SPACES OF BOUNDED SPHERICAL FUNCTIONS ON
HEISENBERG GROUPS: PART 1

CHAL BENSON AND GAIL RATCLIFF

ABSTRACT. Consider a linear multiplicity free action by a compact Lie group K
on a finite dimensional hermitian vector space V. Letting K act on the associ-
ated Heisenberg group Hy = V X R yields a Gelfand pair. In previous work we
have applied the Orbit Method to produce an injective mapping ¥ from the space
A(K, Hy) of bounded K-spherical functions on Hy to the space h},/K of K-orbits
in the dual of the Lie algebra for Hy . We have shown that ¥ is a homeomorphism
onto its image provided that K : V is a “well-behaved” multiplicity free action. In
this paper we prove that K : V is well-behaved whenever K acts irreducibly on V.
Thus if K : V is an irreducible multiplicity free action then ¥ : A(K, Hy) — b}, /K
is a homeomorphism onto its image. Our proof involves case-by-case analysis work-
ing from the classification of irreducible multiplicity free actions. A sequel to this
paper will extend these results to encompass non-irreducible actions.

1. INTRODUCTION

Suppose that K is a compact Lie group acting smoothly on a nilpotent Lie group
N via automorphisms. One says that (K, N) is a Gelfand pair when the convolution
algebra L}, (N) of integrable K-invariant functions on N is commutative. In this case
the spectrum, or Gelfand space, for L} (N) coincides, via integration, with the set
A(K,N) of bounded K-spherical functions on N endowed with the compact-open
topology. In [3] we used the Orbit Method to produce an injective mapping

U:AK,N) - n*/K

from A(K,N) to the set of K-orbits in the dual of the Lie algebra for N. Giving
n*/K the quotient topology we have conjectured the following.

Conjecture 1.1. The map V¥ is a homeomorphism onto its image.

This is established in [3] for pairs with N abelian, for the action of the unitary group
on the Heisenberg group, and for the action of the orthogonal group on the free 2-step
group.

Our paper [5] concerns Conjecture 1.1 for Gelfand pairs associated with Heisenberg
groups. We continue this line of investigation here. Throughout, V' = C" will be a
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2 C. BENSON AND G. RATCLIFF

finite dimensional complex vector space with Hermitian inner product (-,-). The
associated Heisenberg group is

1
Hy =V xR with product (z,t)(2,t') = (Z +2 t+t — §Im (z, z’)).

The unitary group U(V') acts by automorphisms on Hy via
k-(zt)=(kzt),

as a maximal compact connected subgroup of Aut(Hy). We assume that K is a
compact Lie group acting on (V,(-,-)) by some unitary representation to yield a
Gelfand pair (K, Hy ), and denote this action as K : V. It is well known that (K, Hy)
is a Gelfand pair if and only if K : V is a linear multiplicity free action. That is,
if and only if the associated representation of K in the space C[V] of holomorphic
polynomial functions on V', namely

(k- p)(z) =p(k™" - 2),
is multiplicity free [6]. The papers [12], [2] and [13] classify all such multiplicity free
actions.
Conjecture 1.1 is established in [5] for Gelfand pairs (K, Hy) subject to a technical
condition.

Theorem 1.2. [5] If the multiplicity free action K :'V is well-behaved then
U:A(K,Hy) — b, /K
1s a homeomorphism onto its image.

The requirement that a multiplicity free action K : V' be well-behaved is made
precise in Definition 2.2 below. Here and in Part II of this work we will prove that,
in fact:

Theorem 1.3. Every linear multiplicity free action K :'V is well-behaved.

Together Theorems 1.2 and 1.3 prove Conjecture 1.1 for arbitrary Gelfand pairs
associated with Heisenberg groups.

Corollary 1.4. For all Gelfand pairs (K, Hy) the map ¥V : A(K, Hy) — b}, /K is a
homeomorphism onto its image.

In this paper we consider only those multiplicity free actions K : V' in which the
representation of K on V is irreducible. Our main result is as follows.

Theorem 1.5. FEvery irreducible multiplicity free action is well-behaved.

Our proof for Theorem 1.5 involves case-by-case analysis working from Kac’s clas-
sification of irreducible multiplicity free actions [12]. In Part II of this paper we will
complete the proof for Theorem 1.3. This requires the study of indecomposable but
non-irreducible multiplicity free actions, classified in [2] and [13].
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The rest of this paper is organized as follows. In Section 2 we introduce notation
and the concept of well-behaved multiplicity free actions. Section 3 concerns back-
ground and preliminary results on such actions. The proof of Theorem 1.5 is given
in Section 4 via case-by-case analysis working from the classification in [12]. In prin-
ciple, as explained below in subsection 3.7, this analysis renders the orbital models
for A(K, Hy) explicit in each case. We made extensive use of a computer algebra
system (Maple) to facilitate the analyses of several cases. Section 5 provides further
detail on our computer-aided calculations.

2. WELL-BEHAVED MULTIPLICITY FREE ACTIONS

As in the previous section V' will denote a finite dimensional complex vector space
with Hermitian inner product (-, -) and K a compact Lie group acting on (V, (-, -)) by
some unitary representation. We assume that K : V' is a multiplicity free action and
write k- v and A - v for the result of applying elements £ € K and A € ¢ := Lie(K)
to v € V. Fixing notation, let

e 7' C K denote a maximal torus in K with Lie algebra t C €,

e h := t¢ the resulting Cartan subalgebra in £¢,

e H the corresponding subgroup in the complexified group K,

e B := HN a fixed Borel subgroup in K¢ with Lie algebra b C £¢ and

e A C b* the set of B-highest weights for irreducible representations of K¢ (or
equivalently of K') occurring in C[V].

e Moreover, we write P, C C[V] for the unique irreducible subspace with high-

est weight o € A. So
ClV] =P P

a€el

is the canonical decomposition of C[V] into irreducible subspaces for the ac-
tions of K¢ and K.

e Finally, for each o € A choose h, € P,, a B-highest weight vector (unique
modulo C*).

An element o € A is said to be a fundamental highest weight for K : V when h,, is
an irreducible polynomial. The fundamental highest weights form a finite QQ-linearly
independent set

{ag,...,a.}
which freely generates A as an additive semigroup [10, page 571]. The value r is
called the rank of the multiplicity free action K : V.

Asin [1, 3, 5] we use a version of the Orbit Method for compact Lie groups to asso-
ciate a coadjoint orbit O, in €* to each irreducible subspace P, in the decomposition
of C[V]. Note that the weight o € A takes pure imaginary values on t. We extend
the real valued functional (1/i)a from t to all of € as follows: Fix an Ad(K)-invariant
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inner product (-|-) on the Lie algebra € and let t- denote the orthogonal complement
of tin ¢ with respect to (-|-). We let

e oy € £ be the (real valued) linear functional on ¢ satisfying

—ia(A) if Aet
O‘*(A):{ o( ) if Aeth

and set
L] Oa = Ad*(K)OéE
The unnormalized moment map 7 : V. — € for the action K : V is given by the
formula [15]
T(v)(A) =i (A-v,v).
Note that 7(v) takes real values because € acts on (V, (-, -)) by skew-hermitian opera-
tors. The moment map intertwines the action of the group K on V' with its coadjoint

action on £*. Hence 7 maps K-orbits in V' to Ad*(K)-orbits in £*. Moreover as K : V
is a multiplicity free action it is known that

e 7 is one-to-one on K-orbits ([1, Theorem 1,3], [7]), and
e cach coadjoint orbit O, (a € A) lies in the image of 7 ([1, Proposition 4.1]).

Definition 2.1. [5] The spherical orbit K, € V/K for a € A is the unique K-orbit
in V satisfying T(Ka) = O,. One has

Ko = K - v, for some v, € V with 7(v,) = .
We call any such point v, € V' a spherical point for a.

For vectors w € V' and polynomials h € C[V] we let d,,h denote the directional
derivative

h tw) —h
(9uh) (2) = lim MET W) ~ h(Z)
t—0 t
and make the following definition.

Definition 2.2. [5] Given o € A we say that a spherical point v, for « is well-adapted
to h, when the following conditions hold.

(1) ha(ve) # 0, and

(ii) (Owha)(va) = (W, va) ha(ve) for all w € V.
We say that the multiplicity free action K : V' is well-behaved if for every a € A one
can choose a spherical point v, well-adapted to h,.

Note the following points as regards these definitions.

e The highest weight o = 0 occurs in C[V] on the constant polynomials. The
zero vector vg = 0 in V' is clearly the unique spherical point for this weight
and is well-adapted to the highest weight vector hy = 1.
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e If v, is a spherical point for @ € A then so is cv, for any scalar ¢ € C of
modulus |¢| = 1. Likewise for each k € T the point k - v, is a spherical point
for a. Thus when « # 0 spherical points are non-unique.

e If v, is a well-adapted to h, then so are cv, (|¢c| =1) and k- v, (k € T).

o If v, is well-adapted to h, then v, is also well-adapted to any non-zero scalar
multiple ch,, (¢ € C¥).

Example 2.3. To clarify Definitions 2.1 and 2.2 consider the most basic example,
namely K = U(n) acting on V = C" via its defining representation. The space C[V]
decomposes as

CV] =P Pn(V)

m>0
where P,,,(V) denotes the space of polynomials homogeneous of degree m. Let T be
the usual maximal torus of diagonal matrices in K. Now h = t¢ is the algebra of
diagonal matrices in ¢c = gl(n,C) and we take as B = HN the subgroup of lower
triangular matrices in K¢ = GL(n,C). With these conventions the highest weight for
the representation of K on P, (V) is « = —mey, where e, € h* is the linear functional
€1 (diag(al, . ,an)) = ay,
and the polynomial
hin(2) = 21"

is a highest weight vector in P,, (V). Thus we have A = {—me; : m >0} and K : V
is a rank 1 multiplicity free action with fundamental highest weight a; = —e;.
A spherical point for weight —me; € A is given by

U = Vme, = (\/E,O,...,O).
Indeed, for A € (¢ = u(n)) one has
T(m)(A) = i (AU, V) = iMaqy,
and, in particular, for A = diag(ify,...,i60,) € t this gives
T(vm)(A) = —mb; = (—msl)B(A).

Now we verify that each v, is well-adapted to h,,, so that K : V is a well-behaved
multiplicity free action.

(i) First note that h,,(v,) = m™?2 # 0.

(ii) We compute

(81hm () = mmD/2 = /2 gym/2 — (e1,Vm) hm(vm)
0=

and Ojh,, = (€j, ) for j > 2.
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3. BACKGROUND AND PRELIMINARY RESULTS

3.1. Recharacterization of spherical points. We retain all of the notation from
Section 2. Lemma 3.1 below provides a characterization of spherical points involving
only the complexified Lie algebra £c. A suitable ordering on the roots for €¢ relative
to b enables one to decompose the Lie algebra for B = HN = BN, as b=h®n,
where ny is the sum of positive root spaces. Moreover ¢c = bdn_=hdSn, Hn_
where n_ is the sum of negative root spaces.

Lemma 3.1. Let K : V' be a multiplicity free action and o« € A a highest weight
occurring in C[V]. Then v, € V is a spherical point for o if and only if

{ (X - Vo, V0) = —a(X) forall X € b and }

(3.1) (X 0yt =0 forall X en, &n_

Proof. The weight a@ € bh* extends to a linear functional on all of £: as zero on
n. @n_. On the other hand, one can extend the real-valued linear functional o, € €
to a complex-linear functional on €-. These extensions are related via o = i on €.
Now v, is a spherical point for « if and only if

ap(A) = 7(v)(A) =i (A - V4, v4)

holds for all A € £. But the right hand side of this expression has an obvious extension
to a complex-linear functional on £c. We conclude that v, is a spherical point for «
if and only if

a(X) = —(X U4, vq)
holds for all X € &c. O

Remark 3.2. Note that the equations in (3.1) are linear in X. Thus it suffices that
they hold as X ranges over chosen bases for h, n, and n_. That is, for a given a € A,
the conditions in (3.1) amount to a system of dim(#) quadratic equations whose
solutions give all spherical points for . We make extensive use of this observation
in our subsequent spherical point calculations.

3.2. Observations on Definition 2.2. Condition (ii) in the definition of “well-
adapted” is easy to establish for directional derivatives in directions w € b - v,:

Lemma 3.3. For alla € A and w € b - v, one has (awha)(va) = (w, V) ha(Va).

Proof. As h, is a B-highest weight vector we have X - h, = a(X)h, for X € b and
hence

X - hy =—(X - 04,04) hy for X € b,
in view of Lemma 3.1. On the other hand

(X h)(2) = % | ha{exp(-1)-2) = % | aetX24O(E) = (Aoxhe) ()
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So for X € b we obtain
(3(,X.Ua)ha)(va) = — (X V4, V) ha(Va).
Equivalently (8wha)(va) = (W, V) ha(vy) for all w € b - v,. O

As K : 'V is multiplicity free it is well known that the Borel subgroup B has a
Zariski-open dense orbit in the vector space V' [14].

Corollary 3.4 (Proposition 2.5, [5]). If a spherical point v, lies in the open B-orbit
then v, 1s well-adapted to h,.

Proof. Suppose that v, lies in the open B-orbit. As h,, is a non-zero B-semi-invariant
we must have h,(v,) # 0. Moreover as b - v, = V condition (ii) in Definition 2.2
holds by Lemma 3.3. U

3.3. A limiting procedure. Now let {ay,..., .} C h* be the fundamental B-
highest weights for K : V and h; = h,, (1 < j < 1) associated highest weight vectors
in C[V]. Thus
A= {a1a1+---+arar D a; € Z,a; 20}
is the set of highest weights occurring in the representation of K on C[V] and
he = h$' - - b

is a highest weight vector in C[V] with weight & = aja1+- - -+ a,, € A. We say that
« is generic when aq, ..., a, are all non-zero. In our subsequent treatment of certain
examples, spherical points for non-generic weights a arise as limits of (generalized)
spherical points for generic weights by taking subsets of the parameters (aq, ..., a,)
to zero. This requires formal replacement of our non-negative integer parameters a;
by non-negative real parameters. The following technical Lemma will be of use.

Lemma 3.5. Suppose that for all positive real numbers xy,...,x, > 0 there is a point
v(x) =v(xq,...,2,)
in 'V which satisfies the following four conditions:
(1) (X -v(x),v(x)) = —(r100 + -+ - + 2,00 )(X) for all X € b and
(X -v(x),v(x) =0 forall X eny ©n_ |-
(2) hi(v(x)) #0 for1 <i<r.
(3) For each 1 < k <r and indices 1 < jy < jo < -+ < jp <1 the limit

lim --- lim o(xy,...,2,)
Ijk—)O"' Ijl—)0+

exists in 'V, and
(4) limg, o+ - limy; o+ R (v(ml, o ,xr)) # 0 foreachi € {1,...,r}\{J1,.-.,Jk}-
Then K :'V is a well-behaved multiplicity free action.
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Proof. For fixed real values z1,...,x, > 0 observe that for each X € b one has
X (hgre- b)) = in(hffl BT ) (X - hy) = in(h? BT BT ) (X)) Ry
i=1 i=1

= (r100 + - + 0y ) (X)RTT - hym.
In view of hypothesis (1) we may also write
X o (1 h) = = (X - 0(o), 0o B
for X € b. As in the proof for Lemma 3.3 we conclude that
(32) 0 (17 -+ HE7) (v(3) = (w, () (A -+ 12") (0(x))
for all w € b-v(x). But hypothesis (2) implies that v(x) lies in the open B-orbit in

V. Thus in fact b - v(x) = V and Equation 3.2 holds for all directions w € V' and all
real parameters xq,...,z, > 0.

Now let ay,...,a, > 0 be non-negative integers and consider the weight
(a:a1a1—|—~--+a,,a,,) e A.
Case 1: Suppose that ai,...,a, are all positive and set v, := v(ay,...,a,). Hy-
pothesis (1) and Lemma 3.1 show that v, is a spherical point for a. Hypothesis (2)

gives ho(va) = (hi(va))™ -+ (he(va))™ # 0 and Equation 3.2 shows (9yha)(ve) =
(W, v4) ho(vy) for all w € V. Thus v, is well-adapted to h,.

Case 2: Next suppose that k of the values ay,...,a, are zero and the rest positive

for some 1 < k < r. To ease notation we may here assume that a; = --- =a, =0

and agy1,...,a, > 0. For positive real parameters tq,...,t; > 0 let

o(t) :=0(ty, ... tk) =v(ty, .ty Qraty -, Qr), Vo = lm -+ lm D(tq, ... tg).
tp—0t t1—0t

This limit exists in V' by hypothesis (3).
Hypothesis (1) shows that for given X € b and all ¢1,..., ¢ > 0 one has
(X (), v(t)) = —(thar + - + g + Qppr0pgr + -+ + arar) (X).

Taking limits we have, by continuity, that (X -v,,v,) = —a(X). Likewise we see
that (X -v,,v,) = 0 for each X € ny & n_. Thus v, is a spherical point for «
by Lemma 3.1. Hypothesis (4) shows that h;(v,) # 0 for i« > k + 1 and hence
ha(va) = (hkﬂ(va))ak“ e (hr(va))ar # 0. Equation 3.2 gives

Ouw (R -+ Wi ha) (0(t)) = (w, B(t)) (RY' -~ b ha) (B(t))

for all directions w € V and all t1,...,t; > 0. Taking limits on both sides as
ti,...,tp — 0% shows (awha) (Vo) = (W, vVa) ho(vs). Hence v, is well-adapted to h,.

Case 3. Finally suppose that a; = --- =a, = 0. Now a = 0 and in this case vy = 0
is a spherical point for a well-adapted to hg = 1. O
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Remark 3.6. We refer to a vector v(x) = v(xy,...,z,) € V satisfying condition (1)
in Lemma 3.5 as a generalized spherical point. In the context of Lemma 3.5 non-
generic spherical points are obtained by sending parameters in generalized generic
spherical points to zero in succession in a prescribed order. One can consider chang-
ing the order in this limit process. In our examples we find that taking limits in
different orders always produces (well-adapted) non-generic spherical points but that
the resulting limit does depend on the limit order, even though the limit points are
always in the same K-orbit.

3.4. Restriction of multiplicity free actions. Suppose now that Ky : V is a
multiplicity free action and that K; C K, is a closed Lie subgroup for which the
restricted action K : V' remains multiplicity free. We choose maximal tori T; C K
and Borel subgroups B; C (Kj)c to ensure Ty C Ty, By C By and let A; C b be the
sets of Bj-highest weights occurring in the representations of K; and K, on C[V].
Let o € Ay and h,, € C[V] be a Bs-highest weight vector with weight «. Clearly h,
is also a Bj-highest weight vector with weight a/|p,. Thus restriction yields a map

A2—>A1, Oél—>Oé|bl.

It is also transparent that the moment mappings 7 : V' — € and 75 : V — & for the
actions K : V are related by restriction. That is, for v € V,

71(v) = 72(V)le, -

Thus if v, is a spherical point for highest weight o« € Ay then v, is also a spherical
point for the restricted weight |y, € A;. Moreover, as conditions (i) and (ii) in
Definition 2.2 depend only on the point v, and polynomial h, € C[V] we conclude
that v, is well-adapted to h, for the action K; : V' if and only if v, is well-adapted
to h, for the action K, : V. This establishes, in particular, the following result.

Lemma 3.7. Let Ky : V' be a multiplicity free action obtained by restricting a multi-
plicity free action Ky :' V' to a closed Lie subgroup K1 C Ky. Assume, moreover, that
C[V] shares a common decomposition under the associated representations of K and

Ky. Then Ky :'V s well-behaved if and only if Ky :'V is well-behaved.

Example 3.8. Let K : V be a multiplicity free action. Replacing K by its image in
U(V) and using an orthonormal basis to identify V' with C" we may regard K as a
subgroup of U(n). In view of Example 2.3, for each m > 0,

e o = —mey|y belongs to A,

e h,,(z) = 2" is a highest weight vector with weight «, and

e v, = \/mej is a spherical point for a well-adapted to h,,.

3.5. Scalar actions. Let K : V be a multiplicity free action. Letting the circle T act
on V by scalar multiplication produces a multiplicity free action K x T : V. As the
decompositions of C[V] under K and K x T coincide Lemma 3.7 yields the following
corollary.
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Corollary 3.9. K :V is well-behaved if and only if K x T : V is well-behaved.

3.6. Hermitian symmetric spaces. Some interesting multiplicity free actions arise
in connection with Hermitian symmetric spaces. Let G/K be a Hermitian symmetric
space of non-compact type and g = £ @ p denote the Cartan decomposition for the
Lie algebra of GG. The real vector space p inherits a complex Hermitian structure and
K acts unitarily on p via Ad. The action K : p is, in fact, multiplicity free and the
rank of K : p coincides with the rank of G/K as a symmetric space. (See [11].)

Proposition 3.10 (Theorem 1.3, [5]). K : p is well-behaved.

In broad outline the situation is a follows. For the proof one can assume that
G/K is irreducible and identify the action K : p with the adjoint action of K on
p., the (41i)-eigenspace in pc for the complexified complex structure on p. A Cartan
subalgebra fh = t¢ in £ is simultaneously a Cartan subalgebra for gc.

Theorem 3.11. [11] The fundamental highest weights occurring in Clp.], relative to
a suitable Borel subgroup, can be written as

{aji=—(61+-+3;) : 1<j<r},

where {01, . ..,0,} is a certain mazimal ordered set of strongly orthogonal non-compact
positive roots for gc relative to . Moreover, the representation in Clp| with highest
weight o occurs in degree j.

Given a highest weight (a =ao1 + -+ a,,ozr) € A take

Vo i =Var+ - +a, Xi+Va+-Fa Xo+ -+ Va, X,

where X is a unit vector in the root space for §;. Now v, is a spherical point for o
well-adapted to a highest weight vector h, € C[p,] with weight «. See [5] for details.

3.7. The mapping ¥ : A(K, Hy) — b},/K. Recall that a multiplicity free action
K : 'V yields a Gelfand pair (K, Hy) with Hy the Heisenberg group Hy = V x R.
The bounded spherical functions ¢ € A(K, Hy) are of two distinct types. The type
1 spherical functions ¢, are indexed by pairs (A\,a) € A x R* whereas the type
2 spherical functions 7k., are indexed by K-orbits K -w € V/K. The mapping
U : A(K,Hy) — b}, /K, discussed in Section 1, is written concretely in [5] as

U(dra) = Koo = V2N Ka x (A} (AER”, a €A),
\Ij(nK-w) = (K ’ w) X {0}7

where K, = K - v, is the spherical orbit as in Definition 2.1. Here we have used the
U(V')-equivariant isomorphism by — b},

(z,t) = Ly where Cpp(2',t) :=TIm(z, 2") + ¢’
to identify b}, with by and b} /K with by /K.
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Case Group K Vector space V Degrees of fundamental highest
weight vectors (rank)

(a) U(n) C" (n>1) 1)

(b) SO(n) x T C" (n > 3) 1,2 (2)

(c) Sp(2n) x T C* (n>2) 1(1)

(d) U(n) S%C") (n >2) 1,2,...,n (n)

© [ Un N(T) (n > 4) T3, [n/2] ([n/2])

(f) | Un)xU(m) [C"@C™ (n,m >2)| 1,2...,min(n,m) (min(n,m))
(g) | Sp(2n) xU(2)| C*"xC? (n>2) 1,2,2 (3)
(h-1) | Sp(2n) x U(3) | C*" @ C? (n > 3) 1,2,2,3,3.4 (6)
(h-2) | Sp(4) x U(3) C'eC? 1,2,2,3,4 (5)

(i) | Sp(4) x U(m) | C"®@C? (m > 4) 1,2,2,3,4,4 (6)

() Spin(7) x T A(C3) = CB 1,2 (2)

(k) | Spin(9) x T A(CH = C™ 1,2,2 (3)

(1) | Spin(10) x T Aeven(CP) >~ C'6 1,2 (2)

(m) Gy x T CT 1,2 (2)

(n) Eg xT C* 1,2,3 (3)

TABLE 1. Irreducible multiplicity free actions K : V/

To render the orbital model for A(K, Hy) explicit in a given example requires
finding a spherical point v, € V for each weight & € A. The case-by-case analysis
given below accomplishes this task for the irreducible multiplicity free actions.

4. CASE-BY-CASE ANALYSIS

In this section we prove Theorem 1.5 working case-by-case from the known clas-
sification of irreducible (linear) multiplicity free actions. Victor Kac classified all
irreducible multiplicity free actions of connected complex algebraic groups up to geo-
metric equivalence in [12]. Corollary 3.9 shows that it suffices to examine actions
K : V whose image in U(V) include a copy of the scalars T. Table 1 lists compact
forms for the actions in [12] which include a copy of the scalars.! The conditions on
n and m in the table are imposed to eliminate redundancies in low dimensions. Data
in the final column are drawn from [10, page 612]. To prove Theorem 1.5 it suffices
to verify that each action in Table 1 is well-behaved.

4.1. Case (a). U(n) : C" is well-behaved, as shown in Example 2.3.

1Of these actions the following remain multiplicity free upon removal of the scalars: Case (a)
with n > 2, case (c), case (e) with n odd, case (f) with n # m, case (i) with m > 5 and case (1).
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4.2. Cases (b, d, e, f, 1, n). The actions
{ (SO(n) xT) : C" | U(n) : S%(C") | | U(n) : A*(C") }
(U(n) x U(m)) : (C*®C™) | (Spin(10) x T) : C* | (Eg x T) : C**

arise, up to geometric equivalence, in connection with irreducible Hermitian symmet-
ric spaces. (See [11] and [9].) These are well-behaved by Proposition 3.10.

4.3. Case (c). The space P,,(V) of homogeneous polynomials of degree m on V' =
C?" is irreducible under K = Sp(2n)xT. Thus the decompositions for C[V] under the
actions of K and U(2n) coincide and Lemma 3.7 shows that K : V' is well-behaved.

4.4. Case (j). Here Spin(7) acts on V = A(C?) = C® via its half-spin representation.
The space V' admits a Spin(7)-invariant inner product which embeds Spin(7) in
SO(8). As the multiplicity free actions of Spin(7) x T and SO(8) x T on V both
have rank 2, there will be no splitting of irreducibles when restricted to the smaller

group. It follows that the decompositions for C[V] under these actions coincide.
Hence Spin(7) x T : V is well-behaved by Lemma 3.7.

4.5. Case (m). Another application of Lemma 3.7 shows that this action is well-
behaved. The compact exceptional group G acts on V' = C7 as a subgroup of SO(7)
and Gy x T : C7 is a rank 2 multiplicity free action. Thus the decompositions for
C[V] under G5 x T and SO(7) x T coincide.

4.6. Actions Sp(2n) x U(m) : C*» @ C™. These actions are multiplicity free if either
m < 3 or n < 2. We may also require that both m > 2 and n > 2 as otherwise we
are in Case (a), (c¢) or (f). So the actions at issue are Cases (g), (h) and (i) in Table
1. To discuss these cases in detail we must establish some notational conventions.

Identifying C*" @ C™ with the space V' = My, ,,(C) of 2n x m complex matrices
the compact group K = Sp(2n) x U(m) acts via
(ki, ko) - 2 = ky 2k},
and the usual Hermitian inner product on V', namely
(z,w) = tr(zw"),
is K-invariant. The moment map is given by
T(2)(X,Y) =i (Xz+2Y", 2)

for X € sp(2n), Y € u(m), z € V.
Here Sp(2n) = Sp(2n,C) N U(2n) where Sp(2n,C) is the subgroup of GL(2n,C)
preserving the symplectic form

w((zl, ey Zgn), (wl, c. ,an)) = Z(zjwn+j — Zn+jwj)'
j=1
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The group Sp(2n,C) has Lie algebra

sptn,€) = { |- 55|+ aBc s, B -5, c=c}.

As Borel subgroup By, in Sp(2n,C) we choose B, = exp(bs,) where by, is the
subalgebra of sp(2n,C) consisting of matrices as above with B = 0 and A lower
triangular. A Cartan subalgebra in sp(2n,C) is given by the diagonal matrices,

Hon, = {diag(al, ey Oy =AY, ..., —Gy) A € (C}.
We let €; € b5, (1 < j <n) denote the linear functional
£ (diag(al, ey Oy, =, . —an)) = a;.
Moreover we let B/ denote the Borel subgroup of lower triangular matrices in

GL(m,C) = U(m)c, write b, for the Cartan subalgebra of diagonal matrices in
gl(m,C) and let ) € (hy,)* be the functional

e (diag(by, ..., bm)) =b;, (1<j<m).

Now B = By, x B], is our chosen Borel subgroup in K¢ = Sp(2n,C) x GL(m,C).
We use these preliminaries to study cases (g), (h), and (i).

4.6.1. Case (g). Here K = Sp(2n) x U(2) acts on the space V' = My, 5(C) as above.
This is a rank 3 multiplicity free action with fundamental highest weights, given in
[10, Section 11.6],

= —(51 —|'€/1)
ag = —(e1 + e+ €] + &)
az = —(e] + &)

We remark that in reference [10] the authors twist the actions of both Sp(2n) and
U(2) by k +— (k")~'. The resulting action is geometrically equivalent to the more
standard action here but the effect is to remove the minus signs in weights a;. Also
in [10] upper triangular matrices are used in place of lower in the choice of Borel
subgroup. This observation applies also to our subsequent discussion of Cases (h, i).

We will first show the result for n = 2 and then reduce the general case to that
particular one. So now K = Sp(4) x U(2) and V' = M4-(C). Highest weight vectors
h; for the fundamental weights «; are, from [10],

V4 z
hl(Z) = 211, ]’LQ(Z) = Z;i Z;z

h3(2) = W(Z-,la Z-,Q) = 211232 + 221242 — 231212 — 241222

We use the notation z;, for the 7’th row of z, and z, ; for the j'th column. The set
A of highest weights occurring in C[V] is thus

A = {aoq + bas + caz = —(a+b)ey —bes — (a+b+c)e) — (b+c)eh : a,b,c € Zxo}
and h, = h¥h5h§ is a highest weight vector with weight (o = aa; + bay + caz) € A.

Y
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By — Esg 2112 + 2122 = 21> — |z32)? = a4+ b | [|216]? = ||z36]> =a+ b
Ey — Eyy [221]? 4 | 222]* — |21]* — | 2a2]* = b 22,6 = l|24,0]I> = b
El4 |z1112 + 221 + 2312 + |22 = a+ b+ ¢ lzenll?=a+b+c
Ej |212[* + |200]? + |232* + 200 = b+ ¢ [ze2ll* =b+c
Esp 211231 + 212232 = 0 (21,0, 23,0) =0
Ey 291241 + 222242 = 0 (22,0, 24,0) = 0
Ey + E3o 211241 + 212242 + 221231 + 222232 = 0 (21,00 24,0) = — (22,0, 23,0)
Eo — Es3y 211221 + 212222 — 241731 — Z42%232 = 0 (21,0, 22,0) = (24,0, 23 0)
{ By, 211212 + 221222 + 231732 + 2417242 = 0 (20,1, %02) =0 )

TABLE 2. Spherical point equations for Case (g)

The matrix entries z;; (1 < i < 4,1 < j < 2) of a spherical point for weight
(a = aay + bag + COég) € A satisfy a system of equations obtained from Lemma 3.1
by letting X range over the usual bases for h, ny and n_. This produces 14 equations
of which only 9 are distinct. These are listed in Table 2. The first column in the
table specifies a Lie algebra element X € sp(4,C) x gl(2,C) yielding each equation.
Here Ej; and Ej; denote elementary matrices of size 4 x 4 and 2 x 2 respectively. The
first four equations arise from the action of h and the last five from n, @ n_. Each
equation amounts to a constraint on the rows z; , or columns z, ; of z € V, listed in
the third column. Note that the minus sign in (3.1) cancels the minus signs in our
highest weights.

One checks easily that given any real parameters a, b, ¢ > 0 the matrix entries of

(a+b)(a+2b+c) 0
a+2b
0 b(a+2b+c)

(4.1) v(a,b,c):= at2b

0 c(a+b)

a+2b
be

i a+2b 0 ]

satisfy the nine equations in Table 2 provided a+2b # 0. In particular, v, = v(a, b, c)
is a spherical point for weight o = aay + bas + cag with a, b, ¢ non-negative integers
satisfying a # 0 or b # 0. To show that K : V is well-behaved we will apply Lemma
3.5. Evaluating the fundamental highest weight vectors h; at v(a, b, ¢) yields

{ hi(v(a,b,c)) = b(a+b) }

(D200 (u(a, b)) =

hs(v(a,b,c)) = \/c(a+2b+c)
Note that these values are each non-zero when a, b, ¢ are all positive. Thus condition

(2) in Lemma 3.5 holds here. In particular for a generic weight o € A the spherical
point v, belongs to the open B-orbit in V' and is well-adapted to h, by Corollary 3.4.

a+2b+c
a+2b
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As regards condition (3) in the lemma we just need to observe that for fixed ¢ > 0
the limit

26+ 0)/2 0 20
lim lim v(a,b,c) = lim 0 (2b+c)/2 | _ 0 ¢/2
b—0t a—0+ b—0+ 0 0/2 0 6/2

—\/c/2 —\/c/2

does exist. For non-negative integers ¢ this limit is a spherical point for weight
caz € A. This fact follows from Lemma 3.5 but is also easy to see directly using the
equations in Table 2. We remark that interchanging the limit order here results in
Je 0
. . 0 O
lim lim v(a,b,c) = 0 e |

a—01 b—0t
0 0

an alternate spherical point for cas. This illustrates Remark 3.6. Limiting values for
h; (v(a, b, c)) (j = 1,2,3) as one or two parameters approach zero are given by

( limit hi(v(a,b,c)) | ha(v(a,b,c)) | hs(v(a,b,c)) )
limg_o+ V@b+o)/2| (2b+¢)/2 | \/c(2b+¢)/2
limp_o+ Va+c 0 Vela+c)
lim,_,o+ va+b \/b(a +b) 0
limy_o+limgy_yo+ c/2 c/2 c
lim_o+ limg_o+ Vb b 0

[ [tmeyo+ limy o+ Va 0 0 )

These show, in particular, that condition (4) in Lemma 3.5 holds, completing the
verification that K : V' is a well-behaved multiplicity free action.

Finally we consider the action Sp(2n) x U(2) : M, 2(C) with n > 2. If [z;] €
M, 5(C) is a spherical point for Sp(4) x U(2) : M,2(C) well-adapted to a € A, as
above say, then the same is true for

i 211?12 1
221 222
0 O
0 0
€ Mo, o(C
231 %32 2 ’2( )
241 R42
0O O
- 0 O -
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with respect to the action Sp(2n) x U(2) : My, 2(C). This just results from the way
in which Sp(4) embeds in Sp(2n), namely

Al 0 |B| O
[AB]H 01,5 0] O
C|D C| 0 [D| O

O] 0 [0

4.6.2. Case (h-1). Here K = Sp(2n) xU(3) acts on V' = My, 3(C). For n > 3 this is
a rank 6 multiplicity free action with fundamental highest weights [10, Section 11.7]

ar=—(e14+¢)), ax=—(e1+ex+¢el+¢)), ag=—(e1+ea+es3+¢e) +¢5+¢€h),
ay=—(e1+¢h), as=—(e1+¢e]+eh+ey), ag=—(e1+e2+ 2] +¢5+¢€f)

As in the previous case the story for n > 3 reduces to that for n = 3. So we henceforth
take K = Sp(6) x U(3) and V' = Mg 3(C). Fundamental highest weight vectors h; in
C[V] for weights a; are [10, Section 11.7]

( 3\

211 <12 <13
hi(z) = z11, he(z) = hs(z) =| 201 222 223 |,

231 <32 <33
ha(2) = w(2e 1, Ze2), ,
hs(2) = 2110(2e 2, Ze.3) — 212W(Ze 1, Ze,3) + 213W(Ze 15 Ze 2),

| R11 Z13 . 211 12
hﬁ(z)_ Z21 223 w(z.71,z.72) Z21 %22

211 %12
221 222

W(%e,1; %e3)
\

with degrees 1,2,3,2,3,4 respectively. The set A of highest weights occurring in C[V/]
is A = {a = aqy + bas + caz + day + eas + fag ¢ a,bc,de, f € Zzo} and
he = h¥hShShIRER] is a highest weight vector with weight a € A.

Applying Lemma 3.1, as in the preceding case, one obtains a system of 18 quadratic
equations for the entries z;; of a spherical point for a € A. These are given in Table
3, as conditions on the rows and columns of [z;;]. Using a computer algebra system

/

\

2102 = |[z40? =a+b+cte+ f
lz2,0]1> = [|25,0[> = b+ c + f
23,012 = l|z6,0[1> = €
201> =a+b+c+d+e+2f
|ze2*=b+c+d+e+f
lzesl?> =c+e+f
<Z1,o7 247.> =0, <Z2,o; Z5,o> =0, <237,, Zﬁ,') =0
<Zl,oa Z5,o> = - <22,oa z4,o> 5 <Zl,oa 26,o> = - <Z3,07 z4,o> 5 <z2,07 26,o> = - <Z3,o; 25,o>
<zl,u Z2,o> - <35,07 z4,o> ; (zl,n Z3,o> - <z6,oa Z4,o> 5 <22,n z3,o> = <26707 Z5,o>
(Z01,202) =0, (2e1,%03) =0, (22,%e3) =0

TABLE 3. Spherical point equations for Case (h)

b
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one can verify that the entries of the following matrix v = v(a, b, ¢, d, e, f) solves the
equations in Table 3 for all positive real values a, b, ¢, d, e, f > 0. Namely

[ | a8159835485S¢ befs135355S¢ / eds1351915845¢ ]
575859510511512 _\/8889810814811812 575859514511512
\/ ef525155165455 \/ abs135151551655 _ \/ adf 5135165354
5759510517518512 59510514517518512 8759514517518512
abcedsyss cdf s13518285 bCs13525155354
(4.2) V= _\/5758510517518511 \/58510514517518511 \/5758514517518511 ,
[ _bedfsi351556 ads1525155456 / _abfsys3ssse
575859510511512 \/8889510814811812 575859514511512
abds138151653 edf $08165354 bes15251551655
_\/8789810517818812 \/89810814817818812 \/8789814817818812
cf513515251553 abces 58384 acedf 185
L _\/8788810817818811 _\/88810814817818811 \/8788814817818511 J
where s1, ..., s1g are certain linear combinations of a, ..., f with coefficients 1 and 2:
si=a+e+ f, sas=a+b+ f, ss=a+b+d+e+f,
ss=a+b+2c+e+2f, ss=a+2b+2c+d+e+2f, s¢=a+bt+ct+e+f,
sr=a+b+d+ f, ss=a+b+e+ f, sg=a+e,
s10 =a + f, s 1=a+b+2c+e+ f, s;o=a+2b+2c+e+2f,
513=b+2c+e—|—f, 814:b+d, 815:b+d+f,
sig=b+c+f, sir=b+ f, sig=b+2c+ f
Taking positive integer values for a..., f, the point v, = v(a,..., f) is a spheri-
cal point for generic weight (o« = aay + --- + fag) € A. Each entry in v(a,...,f)
is a non-zero real number; the signed square root of a quotient of 7 factors from
{a,..., f,s1,...,518} by 6 factors from {sy, ..., s1s}. The interested reader can down-

load a Maple worksheet fully justifying the details for this example [4].

Evaluating the fundamental highest weight vectors hq,...,hg at the point v =
v(a, ..., f) yields the following expressions upon computer-aided simplification. Note
that the values h; (v(a, o f )) are non-zero for all positive real values of the param-
eters a, ..., f. This verifies condition (2) in Lemma 3.5. Thus for generic weights
«a € A our spherical point v, lies in the open B-orbit and is, by Corollary 3.4, well-
adapted to h,,.

Vs
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( hi(v) = \/ a(ate+f)(atbtf)(atbtdtetf)(atb+2cte+2 f)(a+2b+2ct+d+et2 f)(atbtctetf) )
1 - (a+e)(a+f)(a+b+d+f)(a+bte+f)(a+b+2 cte+f)(a+2b+2 cte+2 f)

h (v) _ a+2b4+2c+d+e+2f  /blatbtctetf)(a+b+2ctet2 f)(at+b+d+e+f)(at+b+f)
2\Y) = Tat2bt2ctet2f (b4d) (b4 /) (a+b+2 c+e+f) (a+b+d+f)

% \/(b+c+f)(b+2c+e+f)(b+d+f)
(a+btetf)(b+2c+f)

_ (atbt2ctet2 f)(a+2b42 ctdted2 f)(b+2 ctetf)
h3(v) = S rscret Narabizcrerz No2er ) Velatbt+etet+ f)o+c+f)

_ [d(atbtetd+f)(a+2b42 ctd+e+2 f)(b+d+f)
ha(v) = \/ (b+d) (afb+d+71)

hs(v) = \/e(a+b+c+e+f)(a+b+d+e+f)(a+b+2 cte+2 f)(a+2b+2 c+d+e+2 f)(atet+f) (b+2 ctetf)
5\Y) = (ate)(atb+2 ctet ) (a+2b+2 cret2 J)(atbretf)

h (7}) __ (a4b+2cted2 f)(a+2b42 c+dte+2 f)
6\Y) = (a+2b+2ctet2f)

y \/ flatbtetetf)(atbtdtetf)(atbtf)(atetf)(btetf)(b+2ctetf)(b+d+f)
(a+ 1) (0+ ) (a+bt+d+f)(atbtetf)(atb+2ctetf)(b+2ctf)

To complete the proof that Sp(6) x U(3) : Mg3(C) is a well-behaved multiplicity
free action it remains to check limit conditions (3) and (4) from Lemma 3.5. Using a
computer algebra system one verifies these conditions for the successive limits asso-

ciated with each of the 62 non-empty proper subsets of the parameter set {a, ..., f}.
Full details are given in [4]. One obtains, for example,

i 0 0 Vete+ ]

(ct+£)(2ctdtet2 f) 0 0

2¢c+f
0 c(2ctd+e+2 f) 0

. . B 2c+f
Jim lim v(a,b,c.d,e, f) = 0 0 0
(ct+f)(e+d+f)
0 T 2etf 0
cletd+f)

“\ T 2crf 0 0

for fixed ¢, d, e, f > 0. The right hand side is a spherical point for weight cas + day +
eas+ fag when ¢, . .., f are positive integers. Evaluating hs(z),. .., he(z) at this limit
point gives
h;;z%\/c(c—i-f)(c%—ejtf), hy=+/Q2c+d+e+2f)e+d+ f),
hs =/(c+et+ H2e+d+e+2f)(e+d+f),

he =—Q2c+d+e+2f) \/ <c+f><c+;c++f}<e+d+ 7

each of which is non-zero, as required in condition (4) of Lemma 3.5.
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4.6.3. Case (h-2). The action Sp(4) x U(3) : M4 3(C) has rank 5. The fundamental
highest weights «; and highest weight vectors h;(z) are as in Case (h-1) except that
one must drop ag and hg(z) from the list [10]. In view of the embedding Sp(4) —
Sp(6) we see that a (generalized) generic spherical point v(a, b, d, e, f) for this example
can be obtained from (4.2) by setting parameter ¢ to zero and deleting the third and
sixth row. Our treatment of Case (h-1) thus encompasses this action as well, showing
it to be well-behaved.

4.6.4. Case (i). Next consider the action of Sp(4) x U(m) on V = My,,(C) with
m > 4. This is a rank 6 multiplicity free action with fundamental highest weights
[10, Section 11.8]

{ ap = —(e1+¢)), ar=

&+ ) —(e1+ g2+ €} + ), ag = —(e1 + €} + €} + €}), }
Oz4:—€1+€2, Oé5

—(e1+ s+ 28 +eh+eh), g = —(eh b +ch+eh)

With the standard embeddings M, 4(C) — My, (C), U(4) — U(m) in mind, it
suffices to take m = 4, K = Sp(4) x U(4), V' = My4(C) here. Fundamental highest
weight vectors h; € C[V] for weights a; are [10, Section 11.8]

( 211 210 Z11 12 <13 )

hi(2) = z11, ha(z) = h3(z) = | 201 222 223 |,

221 222
241  R42 243
ha(2) = w(2e 1, Ze2), ,
_ | A11 %13 A 212

hs(z) = Zo1 2o W(ze,1; 202) PP W(%e,1, %e,3)

| he(2) = det(z) )

in degrees 1,2,3,2,4.4 respectively. So A = {a = aay + bas + caz + day + eas +
fag a,b,c,d e, f € Zzo} is the set of highest weights occurring in C[V] and
he = hohShShInehi is a highest weight vector with weight o € A. Lemma 3.1
produces a system of 16 equations for the matrix entries z;; in a spherical point for
weight a, namely

( A

210]]* = [|I23,0[I* = a + b+ c+e,
|zeal> = a+b+c+d+ 2+ f,
[Ze3ll> = c+ e+ f,

22,6 ]I” = 240l = b+ e
HAﬂF:b+c+d+e+f
|20 all* = f

<Zl,o7 Z3,o> =0,
<Zl,oa Z47o> = - <Z2,o7 23,o> s
<Zo,1u 2072> =0, <Zo,1, Zc,3>
<Z.,2u 2073> =0, <Zo,2u Zo,4>

(22,05 24,0) =0

<Z1,07 Z2,0> = <Z4707 Z3,o>
= 07 <Z.71, Z.74> = 0
= 0, <Z.73, Z.74> = 0

/
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The results here are similar in flavor to those for Case (h). Using a computer

algebra system one can show that the matrix v = v(a, b, ¢, d, e, f) given by

(815983545586 . bcesss1513815 . cds382513514819 abde fs1814
575859510511512 575851659511518 5751652059511510 5752059511512518
o €€51535451456 . abs452513514515 adess3S5813519 bedf s18552
5758517511512510 5758516517511518 57516517520511510 57517520511512518
bedes138148¢ ads15382514815 . abesss,51519 cf$3555452513
575859510511512 575851659511518 5751652059511510 5752059511512518
abd555251356 _ Cd6535551515 bCS48182514519 a6f5384814813
5758517511512510 5758516517511518 57516517520511510 57517520511512518
solves the preceding equations for all positive real parameters a, ..., f. Here sqy,..., s
denote
s1=a+b+e, so=a+c+e, s3=a+b+c+2e,
ss=a+2b+c+d+2e, ss=a+b+c+d+e, ssg=a+b+c+d+2e+ f,
st =a+c, sg=a+e, s9=a+b+c+e,
sjo=a+b+d+e, siit=a+2b+c+2e, sjp=a+b+c+d+2e,
813:b+0+€, 814:b+d+€, 815:b+0+d+€+f,
816:b+d, 817:b+6, Slg:b+c+d+€,
819:C+€+f, Sogo=c+e )

Plugging v(a, ..., f) into the highest weight vectors h;(z) and using a computer to

simplify yields

( h (U) _ a(a+b+e)(a+c+e)(a+b+c+2e)(a+b+c+d+e)(a+2 b+c+d+2e)(a+b+c+d+2 e+ f)
1 - (a+c)(a+e)(a+b+cte)(atbt+d+e)(a+2b+ct2e)(a+btc+d+2e)

ho(v) = — a+2btctd+2e  [blatbte)(atbtct2e)(atbictdte)
2\V) = at+2btct2e (b+d) (b+e)(atb+cte)

w « [ (atbtetdt2etf)(btete)(btdte)(btetdtetf)
(a+b+c+d+2e)(a+b+d+e)(b+ct+d+e)

. c(atc+te)(a+b+c+2e)(at+bt+ctd+e)(at+2btc+d+2e)
h3 ('U) - \/ (a+c)(cte)(a+b+cte)(a+2b+c+2e)

% \/ (at+btctd+2e+f)(b+cte)(b+ctdtetf)(ctetf)
(at+b+ctd+2e)(b+ctd+e)

ha(v) = d(a+b+ctd+e)(at2b+ctd+2e)(atbtctd+2 et f)(b+d+e) (b+ctdtetf)
4\V) = (b+d)(a+b+d+e)(atb+ctd+2e)(b+ctdte)

h (v) __ (atbtct2e)(a+2btctd+2e)(atbitctdt2etf)
5\Y) = (a+2b+c+2e)(atbtctd+2e)

(a+e)(b+e)(ct+e)(a+btc+e)(at+b+d+e)(b+c+d+e)

he(v) = /fla+b+c+d+2e+ f)b+tc+d+e+ f)lc+e+ f)

% \/ e(a+b+e)(atcte)(a+b+ctd+e)(b+cte)(b+d+e)(b+c+d+e+ f)(ctetf)
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Note that these values are all non-zero as required in condition (2) of Lemma 3.5.
One can also use a computer to verify conditions (3) and (4) in the lemma, completing
the proof that this action is well-behaved. All of these calculations are presented in
[4]. For example we compute that for given a,c, f > 0

vat+c+ f 0 0 0

. B 0 0 —verf 0
L e I N A A
0 —Verf 0 0

and the fundamental highest weight vectors hy, hs, hg take non-zero values at this
limit point, namely

hi=va+c+f, hy=—(c+f)vatc+ [, he=(c+ )V flat+c+/]).

4.7. Case (k). Here V is the exterior algebra V = A(C*) = Z?zl A (C*) equipped
with its usual Hermitian inner product. This is 16 dimensional with orthonormal
basis

B = {17 €1, €2, €3, €4, €12, €13, €14, €23, €24, €34, €234, €134, €124, €123, 61234}

where e;,..;, = ej, A--- Ae;, denotes a wedge product of standard basis vectors in
C*. We write (ZQ), R1y 22y R3y R4y R12, 213 R14, 223, 224, 234, 2234, <134, <124, <123, 2’1234)
for coordinates with respect to B. The compact group Spin(9) acts unitarily on V'
via its half spin representation. The derived representation of so(9) on V' can be
obtained by embedding so(9) in the real Clifford algebra Cy and realizing V as a
module over Cy. The image of s0(9) in u(V') is given explicitly e.g. in [8, Chapter
3]. Complexifying yields a copy of so(9,C) inside gi{(V'). This is the C-span of the
36 operators

Hy = Y(DyWi — WiDy) (1< k < 4),
SW, (1<k<4), SD,(1<k<4),

where Wy, is the operator Wy(v) = ex A v, Dy, its adjoint, namely contraction by ey,
and S acts on AJ(C*) via multiplication by (—1)7 for each 0 < j < 4. As Cartan
subalgebra hg and Borel subalgebra by = by @ ng we take hg = C-Span{Hy, ..., Hy},

ng = C-Span({WkDg 1<k < 0<AUWW, : 1<k <0< 4U{SW,,... ,SW4}>.

Now K = Spin(9) X T, tc = s0(9,C) x C and h = hg x C. We let €1, e9,€3,4,€" € b*
denote the functionals

€j<a,1H1 —l—---+a4H4, b) = Gy, 5’(a1H1 + "'+G4H4, b) =b.
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According to [10, Section 11.11] the multiplicity free action K : V' has rank 3 with
fundamental highest weights «; and fundamental highest weight vectors h; given by

— 1 / _ ! . /
al——§(€1+€2—|—53—|—64)—5, ap = —2¢', a3 =—g; — 2,

hi(2) = 29,
h2(2) = 2pZ1234 + 212234 — 222134 T 232124 — 242123 — 212234 + Z13%24 — 214223,
hs(z) = 22234 — 23224 + 24223 — 2pZ234

Here hy(2) is Spin(9)-invariant and hs(z) lies in a 9 dimensional irreducible subspace
of Py(V) on which Spin(9) acts via a copy of the representation contragredient to
the defining representation for SO(9).

Lemma 3.1 gives a system of 21 distinct equations for the coordinates (zg, . . ., 21234)
of a spherical point for weight (o« = aa;+bas+cas) € A. These are obtained by letting
X in (3.1) range over the above basis for by together with an infinitesimal generator
T for the scalar action. Numerical experimentation with a computer algebra system
reveals that this system has generic solutions in which all of the coordinates vanish
save 2y, 21, 2234 and z1934. Setting the remaining coordinate variables to zero reduces
the system to the four equations

120112 = 121 [I” + [12234]1* — l|21234]1* = @ + 2¢
[20[12 + ll21[1* = [|2234]1* = l|21234]* = @
120117 + (120117 + [[z234]|® + [[21234]* = @ + 2b + 2¢
2021 — Z234%1234 = 0

(4.3)

These arise by taking X = Hy, Hy, T, SW7 in (3.1). One checks that v = v(a, b, ¢)
given by

\/(a+c)(a+b+20)1+\/ bc N cla+b+2c) N b(a+c)
V= e+ ———e \|——=—¢e
a+2c a+t2c ' a+2c 254 a+t2c

solves Equations 4.3 for all positive real parameters a, b, ¢ with a+2c # 0. Evaluating
the fundamental highest weight vectors at v(a, b, ) yields

hi(v(a,b,e) = /UL hy(v(a,be) = v/bla+ b+ 20),

ha(v(a,b,c)) = B

As these values are non-zero we see that condition (2) in Lemma 3.5 holds here.
Condition (3) from the Lemma also holds because

. : : b
Clig%r (}l}%ﬂ U(CL, b7 C) - 01_1>Igl+ U(O7 ba C) - \/;(1 + €1+ €234 + 61234)
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exists in V. Limiting values for h;(v(a,b,c)) (j = 1,2,3) as one or two parameters
approach zero are

( limit hi(v(a,b,c)) | ha(v(a,b,c)) | hs(v(a,b,c)) )
limg o+ Ve+b/2 | \/bb+2¢) | —(b/2+c)
limy_,o+ Va+c 0 —y/cla+c)
lim, o+ va+b \/b(a +b) 0 ;
limy_yo+ limg_o+ Ve 0 —c
lime_o+ limg_o+ b/2 \/b(a +b) 0

[ limeorlimp o+ Vva 0 0

showing, in particular, that condition (4) in Lemma 3.5 applies. This completes the
verification that K : V' is well-behaved and the proof of Theorem 1.5.

5. REMARKS ON COMPUTER-AIDED CALCULATIONS

We made heavy use of Maple in our case-by-case calculations, especially in con-
nection with actions (h), (i) and (k) from Table 1. In each case the main com-
putational obstacle was the determination of a generic generalized spherical point
v(x) = v(zy,...,2,) as in the statement of Lemma 3.5. With this in hand we found
that the computer algebra system could be coaxed to check conditions (2), (3) and
(4) from the Lemma. The worksheets [4] accomplish this for actions (h) and (i).
They also show how Maple can be used to verify that v(x) does in fact solve the
equations given in condition (1) of the Lemma. That is, that v(x) is indeed a generic
generalized spherical point as claimed.

In each case it is not difficult to program the system of quadratic equations from
Lemma 3.5(1). Unfortunately Maple was, in most cases, unable to produce any
solutions on a general symbolic input x = (zy,...,2,). We found, however, that
Maple could often produce solutions on specific numeric inputs. For actions (g)
and (k) the numerical evidence suggested a sparse pattern for a generic generalized
spherical point. Maple was then able to produce general solutions upon augmentation
of system (1) by this guess. In fact the resulting formulas are, in the end, easy to
check with pen and paper. In contrast, the numerical data for actions (h) and (i)
did not exhibit a sparse pattern. For these actions we conjectured the forms for the
matrices v(a, b, c,d, e, f), given above, entry-by-entry via a process of experimental
interpolation from a large quantity of computer-generated numerical data. We used
the observation that the square of each matrix entry was a quotient of products of
linear terms. Having guessed the formulas Maple was able to verify that these do
indeed give generic generalized spherical points, with a little coaxing. Thus although
the worksheets [4] do complete the justification for these examples they do not reveal
the process which led to the spherical point formulas.
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