SPACES OF BOUNDED SPHERICAL FUNCTIONS FOR
IRREDUCIBLE NILPOTENT GELFAND PAIRS: PART II

CHAL BENSON AND GAIL RATCLIFF

ABSTRACT. In prior work an orbit method, due to Pukanszky and Lipsman, was
used to produce an injective mapping ¥ : A(K,N) — n*/K from the space of
bounded K-spherical functions for a nilpotent Gelfand pair (K, N) into the space
of K-orbits in the dual for the Lie algebra n of N. We have conjectured that ¥
is a topological embedding. In this paper we complete the proof of this conjecture
under the hypothesis that (K, N) is an érreducible nilpotent Gelfand pair. Following
Part I of this work it remains to verify the conjecture in six exceptional cases from
Vinberg’s classification of irreducible nilpotent Gelfand pairs.

1. INTRODUCTION

This paper is a continuation of [BR20] to which we refer the reader for background
material and motivation. The context is as follows. N will denote a connected and
simply connected nilpotent Lie group and K a compact Lie group acting smoothly
on N via automorphisms to yield a nilpotent Gelfand pair (abbr. n.G.p.) (K,N).
That is, the convolution algebra L} (N) of integrable K-invariant functions on N is
commutative as is Di (N), the algebra of left-NV and K-invariant differential operators
on N. It then follows that the group N is necessarily two-step or abelian [BJR90]. The
spherical functions for such a n.G.p. are the smooth K-invariant joint eigenfunctions
¢ : N — C for the operators Dg(N) satisfying ¢(e) = 1. We let A(K, N) denote
the space of all bounded K-spherical functions on N with the topology of uniform
convergence on compact sets.

In [BRO8] we applied an orbit method due to Pukanszky [Puk78] and Lipsman
[Lip80, Lip82] to produce an injective map ¥ : A(K, N) — n*/K from A(K,N) to
the set of K-orbits in n* (n := Lie(NN)). We let A(K, N) denote the image of ¥ and
call this the set of K-spherical orbits in n*. Endowing A(K, N) with the quotient
topology inherited from n*/K we conjectured that:

(O) : the bijection ¥ : A(K, N) — A(K, N) is a homeomorphism.
This paper completes the proof of the following theorem, announced in [BR20].
Theorem 1.1. Every irreducible n.G.p. satisfies conjecture (O).
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2 C. BENSON AND G. RATCLIFF

Here irreducibility for (K, N) means that K acts irreducibly on n/[n,n]. It follows
that [n,n] = 3, with 3 = 3(n) the center of n. Fix a K-invariant inner product on n
and write

n=Va&;

where V' = 3. The subspaces V,3 C n are K-invariant and the Lie bracket amounts
to an anti-symmetric bilinear mapping V' x V' — 3. Our conjecture is proved for
Heisenberg n.G.p.’s in [BR13, BR15a, BR15b]. From [BR20] the proof of Theorem
1.1 boils down to verifying (O) for the irreducible n.G.p.’s from Vinberg’s classification
[Vin03] with n not a Heisenberg Lie algebra. These are listed in Table 1. The 3 entries
in the table follow Vinberg’s notational conventions. The actions of K on V and j
as well as the Lie bracket V' x V' — 3 (which is in fact determined by the K-actions)
can be found in [Wol07, Chapter 13] and in [FRY12, FRY13, FRY, FRY18].

K V 3 condition
1 SO(d) R AZ(R7) d>3
2 SU(d) ce AMCHoR d > 2 even
3 U(d) c A (CYH R d >3 odd
4 SU(d) Cd A?(C%) d >3 odd
5 U(d) c HA?(CY) = u(d) d>?2
6 Sp(d) He HS?(HY) & C d>1
7 1 Sp(1) x Sp(d) | HP H, = sp(1) d>2
8 Spin(7) R® R”
9 [ SU2) x SU(d) | C? @ C? | HA*(C?) = u(2) d>3
10| U@2)x SU2) | C2®C? | HA*(C?) = u(2)
11| U2) x Sp(d) | C?@H?| HA*(C?) =u(2) d>1
12| Sp(2) x Sp(d) |H2@H? | HA*(H?) =sp(2) | d>1
13 Gy R” R7
14 | U(1) x Spin(7) (0 R'®R

TABLE 1

The first six entries in Table 1 contain families of examples in which dim(3) increases
without bound. The verification of conjecture (O) in each of these cases was carried
out in [BR20]. The remaining table entries are exceptional cases involving a fixed
center 3. A result from [FGJ*19] establishes (O) for the pairs in lines 7 and 8 of the
table. Here, in the case where the K-orbits in the center are spheres and the form
(u,z) — ([u,v], 2o)n is non-degenerate on V' for non-zero z, € 3, the conjecture is
proved without the assumption of irreducibility. It remains to verify (O) for entries
9-14 in Table 1. This is done below following a discussion of preliminary material
and notation.
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2. NOTATION AND PRELIMINARIES

This section summarizes required results and notation from [BR20], to which we
refer the reader for details. Throughout we assume (K, N) to be a n.G.p. with N
two-step and [n,n] = 3. As noted in Section 1 this is the case for irreducible n.G.p.’s.
Fix a K-invariant inner product (-,-), on n and form the orthogonal decomposition
n="V @3 as in Section 1.

2.1. J,, mappings and decomposition of V. Let z, € 3 be fixed with z, # 0 and
J., : V — V denote the operator satisfying

(oo (u),v)n = ([u,v], 25)n for all u,v € V.
The operator J,, is skew-symmetric with respect to the inner product (-,-),. Letting
a,, = Ker(J,,), w,, = Image(J,,),

one has w, # {0} as z, # 0 and [n,n] = 3. The operator J,, preserves tv, and is
non-degenerate and skew-symmetric on to, . In particular tv, is even dimensional
and J2 :w, — 1o, is negative definite symmetric. Letting

(2.1) ot (z) :=={A >0 : —)\?is an eigenvalue for JZ }.
we have an orthogonal direct sum decomposition for V' into eigenspaces for JZ2
(2.2) V=a.,0 @ w.,,
)\eU+(Zo)
where J2 = —A\? on 1o, ,.

For w € 1, , we write w = ) w)y with wy € 1o, . The operator J,, produces a
complex structure on tv,_, namely

(23) T = T () = 30 ().

Let 10, denote the complex vector space (to.,, J .) and equip this with the hermitian
inner product (u,v), = (u,v)n+i(u, Jo. (V).

The stabilizer K, of z, in K acts unitarily on (1., (-,-), ). Moreover for each a, €
a,, the action K, ,, : w,, of the stabilizer for a, in K, , namely K, ,, = K., N K,,,
is a multiplicity free action of the compact group K, ,, on the complex vector space
1o.,. That is, the associated representation of K, ,, on the polynomial ring C[w,,] is
multiplicity free.

2.2. The unitary dual N. Each irreducible unitary representation m € N corre-
sponds to a coadjoint orbit O(m) C n*. We use the inner product (-,-), to identify
n* with n and regard O(7) as lying in n. As N is two-step, O(7) C n is an affine set
that projects to a single point in 3. We say that 7 is of type I (resp. type II) when the
projection to 3 is non-zero (resp. zero). The type I representations are non-trivial
on the center Z whereas the type II representations have Z in their kernel, and act
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as characters on N/Z. We write N = NI UN to distinguish the two types of
representation.
The coadjoint orbit O(r) for a representation m € N’ of type I has the form

O(ﬂ') = Ao + mzo + Zo

for some unique z, € 3 — {0} and a, € a.,. The point ¢, = a, + 2z, in O(~) is said to
be aligned. Conversely given any z, € 3 with z, # 0 and any a, € a,, the afffine set
a, + 1o, + z, is a coadjoint orbit corresponding to a representation . ,, of type L.
Thus

N] - {ﬂ-zo,ao - %o e 3 - {O}aao e azo}‘
The representation 7., ., can be realized in a Fock space completion of Clto,].

The representations y € NI are unitary characters that correspond to single point
coadjoint orbits. For each w € V' one has the unitary character

Xu(exp(X)) = e

with corresponding coadjoint orbit O(x.,) = {w}.

2.3. The space A(K, N). Bounded K-spherical functions on N are associated with
representations m € N. A spherical function associated with a representation of type
[ or I is said to be of that same type and we write A(K, N) = AI(K, N)UAH (K, N).

A spherical function of type I is associated with some 7, ,, € NI, As K, a0 @ Wy
is a multiplicity free action the polynomial ring C[tv.,] has a canonical decomposition
into K, 4, -irreducible components. We write this decomposition as

(2.4) Clion]= @D Poe

€N a0

where A,_,, is a countably infinite index set that depends on (z,, a,). Proposition 5.1
in [BR20] uses the set A, ,, to index the spherical functions associated with 7., ..
We write

AN(K,N) = {Gra0a © 20 €3,% # 0,00 € a0 €A, 4, }.
! !

Moreover one has ¢, 4.0 = ¢. 4 o Whenever the data (2}, al, '), (z,a., «) differ
by the action of K. Thus if I' C 3 is a cross section to the K-orbits in 3 and for each
2o € ' the set X, C a,, is a cross section to the K, -orbits in a,, then A(K, N) is

parameterized by
{(20,a0,0) : 2o €T a0 €2, ;a0 €A, 4}

The spherical functions of type II are straightforward. For each w € V the K-
average of x,,, namely

gbw(exp(X)):/ ik X)n g1,

K
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is a spherical function of type II. Thus A(K,N) = {¢, : w € V}. One has
AM(K N) 2 V/K since ¢p = ¢y, for ke K, we V.

2.4. The map V : A(K,N) — A(K,N). The initial definition for ¥, given in
[BRO8], involved working with coadjoint orbits for the semidirect product K x N.
An alternate description, also from [BROS§], is less conceptual but more suited to
calculation in examples. We summarize this approach here. See also [BR20, §2.3, 5]
for more detail.

Identifying n* with n via (-, -), the map W takes spherical functions ¢ € A(K, N)
to K-orbits in n. For a bounded spherical functions ¢,, of type II we have simply

U(py) = K - w.

The calculation of ¥(¢,, 4,.a) for ¢.. 400 € AY(K,N) involves the (unnormalized)
moment map for the multiplicity free action K,_,_ : tv,_, defined as

0,Q0

N, — & o nw)(A) :=Im(w,A-w),

where ¢, , = Lie(K,, ., ). Take as index set A,_,. in (2.4) the set of highest weights
occurring in C[w,,]. Thus A, ,, C L . and a € A, ,, is the highest weight for
the irreducible representation of K, , on P, ,, o. It is a crucial fact that each such
highest weight lies in the image of the moment map 7.

Proposition 2.1. [BR20, Proposition 5.4] Let w € NT with aligned point {, = a, +
2oy 20 # 0. Decompose V' with respect to J,, asV = a,, &Y w, » Given o € Ay =
A, 4 let w, € 1o, be any point for which n(w,) = a. Write w, = Y wy with
wy € 1o,y and let w!, = >"(2\)?wy. Then

‘I]<¢zo,ao,a) =K- (am w/ow ZO)’

We call a point w, € w,, satisfying n(w,) = «, as in Proposition 2.1, a spherical
point. Spherical points for all multiplicity free actions arising in connection with the

irreducible n.G.p.’s in Table 1 can be found in [BR13, BR15a, BR15b]. We will make
use of these in our subsequent calculations.

2.5. Fundamental highest weights. An element o € A,_,, is said to be a funda-
mental highest weight for K, : to,, if an a-highest weight vector h, € P, 4. o 18
an irreducible polynomial. The fundamental highest weights form a finite Q-linearly
independent set

0,00,

{ag,...,a.}

which freely generates A, ., as an additive semigroup [HU91]. The number of funda-
mental highest weights is called the rank of the multiplicity free action. With the fun-
damental highest weights in hand we can identify A, ,, with (Z*)". That is an r-tuple
m = (my,...,m,) of non-negative integers represents the weight mya; + - - - + m,«..
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2.6. Differential operators D, € Dg(N). Each K-invariant polynomial p € R[n]%
yields a left-N and K-invariant differential operator D, on the group N. One can
apply the symmetrization mapping, or modified symmetrization [FRY12], to obtain
D,, from p. We used this approach in [BR20] to study the first six entries in Table 1.
In the current paper, however, we prefer an alternate procedure following [FGJT19]
and described below, yielding a non-symmetrized operator D, € Dg(N). This has
the advantage that the expressions for the eigenvalues ﬁp(gb) for D, on spherical
functions ¢ € A(K, N) are somewhat simpler than those obtained using symmetrized
operators. This in turn simplifies the verification of Condition (O) for the pairs in
lines 9-14 of Table 1. More details on this process will follow in the examples.

3. THE PAIR ((S)U(2) x SU(d), (C? @ C¥) @ HA*(C?))

Here n =ny =V @3 where V = C>® C? (tensor over C) and 3 = HA?(C?) = u(2).
We realize V as V' = M, 4(C), matrices of size 2 x d with complex entries. The
bracket is then

VXV -3, [u, v] = uv* — vu’*.
We have the compact group K = SU(2) x SU(d) for d > 3 or K = U(2) x SU(2)
when d = 2 acting on n via
(kﬁl, kﬁg) . (’U, A) = (l{:lvk;, klAk?ik)
This is case (21) in §13.4 of [Wol07] and lines 9,10 in our table.

3.1. Jg maps. Equipping n with the K-invariant inner product
1 1
((u, 4), (v, B))n = Re(tr(uv*)) + §Re(tr(AB*)) = Re(tr(uv®)) — iRe(tr(AB)).

one has the mapping Jg : V — V for each B € 3 given by
JB(’U) = —DBuw.

3.2. K-orbits in 3. Every K-orbit in 3 = u(2) contains a unique diagonal point of
the form

By, n, = —diag(iXy, idg)
with Ay < Ay real. The sign convention here ensures that Jy, », = JB)\l,)\Q acts on
V' = Mj4(C) by multiplying the two rows by iA; and iy respectively.

I

3.3. The space A(K, N). Values (A, Ag) with A; < Ay as above serve as “3-parameters’
for A(K, N). There are eight possibilities regarding (A1, A2), namely

O< A <A | A <0< A
O< =X | A1 <A<0
0= M <X | A1=X<0
O=X =X | A1 <X=0

(3.1)
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These cases determine a “layering” of the space A(K, N) into spherical functions of
different sorts. Here we will focus on the four cases in the first column of (3.1), where
0 < A1 < Xg. The other four cases can be handled in a similar manner. In case
0 = A1 = )\ one obtains the spherical functions of Type II. The other three cases
produce spherical functions of Type I. The fundamental highest weight vectors for
these cases are among the following polynomials h; € C[V],

V11 V12
V21 V22

(3.2) hi(v) :=wv11, ho(v) :=v91, hg(v) = v, ha(v):=

Layer 1: 0 < A\; < A9. This is the generic situation for A\;, A3 non-negative. In this
case Jy, x, has trivial kernel and ty, y, = V with its standard complex and hermitian
structures. The stabilizer of By, y, in K is Ky, », = S(U(1) x U(1)) x SU(d) when
d>3and K, », = (U(1) x U(1)) x SU(2) when d = 2. The multiplicity free action
of Ky, », on V has rank 3 with fundamental highest weight vectors h;, he and hy.
This is an indecomposable but non-irreducible multiplicity free action. We refer the
reader to section 5.2 in [BR15b] regarding this action. The space C[V]| decomposes

under K, », as
CVl= &P Pau
me(Z+)3
where Py, = P, msm, 1S the irreducible subspace containing hi"'h3?hj*. Thus
spherical functions in Layer 1 are determined by parameters (A1, Ag; my, ma, my) with
0 < A1 < Ay and my, my, my non-negative integers. Let A! C A(K, N) denote the
set of all such spherical functions.

Layer 2: 0 < (A; = A2). Say Ay = Ay = A where A > 0. As in Layer 1, oy, =V
with its standard complex and hermitian structures, but now the stabilizer of B,  in
K is Ky) = K = (S)U(2) x SU(d). The multiplicity free action K : V is irreducible
with rank 2 and fundamental highest weight vectors hq, hy. Thus spherical functions
in Layer 2 are determined by parameters (A, \; mq, m4) with 0 < A and my, my4 non-
negative integers. Let A? C A(K, N) denote the set of all such spherical functions.

Layer 3: 0 = A\; < Ay. Let V; and V5 denote the row spaces in V' = M, 4(C). We
have agy, = Ker(Jyy,) = V1 (as a real vector space) and wg,, = V5 with its usual
complex structure. The stabilizer of By, in K is K¢, = S(U(1) x U(1)) x SU(d) in
case d > 3 and Ky, = (U(1) x U(1)) x SU(2) when d = 2. Moreover let a, € ag,
be given. Using the action of SU(d) C K, we may suppose that
a. =re; = (r,0,...,0)

for some real number r > 0. There are 2 sub-cases to consider here.

Layer 3,0: r = 0. The stabilizer of a, = 0 in Ky, is K)o = Ko, acting
on gy, = Vo as U(1) x SU(d) : C¢. This is an irreducible multiplicity free action
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of rank 1 with fundamental highest weight vector hy,. Thus spherical functions in
Layer 3,0 are determined by parameters (0, Ag; 0, m2) with 0 < Ay and my € ZT. Let
A3% C A(K, N) denote the set of all such spherical functions.

Layer 3,1: r > 0. The stabilizer of ag = re; in K, is a copy of (S)(U(1) x U(1)) x
SU(d — 1). More precisely we have stabilizer

{({Z H{%%D :WET,kEU(d—l),det(k)zy}

when d > 3 and
m 0 72 0
, D Yo, €T
(5 2T ) et

when d = 2. The space V5 decomposes under the action of K x,) e, as Vo = C? =
C@C4'. This is essentially a product multiplicity free action on V5. The fundamental
highest weight vectors are hg, hy € C[V5]. Thus spherical functions in Layer 3,1 are
determined by parameters (0, \o; 7, ma, m3) with 0 < Ag, 7 > 0 and mq, m3 € Z". Let
A3! € A(K, N) denote the set of all such spherical functions.

Layer 4: \; = Ay = 0. That is By, », = Boo = 0. Now agy =V, wpo = 0 and we
have a spherical function for each a, € V', namely the K-average of

(v, A) — ! (vao)n

These are the spherical functions of type II. Taking the action of K on V into account

we can suppose that a, = " With r > 0 real. Thus spherical functions in Layer

0
4 are determined by parameters (0,0;7) with 7 > 0. Let A* C A(K, N) denote the
set of all such spherical functions.

3.4. The space A(K,N). We wish to determine the spherical orbits O = ¥(¢) in
n* = n for each ¢ € A(K, N).

Layer 1: Let O(A1, Ag; mq, m2, my) denote the spherical orbit for the Layer 1 spherical
function with parameters (A1, Ag; my, mg, my). In view of Proposition 2.1 this has the
form

0 ommmm = ([ )

o) = | 1) |,

UQ(I’II)

where

is a spherical point in V' for the parameters m = (my, ma, my). An explicit formula
for such a point v(m) is given in Section 5.2 of [BR15b]. For our purposes later on
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we require only the following facts concerning inner products of the rows in v(m),
namely

(3.4) lor(m)|*> = my +my, |va(m)|* = my +my, (vi(m),ve(m)) = /mims.
Layer 2: The spherical orbit for the Layer 2 spherical function with parameters
(A, A\;my, my) is

(3.5) O\ Ay, ma) = K - ((20)?v(m), By )

where

(3.6) v(m) = { Vi im0

Here we have applied Proposition 2.1 with the spherical point for the relevant multi-
plicity free action on V', given in [BR13, Proposition 5.4].

Layer 3,0: The spherical orbit for the Layer 3,0 spherical function with parameters
(0, A2;0,m2) is

0
(3.7) 00, A2, 0,m2) = K- ([ (2X9m2)"/?e; ] 7BO’A2) .

Layer 3,1: For Layer 3,1 parameters (0, Ag; r, m2, m3) we obtain spherical orbit

. . ) rep
Layer 4: For Layer 4 parameters (0, 0;r) we have simply

(3.9) 0(0,0;7r) = K - ({ Tgl } ,0) .

3.5. Generators for R[n]*. [FRY12, Theorem 7.5] provides a set of five generators
for R[n]X, namely

ZE A) =itr(A),  pa(v,A) = —tr(A%) = 2||A[|7

(310)  pov,4) = tr(ve) = o], pa(o, 4) = det(ve?) = 3., |deti; ()
ps(v, A) = (1Av,v), = i tr(Avv*)
where det; ;(v) = Zl’i zl’j . Here {p1,p>} generates R[3]* and {ps3,ps} generates
20 V2,

R[V]X. We remark that in [FRY12] one finds the polynomial Fy(v, A) = tr((vv*)?)
in place of ps. One can check that ps, ps and Fj are related via p% = Fy + 2py.
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3.6. Differential operators D, € Dg(N). In layer 1, for each K-invariant poly-
nomial p(v, A) € R[n]¥ we first replace A with B = — diag(i\;,i)\s), to obtain a
Kp -invariant polynomial pp(v). Using the complex structure on vy, 5, = V, we use
(2.3) to transfer to a standard Heisenberg group, where we can write the polynomial
as pp(v,v). We construct an orthonormal real basis {Vi,...,Vaq, V1,...,Vaq} and
obtain a Kp - invariant differential operator D,, = pg(V,V). Applying the repre-
sentation, we get m5(Dp,) = pr(—v,20/0v), where derivatives are to the right of
multiplication. We get eigenvalues for D, by applying pp(—v,20/0v) to highest
weight vectors in the representation space.

For example, we have py(v, A) = i tr(Avv*) becomes, after substituting A = —
diag(iA;,i)s), the Kp-invariant A;|v;|? 4+ Xo|v2|2. Applying the representation, we get
—2A1 ) v1,;0/0v1 ; —2X2 Y v9;0/ vy ;. This operator acts on monomials in the high-
est weight vectors to obtain the eigenvalues given below. Comparing the eigenvalues
to the invariants, we see that in some cases, they differ by a sign. Sign differences are
consistent across layers, they depend only on the degree of homogeneity of p in v.

By not symmetrizing, we can more directly compute these eigenvalues. They will
differ from eigenvalues for symmetrized operators by lower order terms, which in turn
are eigenvalues for lower degree invariant operators.

3.7. Values p;(0,) and ﬁpj(¢). For given ¢ € A(K, N) we require
e the values p;(Oy),...,ps(0,) which the generators p; € R[n]¥ take on the
spherical orbit O, = ¥(¢) associated to ¢,
e and the eigenvalues ﬁpl(qﬁ), : ..ﬁm(gzﬁ) for the differential operators D, &
D (N) on ¢. We will write D;(¢) for D, (¢).

Layer 1: For the spherical function ¢ in Layer 1 with parameters (A1, Ag; mq, mo, my)
values for p;(Oy) and Dj;(¢) (j = 1,...,5) are listed below. Note that D;(¢) =
+p;(0y) for j =1,2,3,5 but Dy(¢) differs from ps(Oy4) by a lower order term.

/

pi(0g) = M+ X _Dig) )
p2<0¢) = )\% + )\% _ Dz/g(m
(3.11) p3(Og) = 2X1(mu + ma) + 2X2(me + my) = —Ds(9)
p4(0¢) = 4/\1)\27714(7711 + Moy + m4)’ ~
pa(Og) + 41 Aamy = Dy(¢)
| p5(0y) = 2Xi(my +my) + 203 (me +my) = —Ds(o) |

In outline these values are obtained as follows. Similar, and mostly easier, calcu-
lations were used to derive the data given below for subsequent layers.
The values p;(0,) are computed by applying each p; to the spherical orbit given

1/2
in (3.3). Let w = [ gi;%”z;g; } from (3.3) and let B = By, \, = —diag(i\,i)2).
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Using (3.4) one has

ww* = <w1, U}1> <'w1, w2> _ 2)\1(m1 + m4) 2()\1)\2m1m2)1/2
(wo,w1) (w2, ws) 2(A damima)2 22 (mg +my) |7

and

2)\2(/\1)\2m1m2)1/2 2)\§(m2 + m4)

We have p1 (A1, Ao;m) = i tr(B), pa(A1, A\y;m) = —tr(B?), p3(A1, Aoy m) = tr(ww*),
Pa(A1, Ag; m) = det(ww*) and ps(A1, Ao;m) = i tr(Bww*).

Buw" — —i { IN2(my +ma) 22X (A damims)'/? } |

Layer 2: For the Layer 2 spherical function ¢ with parameters (A, \;my,my) one
computes values

p1(Og) = 2A = 1:31((15)
p2(0¢) = 2)\2 = D2/£¢)
p3(0y) = 2X(my + 2my) = —D3(¢)
(312> p4(Oz) = 4)\2m4(m1 -+ m4), N
p4(0¢) + 4)\2m4 = D4/£¢)
L p5(0¢) = 2)\2(m1 -+ 2m4) = —D5(¢) )

Again one has lA)](gb) = +p;(0,) except when j =4, in which case the two differ by
a lower order term. In the remaining layers one finds D;(¢) = £p;(Oy) for all j.

Layer 3,0: For layer 3, we have A\; = 0 and A\, > 0. The J-map is degenerate, and
V =V, & Vs, the representation acting by a character on V;. To compute eigenvalues,
we write p(vq, v2, A) and substitute v; = re;, A = diag(0,7)2) to get a Ky, - invariant
polynomial on V5. We then proceed, on V3, as described in section 3.6. For Layer 3,0
parameters (0, Ag; 0, m2) one has

(

nO)= X =Di(9)

p(0) = X =Du(0)
(3.13) ps(0g) = 2hgmy = —D(¢)

p(0)= 0 =Dy

| p5(0y) = 2X3ms = —Ds(9) |

Layer 3,1: For Layer 3,1 parameters (0, Ag; 7, ms, m3) one has

[ p1(0y) = A = Di(¢) )
(0,) = X — Dy(s)
(3.14) § p3(0y) = 12+ 2Xs(ma+m3) = :Dg(gb)
pa(Oy) = 2r*\amg = D4/ggz5)
[ 25(0p) = 2X5(my + ms3) = —Ds(¢) |
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Layer 4: For Layer 4 parameters (0,0;7) one has

;

n(0,)= 0 =Di(9)
p2(0g) = 0 = Dy(9)
(3.15) p3(0y) = 1r? = :Dg(gb)
pi(0,)= 0 = Dy(9)
\ p5(0g) = 0 = Ds(9) )

3.8. Condition (O) for (K, N). Let (¢,)22; be asequence in A(K, N), ¢ € A(K,N)
and let O,,0 € A(K, N) be the associated spherical orbits, O,, = ¥(¢,), O = U(¢).
We must show that (¢,,)5%, converges to ¢ in A(K, N) if and only if (0,)°, con-
verges to O in A(K,N). As {p1,...,ps} generates R[n]® we know, by [FR07], that
(n)o2, converges to ¢ in A(K, N) if and only if lA)J(gbn) — lA)](gb) for j=1,...,5.
Likewise (O,,)72, converges to O in A(K, N) if and only if p;(0O,,) — p,;(O) for each
j. This is the case as the invariants for a compact linear action on a finite dimensional

real vector space separate orbits.
Let (A1(n), A2(n)) and (A}, \y) be the 3-parameters for ¢, and ¢. We have

p1(0,) = Ai(n) + Xa(n) = Di(¢n),  p2(On) = Mi(n)® + Xa(n)* = Do)
and likewise
pr(0) = N, + Xy = Di(9),  p2(0) = (M) + (Xy)? = Dy(9)).
Moreover the values p;(0) = Di(¢) and ps(O) = Dsy(¢) completely determine
(A}, AS). Thus
e if either ¢, — ¢ or O,, — O we must have \;(n) — \| and Ay(n) — Aj.

So we assume henceforth that A;(n) — A} and Aa(n) — A,.

By passing to a subsequence we may assume, moreover, that every ¢, belongs to
a single layer in A(K, N). We will suppose here that (¢,)%, is contained in one of
the four layers discussed above.! Now as A;(n) — | and A\y(n) — A, it follows that

e ¢ lies in the same layer as the ¢,’s or in a higher layer.
For layers 3 and 4 one has IA)](gbn) = +p;(0,,) and ﬁ](gb) = £p;(O) for all j. Thus
o if (¢,,)°, is contained in Layer 3 or 4 then ¢; — ¢ if and only if O,, — O.

Suppose now that (¢,)>°, is contained in Layer 1 or 2. There are a number of
cases to consider.

Case 1: (¢,)22, C Al, ¢ € A Let (A(n), A2(n);mi(n), ma(n), ms(n)) be the
parameters for ¢, and (A}, Ay;m/, mb, m)) those for ¢. We reason with data from
(3.11).

LA(K, N) contains four additional layers, given by the right column of (3.1). When (¢,,)52; lies
in one of these layers the proof is similar, so we omit the details.
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First suppose that p;(O,,) — p;(O) for all j. As the sequence
p3(On) = 21 (n)(ma(n) + ma(n)) + 2x2(n)(mz(n) + ma(n))

converges and lim A;(n) = A}, lim A\y(n) = X, are positive we conclude that each of
mi(n), ma(n), my(n) are eventually constant. Thus we can assume that m;(n) = my,
ma(n) = mg, my(n) = my independent of n. The limiting values for p3(0,,), p4(O,)
and p5(0,,) are thus

pg(O) = hmpg(on) = 2)\/1 (m1 + m4) + 2)\’2(7712 + m4)
pa(0) = limpy(O,,) = 4N Agma(my + ma + my)
p5(0) = hmpg,(On) = 2()\,1)2(7711 + m4) + 2()\,2)2(?712 + m4)

We note that each spherical function/orbit is determined by a unique set of pa-
rameters, in the case of O they are (A}, \y;m}, my, m}). As the invariants py, ..., ps
separate K-orbits their values, together with A} and M\, determine O and its param-
eters. So O has parameters (A}, Ay; mq, ma, my). In particular m), = my. So now

lim Di(¢n) = Pa(0) + 4N Xymy = Da(9).
The proof that D;(¢,) — D;(¢) for j = 3,4,5 implies ps(O,) — ps(O) goes
the same way, using the fact that the parameters for ¢ are are determined by the

eigenvalues 151(¢), . ﬁ5(¢).

Case 2: (¢,)22, C A', ¢ € A?: The argument here is similar to Case 1. Let
(A1(n), Aa(n); mq(n), ma(n), ms(n)) be the parameters for ¢, and (N, \'; m}, m)y) those
for ¢. Using (3.11) and (3.12) one shows that m4(n), ms(n) and m4(n) are eventually
constant with m;+ms = m/ and my = m/ under the hypothesis that p;(0,,) — p;(O)

for each j. This easily implies that D;(¢,) — lA)j(¢) for each j. The same argument
shows p;(O,,) — p;(0O) for all j when D;(¢,) — D;(¢) for all j.

Case 3: (6,)22, C Al, ¢ € A3 Let (M\(n), Xa(n);mi(n), ma(n), my(n)) be the
parameters for ¢, and (0, \y;0,m}) those for ¢, so that Ay(n) — 0 and Aa(n) — .
See (3.11) and (3.13). First suppose that p;(O,,) — p;(O) for all j. Thus p4(O,,) — 0
and ﬁj(gbn) — ﬁj(¢) for j # 4. As the sequence p3(0,,) = 2X1(n)(my(n) +my(n)) +
2Xo(n)(ma(n) + my(n)) converges to p3(0) = 2Xymf with Ai(n), Aa(n), N, > 0 we
conclude that the sequence my(n) is bounded. So Aj(n)Aa2(n)my(n) — 0 and hence
Dy(¢n) — limpy(0,) +0 =040 = 0 = py(¢). The same argument shows p;(0,) —
p;(0) for all j when ﬁj(¢n) — lA)j(qﬁ) for all j.

Case 4: (6,)22, C A, ¢ € A3 Let (A\(n), A2(n);my(n), ma(n), ms(n)) be the pa-
rameters for ¢, and (0, \; r, m,, mj) those for ¢. See (3.11) and (3.14). First suppose
that p;(0,) — p;(O) for all j. Thus ps(O,) — 2r2Xym} and D;(¢,) — D;(¢) for
J # 4. Just as in Case 3 it follows that (m4(n))zo:1 is bounded, A;(n)Aa(n)my(n) — 0
and hence Dy(¢,) — r2\ymfy = Dy(¢). Likewise p;(0,) — p;(O) for all j when
Dj(¢n) = Dj(¢) for all j.
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Case 5: (¢,)22, C Al, ¢ € A Let (A\i(n), A2(n);mi(n), ma(n), ms(n)) be the
parameters for ¢, and (O 0;7) those for ¢, so that Aj(n), A2(n) — 0. See (3.11)
and (3.15). _First suppose that p;(0,) — p;(0) for all j. Thus ps(O,) — 0 and

Di(¢,) — Dj(¢) for j # 4. As the sequence p3(O,) = 21 (n)(my(n) + ma(n)) +
2)\2( )(ma(n )~|— my(n)) converges to p3(O) = r? with A\;(n), Aa(n) > 0 it follows that
()\2(71)7714(71)):0:1 is bounded. As A\;(n) — 0 it now follows that Aj(n)As(n)my(n) — 0
and hence the sequence Dy(¢,) = ps(On) + 4A1(n)Aa(n)ma(n) converges to py(O) =
Dy(¢). Likewise p;(0,) — p;(O) for all j when D;(¢,) — D;(¢) for all j.

Case 6: (¢,)22, C A?, ¢ € A% The argument here is similar to that for Case 1.
Let (A(n), A(n); mi(n), m4( )) be the parameters for ¢,, and (X', \';m}, m/) those for
¢. First suppose that p;(O,) — p;(O) for all j. As in Case 1, the convergence
of (pg(On))Zozl together with the fact that ' > 0 implies my(n) and mg4(n) are
eventually constant, m(n) = my, ma(n) = my say. Referring to (3.12) the limiting
values for p3(0,,), p4(0,) and p5(0,,) are now

p3(0) = limp3(0,) = 2X (my + 2my)
p4(0) = limpy(0,,) = 4(N)*ma(mi + ma)
ps5(0) = limps(0,,) = 2(N)%(my + 2my)
As the invariants py,...,ps separate K-orbits in n these values, together with A}
and X, determine O and its parameters. So O has parameters (N, \';mq,myg). In
particular mj = my. So now lim D4(gbn) = pa(O) + 4(N)2my = Dy(6).

The proof that D; i(Dn) — D, (@) for j = 3,4,5 implies ps(O,) — ps(O) goes
the same way, using the fact that the parameters for ¢ are are determined by the
cigenvalues D1(¢), ..., D5(¢).

Case 7: (¢,)22, C A?, ¢ € A*: Let (A(n), A(n);mi(n), my(n)) be the parameters for
¢, and (0, 0;7) those for ¢. See (3.12) and (3.15). The argument here parallels Case 5.
First suppose that p;(O,,) — p,;(0O) for all j. Thus ps(O,,) — 0 and D, i (Pn) — D, i(0)
for j # 4. As in Case 5, convergence of the sequence p3(O,,) implies that A(n)my(n)
is bounded and hence A(n)?my(n) — 0. Thus Dy(¢) = pa(Oy) + 4N(n)?my(n)
converges to ps(O) = Dy(¢). Likewise p;(0,) — p;(O) for all j when ﬁ](gbn)
13](¢) for all j.

This completes the proof for this example. O

4. THE PAIR (U(2) x Sp(d), (C? ® HY) @ HA?*(C?))

Here n =ny =V @3 where V = C2®@ H¢ (tensor over C) and 3 = HA%(C?) = u(2).
We realize V' as V' = My 24(C), matrices of size 2 x (2d) with complex entries. The
bracket V- x V' — 3 is [u,v] = wv* — vu*, as in the previous eample. We have the
compact group K = U(2) x Sp(d) where Sp(d) = {k € U(2d) : kJk' = J}, with
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J = [ _O]dd écfi }, acting on n via (ky, kq) - (v, A) = (kywk3, ki AkT). This is case (22)
in §13.4 of [Wol07] and line 11 in our table.

The pair (K, n) is obtained from (U(2) x SU(2d), M224(C) ® u(2)), treated in the
previous section, by replacing SU(2d) with the smaller group Sp(d). Just as before,
matrices By, \, = —diag(iAi,ilg) with Ay < Ay form a cross-section to the K-orbits
in 3 and the values (A1, \2) impose a layering on A(K, N) and A(K,N). For our
proof of Condition (O) we focus on the four layers with A\, Ay non-negative.

As generators for R[n]¥ we take (see [FRY12]? )

pl(”? A) = Zt’l“(A), p2(va A) = _tT(A2) = 2”‘4“31
(4.1) 4§ p3(v, A) = tr(vv) = [v]3, pa(v, A) = det(vv"), ps(v, A) = |w(vi, v2)]?
pe(v, A) = (1Av,v), = i tr(Avv*)

where w(vy, v2) = v J v} is the symplectic inner product of the rows in v. Here {p1, p2}
generates R[3]% and {ps, ps,ps} generates R[V]X. Note that generator ps is a new
ingredient in this example. As in the previous example one obtains (unsymmetrized)
generators D; := D, (j =1,...,6) for Dg(N).

Next we introduce parameters on layers 1 through 4 and use these to determine
spherical orbits Oy = W¥(¢) and values p;(Oy), D;(¢) for each layer. The following
polynomials h; € C[V] will appear as fundamental highest weight vectors in the first
three layers.

hl(U) = V11, hz(v) 1= Vo, h3(U) ‘= Va2, h4(U) = V2,d+1,

| V11 V12
h5(v) o V21 V22

(4.2)

, he(v) = w(vy, vg)

Layer 1: 0 < A\; < Ay. Here Jy, ), has trivial kernel and %/\17)\2 = V with its
standard complex and hermitian structures. The stabilizer of By, », in K is Ky, », =
(U(1) x U(1)) x Sp(d). The multiplicity free action of K, , on V' is indecomposable
but not irreducible. It is a multiplicity free action of rank 4, discussed in Section 5.8
in [BR15b]. Fundamental highest weight vectors in C[V] are hy, ha, hs and hg. So
the Layer 1 spherical function parameters are (A1, Ag; mq, ma, ms, mg). The function
¢ € A' with these parameters has spherical orbit Oy

221) 201 (m
O(Z) — O(/\17/\2;m17m27m5am6> - K <|: EzAlgl/QU;Emg :| 7B>\1,)\2)

v1(m)

vo(m) } , given in [BR15b], satisfies

where v(m) = [

2 = my +ms +me, (vi(m),ve(m)) = \/mims
—\/mﬁ(ml + mo + 27715 + TTLG)

{ [o1(m)[* = my + ms +mg, [v2(m)
w(v1(m),vo(m)) =

2In [FRY12] the invariant tr((vv*)?) is used in place of generator py.

b
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These facts may be used to compute the values p;(Oy), listed below along with the
eigenvalues D;(¢).

(

p1(0g) = A+ A = Di(¢) )
p2(0p) = AT+ A3 = Ds(¢)
p3(0¢) = 2)\1 (m1 + ms5 + m6) + 2)\2(7’77,2 + ms + mﬁ) = —D3(¢)
(4.3) pa(0g) = AN Aa(ms + me) (M1 + ma + ms + mg), N
pa(Ogp) + 4X A2 (ms + me) = Dy(¢)
P5(O0g) = 4N Aame(my + mo + 2ms + mg) R
p5(04) + 4X Aame(2d — 1) = Ds(¢)
L 26(0p) = 2X3(mq + ms + me) + 203 (ma + ms +me) = —Dg(¢) |

Thus ﬁj(@ = £p;(0y) for j =1,2,3,6 but Dy(¢) and Ds(¢) differ from p4(Oy) and
p5(0y) by lower order terms.

Layer 2: 0 < A\; = X\o. For A > 0 we again have 15,\7A = V but now B, , has stabilizer
Ky, =K =U(2) x Sp(d). The multiplicity free action K : V is irreducible of rank
3 with fundamental highest weight vectors hy, hs, hg. See Section 4.7 in [BR15a].

Thus parameters for spherical functions ¢ € A% are (\i, Ay; my, ms, mg) and we have
associated spherical orbit

O¢, = O()\, )\;ml,mg,,mg;) = K- ((2)\)1/2v(m), B)\y)\)

where v(m), given in [BR15a], satisfies

{ [o1(m)[? = my + ms + mg, |[v2(m)[*> = ms 4+ mg, (vi(m),va(m)) =0 }
w(v1(m), ve(m)) = \/mg(ml + 2ms + mg) '

One obtains the following values for p;(O,) and Bj(gb).

[ p1(0y) = 2X = Di(¢) )
p2(04) = 2X7 = Dy(¢)
p3(Og) = 2X\(my + 2ms + 2mg) = —D3(¢)

(44) p4(0¢) = 4)\2(m5 + mﬁ)(ml + ms + m6), R
Pa(Og) + 4N (ms5 + me) = Da(¢)
p5(0y) = 4X*me(my + 2ms + mg) R
p5(0y) +4N°mg(2d — 1) = Ds(¢)
L p6(0¢) = 2/\2(m1 + QM5 + 2m6) = —D6<§b) )

Here again for Layer 2 the eigenvalues lA)j(gf)) differ from p;(Oy) for j = 4,5. In the
remaining layers one has D;(¢) = £p;(O,) for all j, as in the previous example.

Layer 3: 0 = A\; < Ag. Here ap, and 60)\2 are the row spaces Vi (as a real vector
space) and V5 (with its usual complex structure). The stabilizer of By ,, in K is
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Ko, = (U(1) xU(1)) x Sp(d). Each K ,-orbit in V; contains a unique point of the
form a, = re; with » > 0.

Layer 3,0: r» = 0. K, stabilizes a, = 0 and K, : V5 is an irreducible mul-
tiplicity free action of rank 1 with fundamental highest weight vector hy,. Thus
a spherical function ¢ € A*P has parameters (0, \y;0,m5) and associated orbit

O, = O(0, A\2;0,m2) as in (3.7). One obtains

(

p(0g)= X =Di(o)
p2(0g) = N =Dy(o)
p3(0g) = 2Xomy = :D3(¢)
(45) MO = 0 =Dyo)
ps(0g)= 0 =Ds(¢)
[ 26(0g) = 2X\3my = —Ds(9)

Layer 3,1: r > 0. The stabilizer of a, = re; in Ky, is a copy of (U(1) x U(1)) x
Sp(d— 1) Fundamental highest weight vectors for the action K x,)q, : V2 are hg, hs
and hy. Thus the parameters for a function ¢ € A3! are (0, \o; 7, Mo, m3, my). The
spherical orbit Oy = O(0, Ag; 7, m2, m3,my) is now

rep

O¢ = K- <|: (2/\2m2)1/261 + (2/\2m3)1/262 4 (2)\2m4)1/26d+1 } 7BO,)\2)

and one has

p(0y) = X = Di(¢)
(0y) = A2 = Ds(9)
(4.6) (09) = 7%+ 2Xy(my +m +ma) = —Ds(¢)
(04) = 2X7%(m3 + my) = 124(¢)
(04) = 2Xo7?my = D5(¢)
(04) = 2X\3(my + m3 + my) = —Dg(¢) y

Layer 4: A\; = Ay = 0. As in the previous example Layer 4 parameters are (0,0;7r)
with 7 > 0. For ¢ € A* with these parameters we have Oy = O(0,0;7) given by

(3.9) and

0= 0 = Dy(o)
(0= 0 = Dy(o)
p3(0y) = 1 ::D3(¢)
4D | 0= 0 = Do)
ps(0g) = 0 = Ds(¢)
(0= 0 =Dyl) |

J/
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4.1. Condition (O) for (K,N). The proof that (K, N) satisfies Condition (O)
closely parallels that for the previous example. See Section 3.8. Given a sequence
(hn)2, in A(K,N) and ¢ € A(K, N) one argues that ¢,,) converges to ¢ if and only
if the sequence O,, := ¥(¢,,) converges to O := ¥(¢). Equivalently one must show
that ﬁj(gzﬁn) — ﬁj(gb) for j =1,...,6 if and only if p;(O,,) — p,;(0) for j =1,...,6.
We can assume that the ¢,’s all lie in a single layer in A(K, N) and, for simplicity,
here suppose that (¢,,)%°; is contained in one of the four layers discussed above. If
either ¢, — ¢ or O,, — O it follows that ¢ lies in the same layer as the ¢,,’s or in a
higher layer. On layers 3 and 4 the values ﬁj(qb) and p;(0,) agree, up to sign, for all
j. Thus it suffices to assume that (¢,)5°; is contained in Layers 1 or 2.

There are seven cases to examine, just as in Section 3.8. In each case one needs
to check that if the sequence D;(¢,) = £p;(0O,,) converges to D;(¢) = p;(O) for
j=1,2,3,6 then both Dy(¢,) — Dy4(¢) and Ds(¢,) — Ds(6) if and only if ps(0,,) —
p4(0) and p5(0,) — ps(O). An argument for each case can be given that is similar
to that in Section 3.8. To illustrate we give the argument for Case 4 and omit the
details for the remaining cases.

Case 4 (¢n)3°:1 - Al} ¢ € A% Let (Al(n)v)‘Q(TL);ml(n>7m2(n)7m5<n)7m6(n)) be
the parameters for ¢, and (0, \y; r, mj, m4, m}) those for ¢. See (4.3) and (4.6). First
suppose that p;(0,) — p;(O) for all j. Thus also ﬁj(gbn) — lA)j(ng) for j #4,5. As
the sequence

p3(On) = 2A1(n)(m1(n) +ms(n) +me(n)) + 2 2(n)(ma(n) + ms(n) + me(n))

converges and A;(n) — 0, Aa(n) — X, > 0 it follows that both ms(n) and mg(n) are
bounded sequences. Thus the lower order terms in the expressions for D4(¢,) and
Ds(¢,,), namely

4A1(n)Aa(n)(ms(n) + mg(n)) and 4A;(n)Aa(n)me(n)(2d — 1)

respectively, both converge to zero as n — oco. So lim ﬁ4(¢n) = limp4(O,,) = p4(O) =
Dy4(¢) and likewise lim Dj(¢,,) = limp5(0,,) = p5(0) = D5(¢). The same reasoning
shows that p;(O,,) — p,;(0O) for all j when D;(¢,) — D;(¢) for all j. O

5. THE PAIR (Sp(2) x Sp(d), (H? ® HY) @& HA?(H?))

Here n = ng = V@3 where V = H2@H (tensor over H) and 3 = HA%(C?) = sp(2).
We realize V as V' = M 4(H), matrices of size 2 x d with quaternion entries. As usual
the bracket V' x V' — 3 is given by [u,v] = wv* — vu* and K = Sp(2) x Sd(d) acts
via (ky, ko) - (v, A) = (kyvks, k1 AkT). Here we are viewing both Sp(2) and Sp(d) as
quaternionic matrices satisfying kk* = I. This is case (18) in [Wol07, §13.4] and line
12 in Table 1.
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The pair (K, n) is closely related to the example treated in the previous section,
namely (K,n) := (U(2) x Sp(d), M324(C) @ u(2)). We will use the fact that (K, N)
satisfies Condition (O) to establish Condition (O) for (K, N).

Each K-orbit in 3 contains a unique point of the form By, ), = —diag(i\i, i)
with 0 < A\; < Ay real.® This fact imposes a decomposition of A(K, N) and A(K, N)
into layers as before. Moreover using the K-invariant inner product on n, given by

((u, A), (v, B))n := Re(tr(uv™)) + %Re(tr(AB*)),

one again has that the J-mapping, Jg : V — V for B € 3 is simply Jg(v) = —DBv.
Thus Jy, », = JB,, ,, 18 left multiplication by iA;, 2A2 on the two rows. For Layer 1 and
Layer 2, where 0 < A\; < Ay, the complex vector space tﬁh,)q is thus V' = M, 4(H) with
its standard complex structure, i.e. left multiplication by i. For Layer 3 (0 = A; < Ap)
one has g, = Vo = H?, the second row with its standard complex structure.

To connect analysis for (K, N) with that for (K, N) we apply the standard iso-
morphism Ms 4(H) = Mj 24(C), namely

(v=u+wj) — v := [uw],

for u,w € My 4(C). Giving V = My 4(H) and V := My 24(C) their standard complex
structures the map v +— v is an isomorphism of complex vector spaces. Moreover
v — v transforms the right action of Sp(d) on V into its right action on V with S p(d)
realized as {k € U(2d) : kJk' = J}, as in the previous example. The left action of
the subgroup U(2) C Sp(2) carries over from V' to the usual left action of U(2) on V.
So now K C K (as U(2) C Sp(2)) and we regard 1 as a subspace of n by identifying
V =V and noting that (3(%) = u(2)) C (sp(2) = 3(n)).
For the first three layers we have the following stabilizers for By, »,.
e Layer 1: 0 < Ay < Ao, K\, 0, = (U(1) x U(1)) x Sp(d).
o Layer 2: 0 < Ay = A = Ay, K\, = U(2) x Sp(d).
e Layer 3: 0=\, < Ao, Ko, = (U(1) x U(1)) x Sp(d).
These all lic in K = U(2) x Sp(d) and agree with the stabilizers from the previ-
ous example. As the standard isomorphism V = 1% respects the standard complex
structures and is K -equivariant one has the following facts.
e The relevant multiplicity free actions for Layers 1,2,3 are as in Section 4 and
the fundamental highest weight vectors that appear are given in (4.2).
e The parameters for A, A2, A%% and A3! coincide with those in Section 4.
Letting ¢ € A(K, N) and ¢ € A(K, N) denote spherical functions for the two
pairs in these layers with common parameters one has ¢|5 = (E
e The spherical orbits O, for functions ¢ in Layers 1,2,3 are as given in Section
4. That is, in each case we have a base point in Oy of the form (v, By, »,) with

3As the Weyl group for Sp(2) includes sign changes one can ensure Aj, A2 > 0 here.
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¥ € V determined by the layer parameters. Regard this as lying in V @ sp(2)
and take the orbit under the group K = Sp(2) x Sp(d).

The Layer 4 situation, A\; = 0 = Ao, is entirely straightforward. Here the spherical
functions ¢ and their orbits O, coincide with those from Section 4.

Let AZ°(K, N) = (A'UA2UA*UAMUAY) (K, N) and AZ(K, N) = {05 : ¢ €
AZ9(K, N)}. The discussion above yields homeomorphisms
A(K,N)~ A>°(K,N) and A(K,N)= AZ°(K,N)

which intertwine with the orbit mappings for the two pairs. The argument given in
Section 4 shows that the orbit mapping for ([? N ) restricts to a homeomorphism
AZ0(K,N) = A29(K,N). Thus now ¥ : A(K, N) — A(K, N) is a homeomorphism
and the pair (K, N) satisfies Condition (O) as claimed. O

6. THE PAIR (G2, R” @ R")

Here n =V @ 3 where V = I'm(Q) = 3 with Lie bracket V' x V' — 3 given by

[v,w] = %(vw — wv).

The group K = G5 acts on n via two copies of its usual representation on R = I'm(Q).
This is case (3) in [Wol07, §13.4] and line 13 in Table 1.
Equipping V' and 3 with their usual inner products, denoted by dot, one has

J.(v) = [z,v]

for z € 3, v € V. The orbits for K = G5 on 3 = Im(Q) are spheres. (This example
is not handled in [FGJT19] because the J-map is singular.) For z € 3 with z # 0 we
find that
a, = Ker(J,) =Rz
and that the restriction of J, to to, := al NV is given by
J.(w) = zw.

The stabilizer of z in K is a copy of SU(3) and this is, of course, also the stabilizer
of the point (a,z) € n for any a € a,.

Letting {e1, ..., e;} denote the standard basis for Im(Q) the set {\e; : A >0} is
thus a cross section to the K-orbits in 3, which are parameterized by A. The situation
here is straightforward. There are just two layers in A(K, N), the spherical functions
of type I, for which A > 0, and those of type II, for which A = 0. As generators for
R[n]% one has (see [FRY12])
{pl(?],Z) = ||’U||2, pQ(UVZ) = ||Z||27 p3<1},2) ::U'Z}‘

As usual we let D; € Dy (N) denote the (unsymmetrized) operator obtained from p;.
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Layer 1: A > 0. Taking z = Ae; with A > 0 we have w, = {0} & RS with complex
structure J,(w) = e;jw and J? = —)\? on to,. The multiplicity free action K, : to,
is a copy of SU(3) : C3. For each t € R and m € Z* we have a spherical function

¢ = ¢xrt.m determined by the data (z = Aej,a = te;,m). The associated spherical
orbit O, = V(¢) is

O,=K- (tel + (2)\m)1/262, /\61)

and the values p;(Oy4) and lA)](gb) agree for 7 = 1,2, 3, namely

p1(0yg) = + 2dm = :ﬁ1(¢)
p2(0y) = = Dy(¢)
p3(0g) = = Ds(¢)

Layer 2: A = 0. For each r > 0 we have a spherical function ¢ = ¢,, the K-average
of the character (v,z) — €. The associated spherical orbit O, = ¥(¢) is

O¢:K'(T€1,0)

and we have R
p1(Og) = 1% = _/\D1(¢>
p2(0y) =0 = 122(@
p3(0g) =0 = Ds(¢)

6.1. Condition (O) for (K,N). As p;(O

¢)_j:D( ) for j = 1,2,3 and all ¢ €
A(K, N) it follows immediately that (K, N) s

atisfies Condition (O). O

7. THE PAIR (U(1) x Spin(7),C®* & (R” & R))

In line 14 of Table 1 one has n = V@3 where V = 0? = {v = [ Zl 1 D V1,V € (O)}
2
and 3 = Im(Q) @ R. The bracket V' x V' — 3 is given by

v, w] = ({v,w},wv, w))
where {v,w} € Im(0Q) and w(v,w) € R are defined as

{v,w} = ——(U1w1 — WiTy + VaWy — Wala), w(v, W) =1y - Wy — V3 - W.

The expression for {v,w} involves arithmetic in the octonians @. The expression
for w(v,w) involves the usual inner product on Q@ = R® namely v - w = Re(vw).
The group K = U(1) x Spin(7) acts on n as follows. Spin(7) acts on V via two
copies of its spin representation on @ = R® and acts on Im(Q) = R” by the vector
representation via SO(Im(Q)) = SO(7). The action of Spin(7) on R C 3 is trivial.
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The scalars U(1) act via rotations on V, and act trivially on 3. This example is case
(12) in [Wol07, §13.4].1
We equip V' and 3 with their usual inner products. For (z,t) € 3 one finds

| zup —tog
(71) Jz,t(v) = |: 205 +t’U1 :| .

As the orbits for Spin(7) on Im(Q) are spheres we can take for z a non-negative
multiple of a chosen unit vector.

Let {eg,e1,...,er} be the standard basis for @, where ey = 1, so that {e1,...,e7}
is the standard basis for Im(Q). We may assume that z = re; for some r > 0 and
let J,; := Jye, +- Note, in particular, that

Ji(v) = Jro(v) = [ ery ]

€102

is a complex structure on V. We denote this space, with its complex structure, as V.
Letting V. be the subspaces of V' defined as

=y ] weop vl veo),

one obtains the following Lemma via routine calculation.

Lemma 7.1. The subspaces Vi are U(1)-invariant and V =V, @V_ is an orthogonal
direct sum decomposition. The subspaces Vi are invariant under J,, for all v > 0,
t € R with

ng|vJr = (T+t>J1‘V+, Jr,t‘V, = (T’ — t)J1|V7.
Hence also J2\|v, = —(r £t)Iy,.
Let
o o, = Ker(J,4), 0, = Image(J,.;),o(r,t) = {\ >0 : —\* is an eigenvalue for J,,},
° j/m be the complex structure on tv,, obtained from J,,,
e 1., denote the complex vector space (tv,., jrt)

Moreover let ‘7¢ denote the complex vector space (V, J;) and I7i_ denote its conjugate
complex space, i.e. (Vi,—J;). In view of Lemma 7.1 we have the following.

(1) If r > 0 and |¢| < 7 then o(r,t) = {r+t,r—t}, a,;, = {0} and 1, ;, = V...
(2) If r > 0 and r < |t| then o(r,t) = {|r + |, |t — 7|}, a,, = {0} and

[ VeeVo ifr<t
MUl Vie Vv ift<—r
(3) If r > 0 and ¢t = +r then o(r,t) = {0,2r}, a,; = V¢ and 10, = V..

4The factor of —1/2 on {v.w} is not, however, used in [Wol07] or elsewhere. This has been
introduced to simplify Formula 7.1.
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(4) If r = 0 and t # 0 then o(r,t) = {|t|}, a,; = {0} and w,, = VI @ V7.
In this case it is best to ignore the V. & V_ decomposition and write simply
w,; = (V,Jo1). See Equation 7.1.

(5) If r =0 =t then o(r,t) = {0}, a,; = V and w,, = {0}.

Figure 1 illustrates these cases as regards 1o,.,.

(V7 JO 1) -

)

(0,0)

FIGURE 1. The complex spaces 1o,

The values (r,t) € RT xR parameterize the K-orbits in 3 and determine a layering
on A(K,N) and A(K, N) corresponding to the five possibilities above. Before dis-
cussing these layers in detail we introduce, from [FRY12, Theorem 7.5], generators
for R[n]%, namely®

pi(v,z,t) =t pa(v,z,t) = | 2|
(7.2) ps(v, 2, t) = [[v]|?, pa(v, A) = (|lor]]* = Jv2][?)? + 4(vy - v2)?
ps(v, 2, t) = Re(2(v102)) = —2z + (v102).

Here {p;,p2} generates R[3]% and {ps, ps} generates R[V]¥. As usual one obtains
(unsymmetrized) generators D; := D, (j =1,...,5) for Dg(N).

Next we introduce parameters on each layer and give values p,;(0y), D;(¢) for
subsequent use in the proof that (K, N) satisfies Condition (O). As the calculations
required to justify the various formulas are similar to those for prior examples we omit

°In [FRY12] one finds the invariant Fy(v,z,t) = |v1|*|va]? — (v1 - v2)? in place of ps. These
invariants are related via ps + 4Fy = p3. We prefer py here as the values ps(Oy), D4(¢) given below
are somewhat simpler than those obtained using Fj.
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the details. Letting K, ; denote the stabilizer of (re;,t) € 3 in K = U(1) x Spin(7)
one has

Ko U(l) x SU(4) ifr #0 (i.e. in Layers 1, 2, 3)
"1 U(1) x Spin(7) if r =0 (i.e. in Layers 4, 5)

Layer 1: r > 0 and |t| < r. We have K,; = U(1) x SU(4) acting diagonally on
the complex vector space w,; = Vy @ V_ with J2, = —(r =¢)* on V.. Identifying
V. @ V_ with M, 4(C) we have fundamental highest weight vectors

hl(Z) = 211, hQ(Z) = 291, hg(Z) = dBtQ(Z)

and write (r,t;my, ma, ms) (m; € Z*1) for the Layer 1 spherical function parameters.
The spherical orbit O, for the function ¢ € A' with these parameters is obtained
by applying Proposition 2.1 to the spherical point given in [BR15b, §5.2]. Further
calculation yields the following values.

[ p1(0y) = ¢t = Di(¢) )
p2(0y) = 77 - D2A(¢)
(7.3) p3(0g) = 2(r +t)(my +m3) +2(r —t)(me +m3) = —D3(o)
pa(Oy) = 16(r +t)(r — t)myma, R
pa(Oy) — 16(r +t)(r — t)ms = Day(¢)
| P5(0g) = —r(r+1)(m1+ms) +r(r—t)(ma+mz) =—Ds(¢) )

Layer 2: r > 0 and r < |t|. Suppose here that 0 < r < t. Now K,; = U(1) x SU(4)
acts diagonally on t,; = ‘7+ oV, (In case t < —r < 0 just interchange the roles
of Vi and V_.) This is a twisted variant of the multiplicity free action from Layer 1,
treated in [BR15b, §5.3]. Identifying V. ® V- with M, 4(C) the fundamental highest
weight vectors are as in Layer 1 but with h3 replaced by

h3(z) = 21— - 2a,—,

the dot product of the rows. We again write (r, t; mq, ms, mgs) for the Layer 2 spherical

function parameters. One obtains the following values p,;(O,) and lA)j(gb) for the
function ¢ € A? with these parameters.

( 3

pi(Og) = ¢ = Di(9)
p2(04) = 7° = Dggﬁb)
(7.4) p3(O0y) = 2|r +t|(my + m3) +2|r — t{(me +m3) = —D3(9)
pa(Oy) = 16|r + t||r — t|ms(my + ma + ms), R
pa(Oy) + 48]r + t]|r — tmy — Dy(0)
[ P5(0g) = —rlr+t|(mi +ms) +r|r —t{(me +m3) = —Ds(d)
Layer 3: r > 0, t = +r. Here suppose t = r. (In case t = —r just interghanges

the roles of V, and V_.) We have K,., = U(1) x SU(4), a,, = V_, w,, = V, with
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Ji, = —(2r)* = =4 on V.. Let a € V_ be given. As the action of K, on V_ is
transitive on spheres we can assume that

for some s > 0. There are two sub-cases to consider.

Layer 3,0: s = 0. The stabilizer of a = 0 in K., is K¢y = K, = U(1) x SU(4).
This acts on V, 2 C* as (U(1) x SU(4)) : C*, a rank 1 multiplicity free action with
fundamental highest weight vector

h(z) = 2.
We write (r, +7; 0, m) for the parameters of a spherical function ¢ € A*° and compute
(p(Oy)= 4r  =Di(@) )
p(0,) = 12 = Dy(o)
(7.5) p3(0g) = 2rm = —Ds(¢)
p(Os) = 0 = Do)
[ P5(0y) = Fr*m = -Ds(¢) |

Layer 3,1: s > 0. Now a # 0 has stabilizer K.,), = S(U(1) x U(3)) in K,, acting
on Vy 2 C*as S(U(1) x U(3)) : CeC3. Our fundamental highest weight vectors are

hl(Z) = Z1, hg(Z) = Z9

and we write (7, £7;s,m;, my) for the parameters of ¢ € A>'. One finds

([ p1(0y) = = Dy (9) \
p2(0,) = - — Dy(0)
(7.6) p3(0p) = 25° +2r(my +ma) = —Ds(9)
pa(Oy) = 16rs*my = D4(9)
[ p5(0p) = £rs® Fri(mi+ma) = —Ds(¢) |

Layer 4: r =0, t # 0. We have K, = U(1) x Spin(7) = K acting on the complex
vector space 1o = (V, Jo1) where

Joa(v) = { R } .

(%1

The multiplicity free action Koy : g, is a copy of (U(1) x Spin(7)) : C®, which is
irreducible of rank two with fundamental highest weight vectors

hi(2) = 21 + iz, ho(2) = 27 4+ + 25
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Thus spherical functions ¢ € A? are parametrized by (0, t; m1, my) and one computes

( p1(Op) = =+t = 91(@
p2(0g) = 0 = Da(9)
(7.7) p3<0¢) = 2’t‘<m1 + 2m2) = _D3(¢)
p4(0¢) = 16t2m2(m1 + mz), R
Pa(Og) +48t*my = Dy(9)
L P5(O¢) =0 = —Ds(9) )

Layer 5: r = 0 = t. This layer gives the spherical functions of type II. These
correspond to (K = U(1) x Spin(7))-orbits in V', which are parameterized as follows.

Lemma 7.2. [Sas09, Lemma 5.9] Every K-orbit in V' contains a unique point of the
form v(sg, 1) :== 500 | with 0 < so < s1.
S1€1

Letting (0, 0; 89, s1) denote the parameters for ¢ € A’ one has

( p1(Og) = 0 = 121(05) \
p2(0g) = 0 = Dy(¢)
(7.8) p3(0g) = si+si  =—Ds(¢)
Pa(0g) = (s0—51)" = Dy(0)
[ »5(0g) = 0 = —Ds(¢) )

7.1. Condition (O) for (K, N). To verify Condition (O) for this example we reason
as in Section 3.8. Note that in all layers p;(Oy) = j:lA?j(gb) for j =1,2,3,5 but that
Dy(¢) differs from ps(Og4) by a lower order term if ¢ € A'U A2 U A*. So given a
sequence (¢,)3; in Layers 1, 2 or 4 and a function ¢ € A(K, N) we need to check
that (Da(¢n) — Di(¢)) <= (pa(O,) — ps(0)) under the hypothesis that the
sequence lA?j(qbn) = #£p;(0,,) converges to ﬁj(¢) = +p;(O) for j = 1,2,3,5. The
assumption that p;(0,) — p;(O) for j = 1,2 implies that the r and ¢ parameters for
¢, converge to those for ¢. In particular

o if (¢,)22, C Al then ¢ € A'UA3OUA3 UA?,

o if (¢,)22,; C A? then ¢ € A2U A3 UA3 UA*UAS, and

o if (¢,)°2, C A then ¢ € A* U AS.
Thus there are eleven cases to examine.

Case 1: (¢,)22, C A', ¢ € Al: Let (r(n), t(n);mi(n), ma(n), ms(n)) be the param-
eters for ¢, and (', t';m/, mb, mjy) those for ¢. Using (7.3) the argument here is
similar to that given for Case I in Section 3.8. As p3(0,) — p3(0) and " + ' #
0 # " —t' it follows that the sequences my(n), ma(n) and mg(n) are eventually con-
stant, (my(n), ma(n), mg(n)) = (my, ma, m3) say. If we assume that ps(O,,) — ps(O)
it then follows that ¢ has parameters (r',t', my, mo, m3) and hence (m), mj,mf) =
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(mq,ma, mg). This is the case as the limiting values for p1(0,,), ..., ps5(0,), namely
p1(0) =1limp(0,) =, p2(0) = limp,(0,,) = (r')* and

p3(0) = lim p3(0,,) = 2(r" + ') (my + m3) + 2(r" — t')(mg + m3)

pa(0) = limpy (O, ) = 16(r" + ') (1" — ')mymy

ps(0) = limp5(0,,) = —r' (7" — ') (my +mg) + /(1" — ') (ma + ms3)
completely determine O and its parameters. So now

lim Dy(6) = pa(0) = 16(" + ¢)(r' — t')ms = Da(9)

as desired. The proof that ps(O,,) — p4(O) when Dy(¢,) — D4(¢) goes the same way,
using the fact that the eigenvalues D1(¢), ..., Ds(¢) determine ¢ and its parameters.

Case 2: (6,)22, C A, ¢ € A0 Let (r(n),t(n); mi(n), ma(n), ms(n)) be the param-
eters for ¢, and (r',£r";0,m’) those for ¢. See (7.3) and (7.5). As p3(0,,) — p3(O)
and one of 7' + (£r'), v’ — (£r’) is non-zero it follows that the sequence ms(n) is
eventually constant, ms(n) = mg say. So lim(r(n) +t(n))(r(n) —t(n))ms(n) = 0 and
hence lim Dy(¢,,) = Dy(¢) if and only if lim p4(O,,) = p4(O).

Case 3: (¢,)22, C Al, ¢ € A*!: The reasoning from Case 2 applies equally here.
Case 4: (¢n)2, C A, ¢ € AS: Let (r(n), t(n);mi(n), ma(n), ms(n)) be the parame-
ters for ¢, and (0, 0; s, s}) those for ¢. See (7.3) and (7.8). As p3(O,) — p3(0O) =0,
we have lim(r(n)+t(n))ms(n) = 0 and hence also lim(r(n)+t(n))(r(n)—t(n))ms(n) =
0. Thus lim Dy(¢,,) = D4(¢) if and only if lim ps(O,,) = ps(O).

Case 5: (¢,)22, C A%, ¢ € A% The argument here is identical to that for Case 1.
Cases 6,7: (¢,)22, C A% ¢ € A0 U A¥!: The proofs here are as in Case 2.

Case 8: (¢,)°2, C A2, ¢ € A" Let (r(n),t(n);mi(n), ma(n), ms(n)) be the pa-
rameters for ¢, and (0,t';m/, m}) those for ¢. See (7.4) and (7.7). As p3(0O,) —
p3(0) and ¢ # 0 the sequences my(n), ma(n) and mg(n) are eventually constant,
(mq1(n), ma(n), msg(n)) = (mq1, ma, m3) say. So now lim p3(0,,) = p3(O) implies

(7.9) my + ma + 2m3 = mj + 2m;.
Suppose that lim ps(O,,) = p4(O). This gives
(7.10) ms(my + ma + mgz) = my(mfy +mj).
Together (7.9) and (7.10) imply that
ms=my and my + mg+ mg = m} + mj.

Thus now

lim Di(60) = pa(0) + 43(¢')ms = ps(O) + 48(¢)Pm) = Di(9)
as desired. Likewise assuming lim ﬁ4(¢) = ﬁ4(¢) gives

(7.11) ms(my +mg + ms + 3) = my(m) +mh + 3),



28 C. BENSON AND G. RATCLIFF

which together with (7.9) again implies that both m3 = m/, and my + my + mg =
mj + ms. So

lim p4(0,,) = Da() — 48(t')*ms = Da(¢) — 48(t')*m)y = p4(O)

Case 9: (¢,)22, C A%, ¢ € A The argument here is identical to that for Case 4.

Case 10: (¢,)°2, C A*, ¢ € A*: Let (0,t(n);myi(n), ma(n)) be the parameters for ¢,
and (0, t';m}, mb) those for ¢. See (7.7). As p3(0,) — p3(O) and t’ # 0 the sequences
mi(n), ma(n) are eventually constant, (mq(n), mq(n)) = (my, me) say. Thus now
lim p3(0,,) = p3(O) impies my + 2my = m} + 2m},. If we assume, in addition, that
either lim ps(0,) = ps(O) or lim Dy(¢,) = Dy(¢) then it follows that (m},m}) =
(m1,ms). This is the case as the values p;(0),...,ps(0) and Dy(¢), ..., D5(¢) each
determine the parameters for ¢. Thus

limp4(0,,) = ps(0) <= lim Dy(¢,,) = pa(O) + 48(t')*my = Ds()).

Case 11: (¢,)22, C A*, ¢ € A®: Let (0,t(n);my(n), ma(n)) be the parameters for ¢,
and (0, 0; s, s7) those for ¢. See (7.7) and (7.8). As p3(O,,) — p3(O) it follows that
the sequence |t(n)|ma(n) is convergent, hence bounded. As t(n) — 0 this implies that
t(n)*may(n) — 0 hence lim py(O,,) = pa(O) if and only if lim Dy(¢,) = Dy(e). O
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