gelfand pair. The condition that K : V be “well-
behaved” establishes a relationship between the associated moment mapping and
highest weight vectors occurring in the polynomial ring C[V]. Under this condition
an application of the Orbit Method produces a topological embedding of the space
of bounded spherical functions for (K, Hy ) in the space of K-orbits in the dual of
the Lie algebra for Hy . In Part I of this work it was shown that every irreducible
multiplicity free action is well-behaved. Here we extend this result to encompass all
multiplicity free actions. Our proof uses case-by-case analysis of multiplicity free
actions which are indecomposable but not irreducible.

1. INTRODUCTION

Let V = C™ be a finite dimensional complex vector space with Hermitian inner
product (-,-) and K be a compact Lie group acting on (V,(-,-)) by some unitary
representation. The group K acts by automorphisms on the associated Heisenberg

group
1
Hy =V xR with product (z,¢)(2',t') = (2 +2t+t — éfm (z, z’))

via

k-(z,t)= (k- z1).
(K, Hy) is said to be a Gelfand pair if the convolution algebra LL-(Hy ) of integrable
K-invariant functions on Hy is commutative. As is well known, this is the case if
and only if K : V is a linear multiplicity free action [8]. That is, if and only if the
representation of K in the space C[V] of holomorphic polynomial functions on V|

(k-p)(z) =p(k~" - 2),
is multiplicity free.
In this context the spectrum, or Gelfand space, for LL-(Hy ) can be identified, via
integration, with the set A(K, Hy ) of bounded K-spherical functions on Hy endowed
with the compact-open topology. An application of the Orbit Method, given in [5],
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produces an injective mapping ¥ : A(K, Hy) — b},/K from A(K, Hy) to the set of
K-orbits in the dual of the Lie algebra for Hy. Giving b}, /K the quotient topology
our main result here is that

Theorem 1.1. ¥V : A(K, Hy) — b}, /K is a homeomorphism onto its image.

Theorem 1.1 was conjectured, in more general form, in [5] and is the focus of [6]
and [2]. This paper is a continuation of these works. We proved in [6] that W is indeed
a homeomorphism whenever K : V' is a well-behaved multiplicity free action. (See
Definition 2.3 below.) Thus Theorem 1.1 is a direct consequence of the following.

Theorem 1.2. FEvery linear multiplicity free action is well-behaved.

If Ky :V; and K, : V5 are multiplicity free actions then so is the product action
(K1 x K3) : (V4 @ V3). Lemma 3.1 below shows, moreover, that if both K; : V; and
K, : Vs are well-behaved then so is (K7 x K) : (V4 @ V3). So to prove Theorem 1.2 it
suffices to verify that every indecomposable multiplicity free action is well-behaved.
These are the multiplicity free actions which do not decompose as product actions.

The papers [13, 3, 15] classify indecomposable multiplicity free actions up to geo-
metric equivalence. Kac’s paper [13] gives all multiplicity free actions K : V in
which K acts irreducibly on V. In [2] we applied this classification to show that each
irreducible multiplicity free action is well-behaved. Here we complete the proof of
Theorem 1.2 by analyzing the reducible but indecomposable actions given in [3, 15].
As explained in [2, Section 3.7] a byproduct of our calculations is that the orbital
model for A(K, Hy ), provided by Theorem 1.1, becomes relatively explicit in each
case.

2. PRELIMINARIES AND BACKGROUND RESULTS

Let K : V denote a fixed multiplicity free action. We summarize below some results
from [2], retaining the notational conventions established there. In particular

e t is the Lie algebra for K, T' C K a maximal torus, t C ¢ its Lie algebra and
bh := tc. Choosing a system of positive roots we decompose ¢c =hdn, Hn_
and let B := HN = HN, be the resulting Borel subgroup in Kc¢.

e A C b* is the set of B-highest weights for irreducible representations of K¢
occurring in C[V]. For each o € A choose a B-highest weight vector h,, € C[V]
with weight a (unique modulo C*) and

o let ap € € be the (real valued) linear functional on € with au|y = —ia and
ap = 0 on the orthogonal complement to t in € with respect to an Ad(K)-
invariant inner product.

o 7:V — £ is the (unnormalized) moment map for K : V, namely 7(v)(A) :=
i(A-v,v).
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2.1. Spherical points and well-behaved multiplicity free actions.

Definition 2.1. [6] A point v, € V is said to be a spherical point for the highest
weight a € A if 7(v,) = .

Results from [1, 9] ensure that a spherical point v, exists for each v € A and that
the K-orbit I, = K - v, is uniquely determined. The following result facilitates the
calculation of spherical points in examples.

Lemma 2.2 (]2, Lemma 3.1]). v, € V is a spherical point for a € A if and only if

2.1 (X Vg, va) = —a(X) for all X € b and
21) (X - Va,0q) =0 forall X eny dn_

As (2.1) is linear in X this amounts to a system of dim(£) quadratic equations whose
solutions give all spherical points for a.

Definition 2.3. [6] Given a € A we say that a spherical point v, for « is well-adapted
to h, when the following conditions hold.

(1) hoa(va) 7& 07 and

(i) (Owha)(va) = (W, va) ha(vy) for all w € V.
The multiplicity free action K : V is said to be well-behaved if for every oo € A one
can choose a spherical point v, well-adapted to h,.

Lemma 2.4 (2, Lemma 3.7]). Let Ky : V' be a multiplicity free action obtained
by restricting a multiplicity free action Ky : V' to a closed Lie subgroup K; C Ks.
Assume, moreover, that C[V] shares a common decomposition under the associated
representations of K1 and K. Then Ky : 'V is well-behaved if and only if Ko : V is
well-behaved.

2.2. A limiting procedure. Recall that o € A is a fundamental highest weight for
K : 'V when h, is an irreducible polynomial. The fundamental highest weights are
finite in number and freely generate A as an additive semigroup [12]. The number
of fundamental highest weights for K : V is its rank. A technical Lemma from [2] is
used to study examples.

Lemma 2.5 ([2, Lemma 3.5]). Let K : V be a rank r multiplicity free action with
fundamental highest weights {ay, ..., .} and associated fundamental highest weight
vectors hj = hy;. Suppose that for all positive real numbers 1, ...,z > 0 there is a
point v(x) = v(xy,...,x,.) in V which satisfies the following four conditions:

(1) { (X -v(x),v(x)) = —(r1090 + -+ x0,.)(X) forall X € b and }

(X -v(x),v(x) =0 forall X eny @n_ |7
(2) hi(v(x)) #0 for1 <i<r.
(3) For each 1 < k <r and indices 1 < jy < jo < -+ < jp <1 the limit

lim --- lim o(zy,...,2,)
1’ij0+ :Ej1~>0+

exists in 'V, and
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(4) lim,, o+ -~ -limy; o+ hi(v(z,...,2,)) #0 foreachi € {1,....,r}\{j1, ..., jr}.
Then K :'V s a well-behaved multiplicity free action.

Definition 2.6. We call a point v(x) = v(zy,...,x,) € V satisfying condition (1)
in Lemma 2.5 a generalized spherical point. Moreover v(x) is said to be a generic
generalized spherical point when each parameter x; is non-zero.

As A = {xlozl + - txa, 0 ox; € Loy > O}, Lemma 2.2 shows v(x) to be a
spherical point for weight (o = x109 + - - - + z,0,) € A whenever each x; in a non-
negative integer. If each x; is a positive integer then we call the weight « generic.

3. PRODUCT ACTIONS

A routine Lemma enables us to reduce the proof of Theorem 1.2 to the study of
indecomposable multiplicity free actions.

Lemma 3.1. Products of well-behaved multiplicity free actions are well-behaved.

Proof. Consider a product action (K; x K3) : (V4 @ V,) where K7 : Vj and K :
Vy are well-behaved multiplicity free actions in Hermitian vector spaces (Vj, (-, -);).
Equipping Vi @ V, with the direct sum Hermitian inner product it follows that the
moment mapping 7 : Vi @ Vo — (€ X &)* = € x € is just 7(vq,v2) = (7’1 V1), 2))
where 7; : V; — £; is the moment mapping for K; : V}.

Let A; C b be the set of Bj-highest weights for representations of K; occurring in
C[Vj]. The set of (B x By)-highest weights for representations of K7 x K occurring
in C[Vi®Vs] =2 C[V]@C[Va] is A = Ay x Ay C ((B1 x b2)* = b xh3). If hy, € C[V}] are
highest weight vectors with weights a;; € A; then h,, ® h,, is a highest weight vector
in C[V1 @ V3] with weight (ay, as) € A. Let v,, € C[V;] be a spherical point for a; well-
adapted to h,,;. We claim that the spherical point (va,,va,) € V1® V2 for (a1, az) € A
is well-adapted t0 ha, ® ha,. Indeed (ha, ® hay)(Vay, Vay) = hay (Vay ) hay (Vay) # 0
and by linearity it suffices to check Definition 2.3 condition (ii) for derivatives in
directions lying in V; UV, C V) @ Vs, If say w € V; then one has

(a(w,O)(hm ® haz)) (vauvaz) = (awhal) (vm)haz (Uaz) = <w> Um)l ha, (Um)haz (vaz)
= <<w70)’(val7vaz)> (hoq ®ha2)(valvva2)‘ O

4. REDUCIBLE BUT INDECOMPOSABLE MULTIPLICITY FREE ACTIONS

Each multiplicity free action splits as a product of indecomposable multiplicity
free actions. The indecomposable but non-irreducible multiplicity free actions are
classified in [3] and [15]. See also [14]. Scalar actions somewhat complicate the
classification. Lemma 2.4 ensures, however, that a multiplicity free action obtained
by adding or removing a copy of the scalars T from a well-behaved multiplicity
free action remains well-behaved. So for our purposes it suffices to describe the
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multiplicity free actions which are fully saturated. That is, actions K : V which
include a full copy of the scalars acting on each irreducible subspace of V.

Up to geometric equivalence there are twelve saturated indecomposable non-irreducible
multiplicity free actions K : V. In each case V = V; & V; is the direct sum of two
K-irreducible subspaces, K = K’ x T x T with K’ compact semisimple and K : Vi,

K : V5 are irreducible multiplicity free actions. The possibilities for K’ : V' are listed
in Table 1, which follows notational conventions from [3].! To complete the proof of

’ § \ Action \ rank ‘
5. SU() Gsum SUM) (15 2) 3
53 SU() Gt SUM)" (1= 3 3
(54) | (SU(n)®SU(2)) ®surz) (SU(2) ® SU(m)) (n,m > 2) 5
(5.5) | (Sp(2n) ® SU(2)) @su(e) (SU(2) ® SU(m)) (n,m > 2) 6
(5.6) | (Sp(2n) ® SU(2)) ®su(z) ( U(2) ® Sp(2m)) (n,m > 2) 7
(5.7) SU(2) ®su(z) (SU(2) ® Sp(2n)) (n > 2) 5
(5.8) Sp(2n) @sp(2n) SP(2n) (n > 2) 4
(5.9) Spin(8) DSpin(8) SO(8) 5
(6.1) SU(n) ®sym) (SUM) ® SU(m)) (n,m > 2) min(2n,2m + 1)
(6.2) SU(n)* ®sum) (SUM) ® SU(m)) (n > 3,m > 2) min(2n, 2m + 1)
(6.3) SU(n )@SU A%(SU(n)) (n > 4) n
(6.) SU(n)" Bsute A2(SUMm)) (1 = 4) "

TABLE 1

Theorem 1.2 we will verify that each of these actions is well-behaved. Numbers in
the first column of the table refer to subsections treating each example in turn.

5. CASE-BY-CASE ANALYSIS: FIXED RANK EXAMPLES

In this section we examine the first eight actions in Table 1. Each of these (families
of) examples has a fixed rank and one can use brute force calculation. For each action
K : V we will apply Lemma 2.5 (the limiting procedure) and proceed as follows.

(a) Give explicit fundamental highest weights a; and highest weight vectors h;.
This data can be found in [3, 4, 14, 15].

(b) Use Lemma 2.2 to obtain a system of quadratic equations whose solutions are
generic generalized spherical points.

(¢) Produce one such solution, v(x) say.

(d) Obtain formulas for the h;(v(x))’s to verify condition (2) in Lemma 2.5.

n fact references [3, 14, 15] concern actions of complex algebraic groups. The table lists compact
forms for these.
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(e) Take limits as subsets of the parameters x approach zero in v(x) and in the
formulas for the h;(v(x))’s, verifying conditions (3) and (4) in the lemma.

We made extensive use of a computer algebra system, Maple, to facilitate the
calculations. In most cases, however, Maple was unable to solve the equations from
step (b) on general symbolic inputs. Considerable experimentation with numerical
examples was used to conjecture the expressions given below for a generic generalized
spherical point in each case. It is, however, not difficult to check by hand that these
points do solve the equations from step (b). Steps (d) and (e) are straightforward
in each case. But for a multiplicity free action or rank r there are 2" — 2 non-empty
proper subsets of the parameters and thus 2" — 2 limits to examine in all. We used
Maple to perform step (e) and, except for the rank 3 actions, will omit the details.
The interested reader can find a Maple worksheet concerning the rank 7 example
(5.6) at the first author’s web page [7].

5.1. Notational conventions. The first seven actions K : V from Table 1 will each
be realized in a suitable space of complex matrices, V' = M, ,,(C) say, and the usual
Hermitian inner product on M, ,,(C), namely

(z,w) = tr(zw"),

is K-invariant. For matrices z € V' the notations z; , and z, ; indicate row and column
vectors. The row and column spaces carry their standard inner product and norm.

We fix the following notation concerning highest weight theory for the general
linear and symplectic groups.

e B, will denote the Borel subgroup of lower triangular matrices in GL(n, C),
b, the Cartan subalgebra of diagonal matrices in gl(n,C) and ¢; € b} the
functional

(5.1) ej(diag(dy,...,d,)) =d;, (1<j<n).

e The compact symplectic group is Sp(2n) = Sp(2n, C)NU(2n) where Sp(2n, C)
is the subgroup of GL(2n,C) preserving the symplectic form
(52) w((zl, ey Zgn), (U)l, c. ,U)Qn)) = Z(ijn+j — Zn+j’LUj).

Jj=1

The group Sp(2n,C) has Lie algebra

sp(2n,C) = {{%‘%} . A, B,C €gl(n,C), B'=B, C" :C’}.

As Borel subgroup B5” in Sp(2n,C) we choose By? = exp(b3?) where b5” is

the subalgebra of sp(2n,C) consisting of matrices as above with B = 0 and
A lower triangular. A Cartan subalgebra in sp(2n, C) is given by

571;: {dia‘g(ah...,an,_alg-“y_CLN) : a’j GC}
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and in this context we let €; € (h57)* (1 < j < n) denote the linear functional
(5.3) ej(diag(ay, ..., an, —ai,...,—a,)) = aj.

5.2. SU(n) ®sum) SU(n) (n > 2). Here K = U(n) x T actson V =V, @V, =
C" @ C" = M, »(C) via

(k,c)-z=kz [ 8 ? ] = [ck’z.J k:z.g}
for (k,c) € K and z € M,,»(C).

As Borel subgroup in K¢ = GL(n,C) x C* we take B = B, x C* and as Cartan
subalgebra h = b, x C. Let T = (0,1) € h and e, € h* be the functional with
eo(T) = 1, €olp, = 0. This is a rank 3 multiplicity free action with fundamental
B-highest weights and associated highest weight vectors

ap = —(51 + 50) hl(Z) = 211
Qy = —¢€1 h2(2’) = %12
a3 = —(e1 + €2 + &) | hy(2) = deta(2)

Here dety(z) is the determinant of the 2 x 2 matrix formed by the first two rows in z.
For non-negative integer exponents h, = h?h5h§ is a highest weight vector in C[V]
with weight

o = aay +bag + caz = —((a+ b+ c)ey + cea + (a+ ¢)eo).

One has (T - z,2) = ||ze1||* and (E;; - z,2) = (2j.e, 2ie) for elementary matrices
E;; € gl(n,C). Thus Lemma 2.2 shows that the matrix entries z;; of a spherical
point for o must satisfy

Hz.,1H2 =a+c, HZL.H2 =a+b+c, szy.Hz =c

and (zj,2;e) = 0 for i # j.
It is easy to verify that the entries of

[ \/a(a+b+c) \/b(a+b+c) T
a+b a+b
— ) e ac_
(5.4) v(a,b,c) = ath ath

0 0

satisfy the above equations for any given real parameters a, b, ¢ > 0 provided a+b # 0.
In particular (5.4) is a generic generalized spherical point if a, b, ¢ > 0. To show that
the action U(n) x T : M, »(C) is well-behaved it remains to check conditions (2)-(4)
of Lemma 2.5.
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Evaluating the fundamental highest weight vectors at v = v(a, b, ¢) yields

(5.5) hl(v):,/‘““;—f;@, —/ a:fb“ Vela b+ 0.

As these values are non-zero for positive parameters (a, b, ¢) condition (2) in Lemma
2.5 holds here. As regards condition (3) in the lemma we just need to observe that
for fixed ¢ > 0 the limit

0 Vvb+ec 0 Ve

e 0 /e 0

lim lim v(a,b,c) = lim 0 0 — 0 0
b—0t a—0t b—0t . . .
0 0 0 0

does exist. Limiting values for h; (v(a,b, c)) (j = 1,2,3) as one or two parameters
approach zero are given by

([ limit hi(v(a,b,¢)) | ha(v(a,b,c)) | hs(v(a,b,c)) )
lim, o+ 0 Vb+c Ve(b+ o)
limy_ g+ a+c 0 Vela+e)
lim, o+ Vva Vb 0
limy_ g+ lim,_, o+ 0 Ve c
lim,_o+ lim, o+ 0 Vb 0

| lim, o+ limy o+ Vva 0 0 )

These show, in particular, that condition (4) in Lemma 2.5 holds.

5.3. SU(n) ®sum) SU(n)* (n > 3). This is a twisted variant of Example 5.2 with
K=U(n)xTactingonV=V,¢V, =C"®C" = M,,(C) via

(k,c) -z = [chze1 | Kk '2a2] where k™" := (k7")".

Here the action in the second column is contragredient to the standard action in
the first column. One takes n > 3 here as Examples 5.3 and 5.2 are geometrically
equivalent when n = 2. This is so because the standard representation for SU(2) is
self-contragredient.
Again K : V has rank 3 with fundamental B-highest weights and highest weight

vectors

a; = —(e1+ &) | hi(2) = 211

Qo = +¢€p hQ(Z) = Zn2

a3 = —¢&o h3(2’) = 2?21 Zil%i2 = Re1 " %e,2
For non-negative integer exponents h, = h?h5h§ is a highest weight vector in C[V]
with weight

o = aog + bay + cas = —(asl —be, + (a+ c)eo).
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Now (T -z,2) = ||ze1]||* as before but (E;; - z,2) = zj1Z1 — 2i2Z;2 for elementary
matrices E;; € gl(n,C). So the matrix entries z;; of a spherical point for o must
satisfy

lzeal? =a+ec,  |onl? =zl =a,  [2u]* = |20l = —b

and zj1%Z;1 — 2i2%Z;2 = 0 for ¢ # j. The matrix entries in
[ [a(atbre) ]
Ve Van

0 0
(5.6) v(a,b,c) = : :
0 0
i b(a+b+c)
| \/ a+b \/ a+b

satisfy these equations for any real values a, b, ¢ > 0 with a+b # 0. In particular (5.6)
is a generic generalized spherical point when a, b, ¢ > 0. Evaluating the fundamental

highest weight vectors h; at v = v(a, b, ¢) again yields Equations 5.5. Thus conditions
(2)-(4) from Lemma 2.5 hold as verified in Example 5.2.

54. (SUn) ® SU(2)) ®su(z) (SU(2) ® SU(m)) (n,m > 2). Here K = U(n) x
Um)xU(2)actson V=V, &V, =(C"®@C?* & (C" ®C?) = M,;ms2(C) via

k| O
(57) (]{?1,]{?2,/{33) 2= |: 01 ]{2 :| Zké

We take Borel subgroup B = B, X B,, X By in K¢ = GL(n,C)x GL(m,C)x GL(2,C)

/
and let g5, €]

., €7 denote functionals on h = b, X b,, X bz as in (5.1) supported on
each of the three factors. This is a rank 5 multiplicity free action with fundamental

B-highest weights and highest weight vectors

TR hi(z) = z11

(
o = — (e} +¢€Y) ha (2
a3 = —(e1 +ea+ €l +5) | hs(z
oy = —( (

Zn+1,1 “n+1,2
(5.8) el +eh+el +ey) | ha(z) =] bt Al
Zn+2,1  *n+2,2
211 212
as =—(e1+¢e) +el +5) | hs(z) =
L Zn+1,1 ~An+1,2 )

For non-negative integer exponents h, = h{h5h$hihe is a highest weight vector in
C[V] with weight

a = aaq + bas + cas + day + eas

=—((a+c+e)er+cea+ (b+d+e)) +deh+ (a+b+c+d+e)el + (c+d+e)eh).
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Letting F;;, E;; and E}; denote elementary matrices in gl(n,C), gl(m,C) and
gl(2,C) respectlvely one has

(Eij-2,2) = (Zje) Zie) <EZ’] .2, z> = (Zntjer Zntise) s <E" > (Zej) Zei)
for 2 € M, 4,,2(C). Thus a spherical point z for weight o must have

e orthogonal columns,

e rows 1...n pair-wise orthogonal and rows n+1...n-+m pair-wise orthogonal,

o |za]? =a+cte, [ =c [[zni1al? =0+ d+e, |zar2.]* = d,

o [ze1]?P=a+btct+d+te, ||zea|P =c+d+e.
To solve these equations we may set rows other than 1, 2, n + 1 and n + 2 to zero
and reduce to the case n =m = 2. So now K = U(2) x U(2) x U(2), V = M,»(C).
One can check that the matrix entries of

i _\/a(a—i—b—l—e)(a—l—c—l—e) \/be(a—l—c—i—e) ]
(a+b)(a+te) (a+b)(a+e)

__bee aclatbie)

v(a,b, e, d,e) = (@tb)(ate) (@+b)(a+e)
0,6 4,€) = bla+tbte)(b+d+e) ae(b+d+e)
(a+b)(b+€) (a+b)(b+€)

o ade bd(a+b+e)
(a+b)(b+e) (a+b)(b+e)
satisfy each of the above conditions for arbitrary positive real parameters. This is

a generic generalized spherical point for this example. Evaluating the fundamental
highest weight vectors at v = v(a, b, ¢, d, €) gives

o a(a+b+e)(atcte) b(a+b+e)(b+d+e)
() = =/ g~ 20 =\ g
hs(v) = —\/cla+c+e)  hy(v)=+/db+d+e)

_ e(atb+e)(atcte)(b+d+e)
hs(v) = —\/ (a+e)(bte)

These values are non-zero as required by Lemma 2.5 condition (2). To check condi-
tions (3) and (4) in the Lemma one needs to take limits as one or more parameters
approach zero in succession and compute the limiting values of the h;(v)’s. This is
routine but there are 2° — 2 = 30 limits to examine in all. We used Maple to perform
this task. For example one finds

0 c+e 0 Ve
' Ve 0 B 0 0 B
Jm i olabede) =T g2me o | T vhrdEe o | T
0 Vd 0 Vd

say and each of the values

ha(ve) = Vb+d+e, ha(ve) =+/db+d+e), hs(v,)=—+/e(b+d+e)

are non-zero.
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5. (Sp(2n) ® SU(2)) ®su(z) (SU(2) ® SU(m)) (n,m > 2). Now K = Sp(2n) x
Um) xU(2) actson V =V, & Vs = (C**®@C?) & (C" @ C*) = Mpym2(C) as in
Equation 5.7 from the previous example. This is a rank 6 multiplicity free action.

We use Borel subgroup B = B5” x By, x By in K¢ = Sp(2n,C) x GL(m,C) x
GL(2,C) and Cartan subalgebra h = bgp X B X ho. Let €; € h* be given by (5.3) on

Sp and €}, €] € h* be given by (5.1) on the factors b, and b, respectively. With these
notatlonal conventlons the fundamental highest weights and highest weight vectors

are as in Equations 5.8 above (but with “n” replaced by “2n” in the formulas for
ha(z), hy(z), hs(z)) together with

Qg = —(5'1' + 5'2')7 he(z) = W(Zi,p Zﬁ,z),

where 2/ € My, 2(C) denotes the first 2n rows in z € My, 44,2(C) and w the symplectic
inner product (5.2). For non-negative integer exponents h, = hhShShahihi is a
highest weight vector in C[V'] with weight

a = aaq + bag + caz + day + eas + fag
—((a+ct+e)er+cea+ (b+d+e)e) +dey+ (a+b+c+d+e+ fef
+(c+d+e+ fey).

It will suffice, as in the Example 5.4, to consider the case n = m = 2. So now
K = Sp(4) x U(2) x U(2) and V = Mg2(C). From the actions of the two copies of
gl(2,C) one obtains (E!. - z,2) = (244, 241ie) and (B! - 2,2) = (24, 2;). The
action of sp(4,C) gives

HZl,.HQ — HZ3,.H2 <E1,3 : 272> = <Z3,.72’1,.>
[22,0[1* = [l 24, ]1? (Eou - 2,2) = (24,0, 22,)
<22.721 > <Z3.,Z4 )
<Z4.,Zl ) <Z3,07Z2,>

, R

) 2, 2)
EQ’Q — E474) ©Z, Z)
) 2,2) =
)2 2) =

, %
4

Thus a spherical point z € Mg 2(C) for weight o must have

L4 < 15 %e2 > 07

d <Zl e, 23 > 0= <"7’2 o) 24, '> = <Z57.,Z67.>,

. <210722 ) = (240, 230), (%10, 200) = — (22,0, 23.0)

o |lz1ell’ = [[zel? =atcte, 2?2l = ¢,

o [z5.°=b+d+e, |z.l*=d,

o [ze1]l=a+b+c+d+e+ f, |ze2]*=c+d+e+ [
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A generic generalized spherical point whose matrix entries solve these equations for
arbitrary positive values of a, ..., f is given below.

[ \/a(a+b+e)(a+c+e)(a+2 ctetf) \/be(a+c+e)(a+2 ctetf)

(a+b)(a+te)(a+2c+e) (a+b)(a+te)(a+2c+e)
bee(a+2 cte+f) ac(a+b+e)(a+2ctet+f)

(a+b)(a+e)(a+2c+e) (a+b)(a+te)(a+2c+e)

\/ bef(a+c+e) \/ af(a+b+e)(a+cte)

U(a boede f) . (a+b)(a+e)(a+2c+e) (a+b)(a+te)(a+2c+e)

) Yy My My T B acf(a+b+e) beef
(a+b)(a+e)(a+2c+e) (a+b)(a+te)(a+2c+e)
__ /blatb+te)(b+dHte) ae(b+d+e)
(a+b)(b+e) (a+b)(b+e)
ade bd(a+b+e)
| (a+b)(b+e) (a+b)(b+e)
Evaluating the h’s at v = v(a, b, ¢, d, e, f) yields
( )
- a(a+b+e)(atcte)(a+2ctetf) o b(a+b+e)(b+d+e)
hi(v) = \/ (atb)(ate)(at2cte) ha(v) = — (a+b)(bte)
a+2c+e+ c(a+c+e
hg(v) = 2D yelaterd ha(v) = —/d(b+d + ¢)
e(a+b+e)(a+tcte)(b+d+e)(a+2c+e
L h5(’U) = _\/ - )((aie;(rbi(e;(aiﬁig)r b)) hﬁ(v) = \/f(a’ +2c+e+ f> )

upon simplification using a computer algebra system. These show, in particular, that
condition (2) in Lemma 2.5 holds. We also used Maple to check conditions (3) and
(4) from the lemma, completing the verification for this example. This entails routine
examination of 26 — 2 = 62 limits.

5.6. (Sp(2n) ® SU(2)) ®su(z) (SU(2) ® Sp(2m)) (n,m > 2). Next K = Sp(2n) x
Sp(2m) xU(2) x Tactson V =V, &V, = (C*" @ C?) & (C*" @ C?) = Ms(im)2(C).
Letting 2’ and 2" denote the first 2n and last 2m rows of z € M(,1m)2(C) we have

. C]Qn ‘ 0 k?l ‘ 0 t CklZ;l ‘ C]ﬁZ:,Q t
(/{71,]{?2,]{7376) = |: 0 ‘Igm :| |: 0 ‘ /{?2 Z]{ZS = ]{3221/,1 ‘ k2Z£,72 kg.

The factor T is required to fully saturate this example. In fact this action fails to be
multiplicity free if the circle is removed [3, Theorem 6.
We use Borel subgroup B = BS? x BS? x By x C* in K¢ and Cartan subalgebra
b =1h5" x h5? x hy x C. Let
® cj,€; € h* be as in (5.3) on the symplectic factors f);g,f and b
e cf € h" be asin (5.1) on the b, factor and
e ¢, € h* be dual to T = (0,0,0,1) € b.

Sp
2m>
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The action K : V has rank 7 with fundamental highest weights

ap = —(e1+¢] +6) ayg=—(e] + e, +€f +€5)
ay = —(e1 + ) as = —(e1+¢e) +ef + €5+ &)
a3 =—(e1+er+ef +e5 +2e) ag=—(e] + 4 + 2¢,)
ar = — (e + &)
Fundamental highest weight vectors hi(z), ..., hg(z) with weights ay, ..., aq are as

in Example 5.5. A highest weight vector for oy is

hr(2) = w(z)y, 2 5)-

For non-negative integer exponents h, = h‘fhghghihghé h? is a highest weight vector
in C[V] with weight

a = aaq + bag + cag + day + eas + fag + gar
—((a+cte)er+ceat (b+d+e)e) +deh+ (a+b+c+d+e+ f+g)ef
+(c+d+e+ f+g)eh+ (a+2c+e+2f)e).

As in Examples 5.4, 5.5 we need only consider the case n = m = 2. So now
K = Sp(4) x Sp(4) x U(2) x T and V' = Mg5(C). Lemma 2.2 yields a system of
equations for the matrix entries of a spherical point z € Mg 5(C) for weight «, just
as in Example 5.5, namely

b < 1) Ze2 > 0,

L <Zl X 3,o> 0= <22 o) 24, o> - <25,07Z7,o> - <26707Z8,0>7

L4 <Zl o), R 2,o> <Z407ZS > <Zl,07z47o> = - <22,o723,o>

. (25.,26 ) = (280,270); (250, 280) = — (26,0, 27,0)

o larell® —llzsal’ = atete ol —llzdl® =c

o Izsoll® —llerall = bt d e flzoel 250l =d

o [[zag]| =a+b+ct+dte+f+g, |zol*=c+d+e+ f+y,
o (2, 2) = [lze1|I” + el = a + 2c + e + 2f.
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A generic generalized spherical point whose matrix entries solve these equations for

arbitrary positive values of a, . ..

,U(a? b? C7 d? e? f7 g) =

, g is given below.

o acf(a+b+e)
(a+b)(ate)(a+2c+e)

i _ [a(atbte)(atcte)(at2ctetf) be(a+c+e)(a+2 ct+e+f)
(a+b)(ate)(a+2c+e) (a+b)(a+e)(a+2 c+e)
o bee(a+2 cte+f) ac(a+b+e)(a+2cte+f)
(a+b)(ate)(a+2c+e) (a+b)(a+te)(a+2ct+e)
bef(a+c+e) af(at+b+e)(atcte)
(a+b)(a+te)(a+2cte) (a+b)(a+e)(a+2 c+e)
bcef

(a+b)(a+e)(a+2 c+e)

_ \/ blatbte)(b+dte)(b+2dtetg) \/ ae(btd+e)(b+2 d+e+g)
(a+b)(b+e)(b+2d+e) (a+b)(b+e)(b+2d+e)
ade(b+2 d+e+g) bd(a+b+e)(b+2d+e+g)
(a+b)(b+e)(b+2d+e) (a+b)(b+e)(b+2d+e)
aeg(b+d+e) bg(a+b+e)(b+d+e)
(a+b)(b+e)(b+2d+e) (a+b)(b+e)(b+2d+e)
bdg(a+b+e) adeg
L (a+b)(b+e)(b+2d+e) (a+b)(b+e)(b+2d+e)

The fundamental highest weight vectors take the following non-zero values at v =

/U<a7 b7 C? d7 67 f?g)'

( 3
_ a(a+b+e)(a+cte)(a+2 cte+f) _ b(a+b+e)(b+d+e)(b+2d+e+g)
hy (U> - _\/ (a+b)(a+e)(a+2cte) hg(’l)) - _\/ (a+b)(b+-e)(b+2d+e)
(a+2c+e+f)+/clatcte) (b+2d+e+g)+/d(b+d+e)
hg(U) = a+2c+e h4(1)> = b4f2d+e
h ( ) . e(a+b+e)(atcte)(b+d+e)(at+2cte+f)(b+2d+e+g)
5 - (a+e)(b+e)(a+20+e)(b+2d+e)
\ he(v) = —/fla+2c+e+ f) hr(v) =—/g(b+2d+e+g) )

To complete the verification that K : V' is well-behaved via Lemma 2.5 we used com-
puter calculations to check each of 27 — 2 = 126 relevant limits. A Maple worksheet
giving full details can be found at [7].

5.7. SU(2) @su(2
acting on V =V} @ Vo =

) (SU(2) ® Sp(2n)) (n > 2). Next consider K = Sp(2n)xU(2)xT
(C2n ® (C2) 7] C2 M2n+1 Q(C) via

_|c]O t
z = {T‘Tl] Z]fQ.

As Borel subgroup in K¢ = Sp(2n C) x GL(2,C) x C* we take B = By? x By x C*
and as Cartan subalgebra h = an X hy x C. Let ¢; € h* be as in (5 3) on the
symplectic factor h5?, g} be as in (5.1) on the by factor and €, dual to T'= (0,0, 1).

This is a rank 5 multiplicity free action with the following fundamental B-highest
weights and associated highest weight vectors. Here we let 2/ € My, 2(C) be the

(kb k27 C) '
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matrix obtained by removing the first row from z € My, 41 2(C).

= —<€,1 + 50) hl(Z) = 211
Qg = —(51 + €/1> hQ(Z) = 291
ag = —(e1+ €] + &4+ &) | ha(z) = dety(2)
ay = —(e1 +e9+ &) +€)) | ha(z) = deta(2')
as = —(&) + &) hs(z) = w(z41: 20 2)

For non-negative integer exponents h, = h{h5h§hihe is a highest weight vector in

C[V] with weight

a = aay + bas + casg + day + eas
—((b+c+de+dex+ (a+b+c+d+e)e) + (c+d+e)eh + (a+c)e).

As in prior examples it suffices to examine the case n = 2. So henceforth K =
Sp(4) x U(2) x T and V' = M;5(C). Applying Lemma 2.2 one obtains the following
equations for the matrix entries of a spherical point z € M;5(C) for weight a.

lzealP=a+b+c+d+e (ze1,2e2) = O

||Z.72||2:C+d+€ <2’2.,Z4 >

H21,°“2 =atc <Z3.a25,0> :O

22,01> = llz40> = b+ c+d (220, 230) = (25,0, 200)
||Z3,o||2 - H%,-”Q =d <2207 Z5,o> <Z307 24,0 >

One can check that the entries of

i a(a+b+c) ] be }
a+b \/ a+b
_[blatbtc)(btctd)(btct+2dte)  [ac(bt+ctd)(btct2d+e)
(b+c+2d)(b+c)(a+b) (a+b)(b+-c)(b+c+2d)

L acd(b+c+2d+e) bd(a+b+c)(b+c+2d+e)
v(a,b,c,d,e) == \/ (@tb)(bro)(bret2d) \/ (a+b) (b+c Ybrcr2d)
ace(b+c+d) . be(a+b+c)(b+c+d)
(a+b)(b+c)(b+c+2d) (a+b)(b+-c)(b+c+2d)
bde(a+b+c) acde
(a+b)(b+c)(b+c+2d) (a+b)(b+c)(b+c+2d)

solve these equations for arbitrary positive parameters. This is our generic gener-
alized spherical point. Evaluating the fundamental highest weight vectors at v =
v(a,b,c,d, e) gives the values

o a(a+b+c) o b(a+b+c)(b+ctd)(b+c+2d+e)
hi(v) = T atb ha(v) = _\/ (b+c+2d)(b+c)(atb)

N c(a+b+c)(b+c+d) (b+c+2d+e) __ (btct2d+e)q/d(bt+ctd)
hs(v) = _\/ (b+c)(b+c+2d) ha(v) = btct2d

hs(v) = \/e(b+c+2d +e)

which are, in particular, non-zero. A computer algebra system was used to check
conditions (3) and (4) from Lemma 2.5. The action K : V is indeed well-behaved.
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5.8. Sp(2n) Psp(zn) SP(2n) (1 > 2). Next K = Sp(2n)xTxT actson V = Vi@V, =
C?" @ C*" 2 My, »(C) via

C1 0
0 Co

(k,c1,c0) 2 =kz [ ] = [clkz.,l

Cgkz.’g] .

We take B = BSP x C* x C*, hh = b3’ x C x C, let £; € h* be as in (5.3)
supported on the b,fﬁ factor, e, € h* dual to T3 = (0,1,0) € h and €., € h* dual to
T, = (0,0,1) € h. This is a rank 4 multiplicity free action with fundamental highest
weights and highest weight vectors

ay = —(e1 + &) hi(2) = 211

as = — (&1 + €o0) ho(2) = 212

a3 = —(e1 + €2 + €6 + €00) | h3(z) = deta(2)

ay = —(86 + €oo) ha(z) = W(Z.,l, Z.,Q)

For non-negative integer exponents h, = h{h5h5h$ has weight
o = aaq + bag + cas + doy
=—((a+b+c)er+cer+ (a+c+des + (b+ ¢+ d)eoo).

We may take n = 2, K = Sp(4) x T x T, V = M,2(C) here. The Lemma 2.2
equations on the entries in a spherical point z € M, 5(C) for weight « read

<Z1,.7 Z3,.> =0= <2’2,., Z4,.> <Zl,07 2’2,.> = <Z4,.7 Z3,.> <Z1,., Z4,.> = - <22,., Zg,.)
210l = [230]l> = @+ b4 | [|22,0]]> = [|220]]> = ¢
|zenl| =a+c+d ||Z.72||2:b+c+d

One generic generalized spherical point whose matrix entries solve these equations
for arbitrary positive values of the parameters is

[ \/a(a+b+c)(a+b+20+d) _ \/b(a+b+c)(a+b+2c+d) T

(a+b)(a+b+2¢) (a+b)(a+b+2c)

be(a+b+2 c+d) [ ac(a+b+2c+d)

a+b)(a+b+2c a+b)(a+b+2c¢

v(a, b, e, d) = (a+0)( )) (a+b)( )

N bd(a+b+c ad(a+b+c)
(a+b)(a+b+2¢) (a+b)(a+b+2¢)
. acd . bed
L \/ (a+b)(at+b+2c) (a+b)(a+b+2c)

and the fundamental highest weight vectors take values

hl(v) _ _\/a(a+b+c)(a+b+2c+d) hg(v) _ _\/b(a+b+c)(a+b+2c+d)

(a+b)(a+b+2¢) (a+b)(a+b+2¢)
a+b+2c+d)+/ c(a+b+c
hav) = ROV () = /A b+ 20+ d)

at v = v(a,b,c,d). Thus Lemma 2.5 condition (2) holds and it is not difficult to check
conditions (3) and (4) for each of 2% — 2 = 14 relevant limits.
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5.9. Spin(8) Dspin(s) SO(8). The compact group Spin(8) has three inequivalent ir-
reducible representations of dimension eight, the natural representation via SO(8)
and two half spin representations. Consider Spin(8) acting on a sixteen dimensional
space via the direct sum of two of these representations. As the triality automorphism
permutes the eight dimensional irreducibles (see [10, §20.3]) it makes no difference,
up to geometric equivalence, which pair are used. It is convenient to choose the two
half spin representations.
The positive and negative half spin representations, oy say, can be realized in

Aeven((c4) _ AO(C4) ey A2(C4) ey A4((C4) and AOdd(C4) — Al((c4) oy A3((C4)
respectively. We take V = V; @ Vo = A®"(C*) @ A°¥(C*) = A(C*) and let K =
Spin(8) x T x T act via

(k,c1,¢2) - (v1,v2) = (010+(1€)(U1),020—(/€)(U2)) ((UI,UQ) eVi® ‘/2)

We adopt some notation from [2, Section 4.7]. V = A(C*) = Zj:o A (C*) carries
its usual Hermitian inner product and letting e;,..;, = e;; A---Ae;j, denotes a wedge
product of standard basis vectors in C*,

B = {1, €1, €2, €3, €4, €12, €13, €14, €23, €24, €34, €234, €134, €124, €123, 61234}

is an orthonormal basis. We write

(2’@, 21, B2, %3, %4, 212, %13, 214, 223, 224, 234, 2234, 2134, 2124, 2123, 2’1234)

for coordinates with respect to B. The compact group Spin(8) acts unitarily on
V via o0 @ o_. The image of the derived representation of so(8) in u(V') is given
explicitly in [11, Chapter 3| and elsewhere. Complexifying yields a copy of so(8, C)
inside g{(V'). This is the C-span of the 28 operators

Hy = J(DyWi — WiDy) (1< k < 4),

Here W), is the operator Wi (v) = er A v and Dy, its adjoint, contraction by eg. As
Cartan subalgebra hg and Borel subalgebra bg = hg @ ng in this copy of so(8,C) we
take hg = C-Span{Hy, ..., Hy},

ngz(C—Span({WkDg L 1<k < (<4 U{WW, - 1§k;<€§4}).

K has complexified Lie algebra tc = so(8,C) x C x C with Cartan and Borel subal-
gebras h = hg x Cx C, b =bg x Cx C. Let T} = (0,1,0) € h, T, = (0,0,1) € h and
£1,€9,€3,E4,E0,E00 € h* denote the functionals

€j (CL1H1 + 4 CL4H4 + b1T1 —+ bQTQ) = aj
Eo (CLlHl + -4 CL4H4 -+ b1T1 -+ bQTQ) = bl
€00 (G1H1 + ot agHy + bTh + bZTQ) = by
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K : V is a rank 5 multiplicity free action with fundamental highest weights and
highest weight vectors

aq :—l(€1+€2+€3+€4)—80 hl(z):z@)
a2:—§(€1+52+53—€4)—600 h1(2> = 24

a3 = —2¢, ha(2) = 2p2234 — 212234 + 213224 — 214223
g = —2€00 h4(2) = Z1%234 — 222134 + 232124 — 242123
a; = — (€1 + €6 + €oo) hs(2) = 2o234 — 23204 + 24223 — ZpZa34

For non-negative integer exponents h, = h{h5h$hdhe is a highest weight vector in
C[V] with weight

a = aqq + bag + cag + day + eas

S (A e b ) e (Ravr Do) e (Lo te
= QCL B elér QCL 5 €2 2CL 9 £3 2a 9 4
+(a+2c+e)e, + (b+2d+ e)eoo] :

Lemma 2.2 gives a system of 18 equations for the coordinates (zg, ..., z1234) of a
spherical point for weight a. These are obtained by letting X in (2.1) range over the
basis given above for bg together with 7} and 75. Numerical experimentation with
a computer algebra system reveals that this system has generic solutions in which
eight of the coordinates vanish, namely zs, 23, 212, 213, 224, 234, 2134, 2124. Setting these
coordinate variables to zero reduces the system to the following eight equations in
the remaining eight variables.

2471 + 22347123 = 0
29714 + Z23%1234 = 0

2pZ23 + 247234 + 217123 + 214Z1234 = 0
2011 — 121 l” + [lzall* = lz14l® + [[223]1* + [l 2284]1* — [ 2123]* — [[21234] = a + b + 2
2p)1* 4 1121]1* + lzall* + lz14]l* = [[223]1* — [[2234]* — | 2123]1* — |z1234 ] = @ + b
120]1* + 1121]1* = lzall* = llz14]l* + [|223]1* — [[2234]* + | 2123]|* — llz1234]* = @ — b
z0ll* + llz14l® + [[223]1* + [|z1284]* = @ +2¢ + ¢
21]? + llzall® + 2034 ]1* + lz123]> = b+ 2d + e

These arise by taking X = WDy, Wi Wy, WoWs, Hy, Hy, Hy, T1, T5 in (2.1). One
can check that

_ Jala+b+e)(a+cte) a%clee
'U(a,bacgdye) —\/ (a+b)(a+e> 1 (a+b)(b+€) !
blat+tb+e)b+d+e [ bee n befatcte)
@+b)b+e) T @rtare MV @rb)are
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ae(b+d+e) bd(a+0b+e) ac(a+b+e)

@10 re) P Varotre PV arn(are 2

is a generic generalized spherical point solving the above system for arbitrary pos-
itive parameter values. Evaluating the fundamental highest weight vectors at v =
v(a,b,c,d, e) gives

o a(a+b+e)(a+tcte) o b(a+b+e)(b+d+e)
() =\ e 20 =\ e

hs(v) = y/cla+c+e)  hy(v) =—/d(b+d+e) ,
o e(a+b+e)(atc+e)(b+d+e)
hs(v) = \/ (ate)(b+e)

which verifies condition (2) in Lemma 2.5. Maple was used to carry out the routine
calculations required to verify the two remaining conditions.

6. CASE-BY-CASE ANALYSIS: VARIABLE RANK EXAMPLES

The last four entries in Table 1 are infinite families of multiplicity free actions with
increasing ranks. Lemma 2.5 will be used to show that these are well-behaved. We
will discuss these actions together as their spherical points are closely related. Proofs
will be provided for the first of these examples. Proofs for the remaining examples are
similar, and are omitted for brevity. We begin by tabulating basic data concerning
these examples.

6.1. SU(n) ®sum) (SU(n) ® SU(m)) (Table 2). The group K = U(n)xU(m) acts
onV =ViadV,=C"® M,,,(C) as (k1,k2) - (£,2) = (/ﬁf, klz’kg). We identify V
with M, m+1(C) by adjoining the column vector & to 2/,

(&%) & 2= [¢l],

and will number the columns of z € V by 0 through m. By embedding U(m) in
1 0
Um+1) as {0 Tlm)
action of U(n) x U(m + 1) on M, ;,4+1(C). The standard Hermitian inner product
on V = M, ,,+1(C) is K-invariant. Fundamental highest weights, associated highest
weight vectors and the set A of all highest weights that occur in C[V] are listed in
Table 2. Here we use Borel subgroup B = B,, x B,,, and let ¢}, 5; denote functionals
on h = b, x b, as in (5.1) supported on the two factors. We write det; for the
determinant of the first j rows and columns of a matrix. Action K : V has rank 2n
when m > n and rank 2m + 1 when m < n. For purposes of verifying that these
actions are well-behaved we assume henceforth that either m =n or m =n —1. The
final entry in Table 2 gives criteria, derived from Lemma 2.2, for a matrix of size

n x (m + 1) to be a spherical point for weight — (Zj Aj€j+ D25 IUjE;) €A

} the action of K is realized by restriction of the usual



20 C. BENSON AND G. RATCLIFF

Group Un)xU(m)CcU(m)xUm+1), nm>2
Vector Space C" & My, (C) =2 My, m41(C), rows 1...7n, columns 0...m
Action (k1,k2) -z = k1 2k
Rank 2n when m >n; 2m+1 when m <n
Cases m=n, m=n-—1
Fundamental —(e1+ o+t + 59) (1 <j <min(n,m))
Highest Weights —(e1+- -+ e+ + 53_1) (1 <j<min(n,m+ 1))
Fundamental h(z) = det;j(z') (1 <j <min(n,m))
H. W. Vectors hj(z) = detj(z) (1 <j < min(n,m+ 1))
— (Z] Ajej + Zj ,quQ) i Aj, 1y € 7,
Spectrum A M > > A > n > > Aaet > et = A > >0, m=n
M 212> > > g 12> 12 A 20, m=n—1
rows are pairwise orthogonal with norms )\} 2, e ,)\711 2
Spherical Points columns 1 through m are pairwise orthogonal
: 1/2 1/2
with norms p;"", ..., um

TABLE 2. Data for SU(n) ®sym) (SU(n) ® SU(m))

6.2. SU(n)* ®sym) (SU(n) ® SU(m)) (Table 3). This is a twisted variant of Ex-
ample 6.1 with K = U(n) x U(m) acting on V =V, & Vo = C" & M, ,,(C) via
(k1, ko) - (&,2)) = (k:l_té’, klz’ké). We identify V' with M,, ,,,4+1(C) as in the previous
example and number the columns of matrices z € V' by 0 through m. Table 3 lists
relevant data for this action. In the formula for highest weight vector h;(z) = det;(2)
the matrix z € M,,41,,(C) is defined as

Z = e z’ o for z=[¢|7].

Entries in the first row of z are dot products of § with the columns of 2’. Note that
h; is a polynomial of degree j + 1. Thus the number and degrees of the fundamental
highest weight vectors agree with those in the untwisted example. For purposes of
verifying that these actions are well-behaved it suffices to assume that either m = n
orm=mn—1.

6.3. SU(n) ®sum) A?(SU(n)) (Table 4). Identifying A*(C") with the space Skew(n, C)
of n x n skew symmetric matrices the group K = U(n) acts on V. =V} & V5 =
Cr@®Skew(n,C) viak-(¢, 2') = (k& k2'k"). We further identify V with Skew(n+1,C)

0 |¢&
£
n. In this model the action of U(n) on Vi @ V4 is realized as a restriction of the usual
action of U(n + 1) on Skew(n 4+ 1,C). The space V = Skew(n + 1,C) carries the

via the isomorphism (&, 2’) < and number rows and columns as 0 through
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Group U(n)xU(m), n>3,m?>2
(C")* & Mpm(C) = C" X Mym(C) = My, m41(C)
rows 1...n, columns 0...m

Vector Space

Action (K1, ko) - (€,2) = (k{6 k1 2'kE) (k"= (K)™h)
Rank 2n when m > n; 2m+1 when m <n
Cases m=n, m=n-—1

Fundamental +en

_(51+...+5j+€/1+...+5;.) (1 <j <min(n,m))

High igh : .
1g est Welg ts —(€1+"'+5j+€/1+"'+6‘/7'71) (1§] Smln(n_l’m))

hO(Z) = gn
Fundamental h’-(z) _ detj(z’) (1 <j< min(n,m))
H. W. Vectors ~ . .
hj(z) =det;(2) (1 <j <min(n—1,m))

— (ZJ )\j&j + Zj /ljﬁg-) ; )\j,,uj <Y/

Spectrum A P> A > g > A > > > Ay i 20, m=n
P12 A 22 2 A > 2 1 2 Apm1 202> A, m=n-—1
~21,025,0 + Y_pey 2%k =0, 1<i# j<n
—lziol? + Y m lziklP =2, 1<i<n
columns 1 through m are pairwise orthogonal

1/2 1/2

with norms "%, ..., un

TABLE 3. Data for SU(n)* ®gym) (SU(n) ® SU(m))

Spherical Points

K-invariant Hermitian inner product

(z,w) = —tr (zw* Zz”wm
1<j
Table 4 summarizes data for this action. Here Pf; denotes the Pfaffian of the first
2j rows and columns of a skew symmetric matrix and 2z’ € Skew(n,C) denotes the
last n rows and columns of z. In our subsequent analysis for this example we will
distinguish the cases n even and n odd.

Remark 6.1. In contrast to all previous examples this action fails to be fully sat-
urated since the scalars in U(n) act diagonally. This is none-the-less a multiplicity
free action [3, Theorem 6]. In view of Lemma 2.4 we choose to work with this non-
saturated action. This remark applies equally to Example 6.4 which follows.

6.4. SU(n)* ®sym) A*(SU(n)) (Table 5). This is the twisted variant of Example
6.3 with K = U(n) acting on V.= V; @ Vo = C" @ Skew(n,C) via k- (£,7') =
(k7'¢,k2'k"). As in the previous example we identify V with Skew(n + 1,C) and
number rows and columns as 0 through n. Explicitly we have

t1.—1 t
k-z= { _ko—fgi:zk’kt ] for keU(n), z= { _Oé_ i,} € Skew(n +1,C).
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Group U(n), n>4
Vector Space C" & A*(C") @ A*(C") = Skew(n +1,C)
rows and columns 0...n
Action k- (€,7) = (k& k2K
Rank n
Cases n=2m, n=2m—1
Fundamental —(e14 -+ &9) (1<j<|n/2])
Highest Weights | —(e1+ - +ep.1) (1<) < [(n+1)/2])
Fundamental hi(z) = Pf;(2) (1<j5<|n/2])
H. W. Vectors hi(z) =Pfi(z) (1<j<|(n+1)/2])
Spectrum A — Y G GEL g > > >0, >0
_ . rows 1 through n are pairwise orthogonal
Spherical Points . 1/2 1/2
with norms ¢;'", ..., ¢

TABLE 4. Data for SU(H) Dsu(n) Az(SU(n))

In Table 5 for this example matrix z € Skew(n + 1,C) is defined as

0 ‘ tZ: 10 t’zi n
- 2148 0 |¢&
Z = Z, fOI' z = |:_4€‘7:| .
Z/

Entries in the first row of 2 are dot products of £ with the columns z, ; of 2".

6.5. Spherical points. Generalized generic spherical points are given below for each
of Examples 6.1-6.4. Full justification for the spherical point formulas will be provided
for Example 6.1. Given sequences of distinct real parameters Ay, ..., Ay and pq, ...y
we set, for 1 <i,5 < N,

- HZ=1()\1' - Mk) Hj Hk;yéj(/\i — ,uk) Hk#(,uj - )\k)
O T i = M) [Thei (N = M) Toss (15 — 1)

6.5.1. SU(n) ®sum) (SU(n) ® SU(m)) (Table 2). We must consider the cases m =
nand m=n—1.

For m = n, generic weights in A are indexed by (integral) parameters A, p with
AL > g > Ao > g > > Ny > g > Ay > iy, > 0. Let v = v(A, u) €V be the
matrix with entries indexed by (1 <1i <n, 0 < j <n) given by z;, and sign(i, j)z; ;
for 7 > 1, where

1/2 1/2

(6.1)

and Z;; =

-1 i
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Group Uln), n>4
(C)* @ A*(C™) @ A?(C") = Skew(n +1,C)

rows and columns 0...n

Vector Space

Action k-(6,7) = (k' k2K
Rank n
Cases n=2m, n=2m—1
Fundamental ten .
Highest Weights —(e1 4+ e (1<) < [n/2))
(a1t tey) A<j<|(n-1)/2])
B Ve | 1) =6 B = PHE. i) = PHE)

— Zi:l Ci&i, G € 7
Spectrum A cL>Cy > >y,
Cnh—1 > 0and 0 > ¢, for n odd

—[GP + i P =, 1<i<n)
&8+ e =0, (1<i#j<n)
TABLE 5. Data for SU(n)* ®sym) A*(SU(n))

Spherical Points

and z;( and z;; are as in Equations 6.1. It is show below that this is a generic
generalized spherical point for this example. That is, the rows of v(\, ) are pairwise

orthogonal with norms /\1/ S , A2 and columns 1 through n are pairwise orthogonal
with norms u1/2, e ,,u}lﬂ.

For m = n — 1, generic weights in A are indexed by parameters A, pu with A; >
1 > Ag > g > o > Ny > o1 > Ay > 0. Let v(A, ) be obtained by setting
tn = 0 in the formulas for the case m = n discussed above and deleting the last
column. This gives a generic generalized spherical point for the case m =n — 1. All
of the identities needed to confirm this may also be derived by setting p,, = 0 in the
arguments for the case m = n. (See Section 6.7.) One obtains all lower-dimensional
examples by successively setting fin, A\n_1, tin_1, - - . equal to zero and deleting a row
or column.

6.5.2. SUM)* @sum) (SU(n) ® SU(m)) (Table 3). For m = n, generic weights in A
are indexed by parameters A pwith g > XN > o > X >+ >, > N\, and p, > 0.
Let v(A, i) be the matrix with entries given by v; o = 2, and v; ; = sign(i, j)z; ; for
7 > 1 as in Equations 6.1 but where now

=1t
) santif) ={ 1§20

This gives a generic generalized spherical point.
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For m = n — 1, generic weights in A are indexed by parameters A, g with p; >
Al > g > Ao > o0 > i1 > A1 > Ay and A1 > 0 > \,. One can obtain a
generic generalized spherical point for this data by setting p, = 0 in the formulas
for the case m = n discussed above and deleting the last column. One obtains all
lower-dimensional examples by successively setting fin, An_1, ttn_1, ... equal to zero
and deleting a row or column.

6.5.3. SU(n) ®sum) A?(SU(n)) (Table 4). Generic weights in A are indexed by
strictly decreasing (integral) sequences ¢; > ¢y > -+ > ¢, > 0. First suppose that n
is even, n = 2m say, and let \; = co;_1, p1; = cg5, so that Ay > pg > Ay > pg--- >
Am >l > 0. A generic generalized spherical point v(A, @) for such data is the skew
symmetric matrix with entries indexed by 0 < i < n, 0 < j < n, defined as follows
for ¢ < j:

e v, ; = 0 if 4 and j have equal parity.

e Non-zero entries on row 0 are

(64) V0,2j—1 = Zj,0 for 1 S j S m.
e Below row 0 one has
(6-5) V2,2j—1 = Zj;
for1<i<j<m
e and
(6.6) V2i—1,2j = Zij

for1 <i<j<m.

Setting g, = 0 in formulas (6.4-6.6) and deleting the last row and column produces
the spherical point for the case n = 2m — 1 with data (Aq,..., A 1y« -+ flne1)-

6.5.4. SU(n)* @sym) A%(SU(n)) (Table 5). For n = 2m, we have parameters (X, p)
with pg > Ay > -+ > i, > Ay and p, > 0. Let v = 0(A, ) € Skew(n+ 1,C) have
entries z; ; defined as follows for ¢ < j:

e In row 0 we have vg9j_; = 0 and
(6.7) Vo2j = 2zj0 for1l<j<m.
o z;; =0 fori>2if ¢ and j have equal parity and
(6.8) Voi9j—1 = Zij
for1<i<j<m
e and
(6.9) V2i-1,2j = Zji

for1 <i<j<m.
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This is a generic generalized spherical point for the data (A, ).

For n = 2m — 1 generic weights are indexed by data (X, pu) with pg > Ay > -+ >
-1 > Am—1 > Ay and A,,,—1 > 0 > \,,,. Form the generic generalized spherical point
for the case n = 2m as above with data (Ai,..., A\pn; p1,-- -, ftm—1,0) and delete the
second last row and column. This gives a generic generalized spherical point for the
case n = 2m — 1.

6.6. A combinatorial lemma. To justify the formulas given above for generic gen-
eralized spherical points in Examples 6.1-6.4 we make extensive use of the following
lemma.

Lemma 6.2. Let p(x) = Z;:& p;ja’ be a polynomial of degree at most n — 1 and
ai, . ..ay, be distinct real numbers. Then

n

plai) .
i1 [Lizi(ai — ax) "

Proof. For non-negative integers j let

a{ ar?t o m

ab ay? ... oay 1
(6.10) Qi(a):==1| ... ... ... ... ...,

al, a2 ... a, 1

so that @);(a) =0 for j <n —1 and @,_;(a) is the Vandermonde determinant,

Qn-1(a) =V,(a) = H(Gk — ay).

k<t
Expanding along the first column, we obtain
Qi(a) =Y (1) alVoa @) = Y (=1 "a] [ ] (ax — @)
i=1 i=1 k<t

k0

where V,,_1(a;) is the (n — 1) x (n — 1) Vandermonde determinant obtained by elim-
inating a;. Hence also

Qj(a) - 1yl a{ _ - a{
Va(a) ;( Y icilar = ai) [Tjsi(ai —ar) ; L@ — an)

So

n

p(a;) psa] Qj(a) _ <
= = > Dpj = > Pidjn-1= Pn-
[ Lepilai —ar) & = (e —a) <=7 Vala) Z o '

as claimed. O
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Remark 6.3. Taking j > n — 1 in (6.10) the quotient @;(a)/V,(a) becomes the
Schur function s¢;_,41,,..0)(a). This coincides with a complete symmetric function,
explicitly

la
QJ( ) = Z a]fla/gz e a/fln
k=g —n+1

for j > n — 1. (See, for example, [16, §1.15].)
6.7. Justification of the spherical point formulas. We concentrate on Example

6.1 (see Table 2) with m = n, as proofs for all other examples are similar. For the
matrix v(X\, p) € My, ,+1(C) given in (6.5.1) we must verify that

e the rows are pairwise orthogonal with norms )\i/ 2, cee )\}/ ? and
e columns 1 through n are pairwise orthogonal with norms ,u}/ 2, e ,/ﬁ/ 2,

6.7.1. Row norms. First consider the polynomial

E(z) = 1;[ T — ) + Z Hj Hk;éj Hk#ﬁznk}i;w

— )\k)

Setting = = Ay, we get

E()\;) = H(M ) + Z i Ly Qo = 1) (5 = Ao) [ (s

Hk;é] (/’LJ Nk)

— )\kz)

s T T (A2 — pr) szg(ﬂj — )
H (2 = ue) Z Hk;ﬁj(% — fig)

1—[0\2 B [ Z Hj Hk:>3 Hi — )\ks)]

Hk;ﬁj /’L] Uk)

(e}

by Lemma 6.2. Likewise, by symmetry, E(\y) = 0 for all £ > 2. Also,

k k E>2 j_)‘l
p0) =l + SR

szz(ﬂj — k)
Hk;ﬁj (1 — buk)

1 —

- H(—Mk)

= 0.

Thus E(z) has zeros at 0, \g, ... \,. Since the highest order term is =", we conclude

that in fact
x) = [L’H(ZL‘ — M)

k>2
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One can check that, for Example 6.1, the expressions inside the absolute values in
Equations 6.1 are positive. Thus the first row of v = v(A, ,u) satisfies

1,0 — —
1 0 1 7 Hk>2 (M — Hk>2 /\1 Ak) Hk;ﬁj (k5 — pur)
1
= E(\)
[Tisa(A1 — k)
- >\1.
A similar argument shows that [|v;4]|* = \; for 2 < i < n. O

6.7.2. Column norms. An argument similar to that used above for the row norms
shows that

) - Hk;é]( Mk)sz;&z _ v
E(x) := 22: Hk#()\z — ) ]!;[J )
So now
oo 12— y Hj Hk;ég — k) Hk¢z(ﬂj — k)
Il = 2208 = 2 ST G =)
g Z Hk;«éj( ; — k) Hk;ﬁi(ﬂj — k)
Hk;é]( — ) Hk;éz( Ak)
_ Hj ‘
"oy
= Ky
as required. O

6.7.3. Row and column inner products. Next we will show that the rows and columns
of v = v(A, p) are pair-wise orthogonal. For 1 < a < b < n one has

<Ua,oa Ub,o) = Vq,0Ub,0 + E Va,jUb,j
J

IT.(Aa = o) TTi(Ae — 1)
Hk;éa()\a - )‘k) Hk;éb(/\b - )‘k)
Hk()\a - Mk) Hk(/\b - Mk)
Hk;éa(/\a - )‘kz) Hk;éb()‘b - )\k)

15 11 (g — M)
(Aa = 13) (Ao — 127) Tl (15 — pu1)

+>sgn(a, j)sgn(b, )

J

X
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Hk()‘a - Nk) Hk()‘b - Nk)
Hk;éaO‘a - )‘k) Hk;éb(kb - )‘k)

Hj Hk;éa,b(ﬂj — k)
Hk;ﬁj(ﬂj — )

) |

X (1 + Z sgn(a, j)sgn(b, j)

J

For a < b, the signs have been chosen so that

Hj Hk;éa,b(:uj — k)

sgn(a, j)sgn(b, j) [Tes; (15 — px) .
ot (Mg

Hence

122} Hk;ﬁa b(ﬂy

_1_ZMJHk7Aab pi — M)
Hk;ﬁj(:uj 1)

Hk;é] i — )

=0,

1+ sgn(a, j)sgn(b, j)

J

by another application of Lemma 6.2, and thus (v, e, vb,.> = 0 as required. The proof
that (Ve q,vep) =0 for 1 < a < b <mn is similar. O

6.8. Evaluation of the highest weight vectors. Lemma 2.5 will be used to show
that Examples 6.1-6.4 are well-behaved. We continue to focus on Example 6.1 as
the calculations for the remaining examples are similar. First suppose that m = n.
The fundamental highest weight vectors are h/.(z) = det,(2') and h,(z) = det,(2)
(1 <r < n). Below we evaluate these, up to sign, at the generic generalized spherical
point z = v(A, p) to show that il (v(X, p)) # 0 # hy(v(A, p)), as required by Lemma
2.5 condition (2).

6.8.1. Calculation of det,.(2') for z = v(A, ) in case m = n. Pulling common factors
from the first r rows and columns of 2’ gives

M Hk;&]( Nk)Hkﬁ(/% Ak)
Hk;sz< — A) Hk;ﬁ](ﬂj [k)

det,.(2") = det,. |sgn(i, )

Hj<7" ,LL]
H1<1<7’ 1<k<n()\ - /\k) H1<3<r 1<k<n(ﬂj - :uk)
ki

=J =0 x>

k#j

x det, [sgn(i,j)\/

_ ngr VHj Hz‘,kgr [Ai — gl
Hi<k§r [Ai = Akl Hj<k§r ’Mj — i

Hk()‘i ) Hk( — )‘k)
()\i N])(MJ /\z)

|




SPHERICAL FUNCTIONS ON HEISENBERG GROUPS 29

|

1
Ai = K

H2<r<k’ 'uk) Hj§7’<k(’w _ )\k) det {Sgn(i .7)
z<r<k - >\k) H]<r<k(:u /Mf) ' ’

Since sgn(i, j) and (A\; — p1;) have opposite signs one has

1
Ai = 1

} = (—1)"det, {

5
Ai = 1

where det, [1/(X\ — p;)] is a Cauchy determinant. As is well-kown [16, page 397],

! } _ acoer o = Aa) (1t — )
)\i —H Ha,bST(Aa - Mb)

det, [sgn(z’,j)

det, {

So now

(6.11) (o w)| =] vis

I<r

Hz<r<k 'uk) Hj§r<k(luj - /\k)
z<r<k - Ak) Hj§r<k(:uj - ,uk)

Lo, )| =/l fin. In fact this is clear

since 2’ is an orthogonal matrix whose jth column has norm ,/z;.

6.8.2. Calculation of det,(z) for z = v(X, n) in case m = n. Pulling common factors
from the first » rows and columns of 2z gives
| 1§i§r ]

1<G<r-1

15 Taey (Mo —pne) Tz (15— k)
[Tz Ni=20) Tz (15— 1)

7 (Ni— ..
detr(Z) = detr [ ‘%‘ |:Sgn(27j)\/

B ngrq v ngigr,lgkgrq [Ai — p]

a Hi<k§r A — Akl Hj<k<r—1 |Mj — i

Hz<r<k Mk) Hj<7‘<k(luj - Ak)
det(w)
z<r<k - )\k) Hj<r§k<:u’j - /’Lk)
where w is the r x r matrix
1 1
_ sgn(i,5) _ . 1

w = [p\i—uj& 1<i<r = : [/\i—w] 1<i<r
1 1<j<r—1 1 1<j<r—1

Subtracting the r’th row of w from the first » — 1 rows reduces the calculation of
det(w) to that for a Cauchy determinant. Explicitly
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0
| |
det( ) <_1)T71 . |:/\i1ll]:| 1<i<r = (—1)7‘71 O ()‘ifﬂj)()\rfﬂj) 1<i,j<r—1
1 1<j<r—1 I "
U o5 o s

— det ([(Ai _23)_(;— ,Uj)l 1<m’<r—1>

B H1§z‘§r—1()‘r - i) q [ 1 }
- etrfl
ngjgrq()‘r — 1) Ai = 1
_ e (r =4 y [acter—1(A — Aa) (1o — 10)
ngjgrfl()\r — 1) Ha,bgrq()\a — ip)
_ Ha<b§r()\b - Aa) Ha<b§r71(ﬂa - Hb)
H1<a<r 1<b<r—1(>\a — 1)

Thus we obtain

(6.12) e (0N )| = ] v

j<r

Hz<r<k} luk?> Hj<r<k(luj - )\k’)
z<7"<k - Ak) Hj<r§k(:uj - :uk)

6.8.3. Calculation of det,(z) and det,.(z') for z = v(A, u) in case m = n — 1. Next
consider Example 6.1 with m = n — 1. We have fundamental highest weight vectors
h,(z) = det,(z) for 1 < r < n and h,(2') = det, (') for 1 < r < n —1. Values
for these at the generic generalized spherical point z = v(\, ) may be obtained by
setting p, = 0 in Equations 6.12 and 6.11 respectively. This gives

<renN — i) Ljorcn (15 — An
}hr(v(A,u)H _ H \/— Hzgrgk( 2 )HJ (N )

(6.13) . |
=T \ [Licr i = ) T cpan (15 — 128)

/ Hi§r<k<)‘i - Mk) Hj§r<k:(lu’j - )‘k‘)
610 Ol = LIV RS0 Ty — )|

6.9. Limit conditions. Finally we verify conditions (3) and (4) from Lemma 2.5 for
Example 6.1 with m = n. (See Table 2.) This works by induction on n and m. For
non-negative integer exponents a;, b; the polynomial h, = h{* - - - hen(h})% - - (R})P
is a highest weight vector in C[V] with weight

— (i i€ + z”: uﬁ)
i—1 i—1
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where A\; > pi1 > Ay > g+ > Ay > pi,, > 0 are given by

(6.15) N=Ya+Y b =Y a4+ Y b

Jj=i J2i Jjzit+l Jj=i

The highest weight vector h, has all exponents positive if and only if the weight
coefficients satisfy Ay > pg > Ao > pg -+ > Ay, > p, > 0. Let v(A, ) be the generic
generalized spherical point from (6.5.1) with (X, p) determined by Equations 6.15
and positive real parameters (a, b).

Since p,, = b, the limit as b, — 0 is just the limit as p,, — 0. As we have already
discussed, when the last parameter p, — 0, the last column of v(A, ) becomes
zero and the remaining matrix is a spherical point for the case m = n — 1. Thus
this limit exists. The limiting values for b, (v(A, p)) (1 < r < n) and k. (v(X, p))
(1 <r <n—1) are given, up to sign, by Equations 6.13 and 6.14 respectively. In
particular, these limiting values are non-zero as required by Lemma 2.5 condition (4).

Other limits as parameters a;, b; approach zero are equivalent to two adjacent
parameters merging in (A, p). Indeed a; — 0 (1 < ¢ < n) corresponds to \; — p;
and b; — 0 (1 <i<mn-—1)to u; — A\y1. Taking, for example, the limit as a; — 0
one obtains

. . 10 O
lim () = lim o(A, ) = { R } ,
where [(o|C] = v()\g, ey A 2, ,,un) € M,_1,(C) is a generic generalized spheri-
cal point for Example 6.1 with n and m reduced by one and data Ay > po > ... >
ftn > 0. In particular, this limit exists. Moreover limg, o k] (v(A, ) = /f1 # 0,

lim A (v(A. ) = /i det, 1 () = v/ ([Gol¢]) # 0

a1—0

for 2 <r <nand

lim i, (v(X, ) = =i e ([Gol¢]) # 0

a1—0

for 2 < r < mn, as required. Similarly one has

210 0 §f
lim oA, p) = lim v(A,p)=1| 0 =y O
b1—0 ©w1—A2 CO O C

G | ¢

ized spherical point for Example 6.1 with n and m reduced by one. Here

. / _ / 21 Ct
Jim 1 (o8 ) = vt ([ 224 ) 20

o t
where { o | G } = v()q,/\s, ces And M2, ,un) € M,—1,(C) is a generic general-
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for 2 <r < n, limy, g by (v(A, p)) = 274 # 0 and

blliino he(V(A, @) = ~Vah, ({ ZEOO % }) 70

for 2 <r <n. Limits as a; — 0 for 2 < ¢ <nand b; — 0 for 2 <7 <n — 1 behave
in a similar manner.

[5]

REFERENCES

Chal Benson, Joe Jenkins, Ronald L. Lipsman, and Gail Ratcliff. A geometric criterion for
Gelfand pairs associated with the Heisenberg group. Pacific J. Math., 178(1):1-36, 1997.
Chal Benson and Gail Ratcliff. Spaces of bounded spherical functions on Heisenberg groups:
Part I. Ann. Mat. Pura Appl. (4). To appear.

Chal Benson and Gail Ratcliff. A classification of multiplicity free actions. J. Algebra,
181(1):152-186, 1996.

Chal Benson and Gail Ratcliff. Rationality of the generalized binomial coefficients for a multi-
plicity free action. J. Austral. Math. Soc. Ser. A, 68(3):387-410, 2000.

Chal Benson and Gail Ratcliff. The space of bounded spherical functions on the free 2-step
nilpotent Lie group. Transform. Groups, 13(2):243-281, 2008.

Chal Benson and Gail Ratcliff. Geometric models for the spectra of certain Gelfand pairs
associated with Heisenberg groups. Ann. Mat. Pura Appl. (4), 192(4):719-740, 2013. (with
Erratum on pages 741-743).

Chal Benson and Gail Ratcliff. Maple 15 worksheet for the action Sp(4) x Sp(4) x U(2) x T :
Mg 2(C). http://core.ecu.edu/math/bensonf/research/research.html, 2013.

Giovanna Carcano. A commutativity condition for algebras of invariant functions. Boll. Un.
Mat. Ital. B (7), 1(4):1091-1105, 1987.

Andrzej Daszkiewicz and Tomasz Przebinda. On the moment map of a multiplicity free action.
Collogq. Math., 71(1):107-110, 1996.

William Fulton and Joe Harris. Representation theory, volume 129 of Graduate Texts in Math-
ematics. Springer-Verlag, New York, 1991. A first course, Readings in Mathematics.

John E. Gilbert and Margaret A. M. Murray. Clifford algebras and Dirac operators in harmonic
analysis, volume 26 of Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 1991.

Roger Howe and Toru Umeda. The Capelli identity, the double commutant theorem, and
multiplicity-free actions. Math. Ann., 290(3):565-619, 1991.

V. G. Kac. Some remarks on nilpotent orbits. J. Algebra, 64(1):190-213, 1980.

Friedrich Knop. Some remarks on multiplicity free spaces. In Representation theories and alge-
braic geometry (Montreal, PQ, 1997), volume 514 of NATO Adv. Sci. Inst. Ser. C Math. Phys.
Sci., pages 301-317. Kluwer Acad. Publ., Dordrecht, 1998.

Andrew S. Leahy. A classification of multiplicity free representations. J. Lie Theory, 8(2):367—
391, 1998.

Richard P. Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1999. With a foreword by
Gian-Carlo Rota and appendix 1 by Sergey Fomin.

DEPT OF MATHEMATICS, EAST CAROLINA UNIVERSITY, GREENVILLE, NC 27858
E-mail address: bensonf@ecu.edu, ratcliffg@ecu.edu



