INVARIANT POLYNOMIALS FOR MULTIPLICITY FREE
ACTIONS
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ABSTRACT. This work concerns linear multiplicity free actions of the complex
groups G¢ = GL(n,C), GL(n,C) x GL(n,C) and GL(2n,C) on the vector spaces
V = Sym(n,C), M,(C) and Skew(2n,C). We relate the canonical invariants in
C[V & V*] to spherical functions for Riemannian symmetric pairs (G, K) where
G = GL(n,R), GL(n,C) or GL(n,H) respectively. These in turn can be expressed
using three families of classical zonal polynomials. We use this fact to derive a com-
binatorial algorithm for the generalized binomial coefficients in each case. Many of
these results were obtained previously by Knop and Sahi using different methods.
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Suppose that V is a finite dimensional complex vector space and that G¢ is a re-
ductive complex algebraic group acting linearly on V' by some rational representation

GexV =V, (g,2)—g- =z

One obtains an associated representation p of G¢ in the algebra C[V] of holomorphic

polynomials on V' via
p(9)p(z) = (9-p)(z) =plg~" - 2).
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When p is a multiplicity free representation one says that the action G¢ : V is
multiplicity free. In this case we have a canonical decomposition

(1.1) cvi =&

AEA

of C[V] into Gc-irreducible subspaces Py. Here A denotes a countable index set,
appropriate to the example at hand. For background on multiplicity free actions we
refer the reader to the survey articles [How95] and [BR04].

When G : V is multiplicity free the product action G¢ : (V @ V*) is of particular
interest. Here Gi¢ acts on V* by the contragredient of G¢ : V. One can construct a
canonical basis for the space C[V @ V*]“¢ of Ge-invariant polynomials on V @ V*,
with one basis element from each subspace Py, ® P5. Equivalently, one can look at
the action of the maximal compact subgroup of G¢ on polynomials on the underlying
real vector space.

There are no (non-constant) Ge-invariant holomorphic polynomials on V. If U is
the maximal compact subgroup of G¢, there are, however, U—invariant polynomials
on the real vector space Vk. We can describe a canonical set of invariants as follows:
Let {f; : j =1,...d\} be an orthonormal basis for Py with respect to some U-
invariant inner product. The polynomial

(12 () =3 £HEFE)

is a non-zero U-invariant. In fact, {py : A € A} is a canonical basis for the space
P(Vg)Y of U-invariant polynomials on V. Equation 1.2 does not depend on the basis
{f;} used. The py’s are called the canonical invariants. In some works, including
[BRO4], the py’s are normalized via division by d) = dim(Py). For our purposes,
however, it seems preferable to use the un-normalized p)’s given by (1.2). One can
identify C[V & V*] with P(Vk) in such a way that the canonical G¢-invariants and
U-invariants coincide.

It is often quite difficult to obtain explicit formulas for the canonical invariants in
the context of specific examples. In this paper we examine three classical multiplicity
free actions. In each case, V' is a space of complex matrices. Letting M, (C) denote
the set of all n x n complex matrices, these are the following:

(i) Gc = GL(n,C) acts on the space V = Sym(n,C) = {z € M, (C) : 2! ==z}
of n X n symmetric matrices via
g-z=g 'zg"

(Here g* is shorthand for (¢7')!.) The associated representation in C[V]
becomes

(9-p)(2) = p(g'29).
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(1) Gc = GL(n,C) x GL(n,C) acts on V' = M, (C) and C[V] as
g-z2=g1"29,", (9-p)(2) = p(g12g2)
for g = (g1, 92)-
(i) Gc = GL(2n,C) acts on V = Skew(2n,C) = {z € M,,(C) : z' = —z}, the
space of (2n) x (2n) skew symmetric matrices, by the formula in (7).
For each of the actions (4)-(#:7), the multiplicity free decomposition (1.1) can be
described using highest weights and indexed by the partitions with at most n parts:
(1.3) A={A=(AnA AL M) €EZ" 1 M2 X 2> >\, >0},

These decompositions are well known (see [How89, How95, GW98, BR04]) and dis-
cussed below in Section 2.

Some further notation is required in order to state our main theorem. Let U denote
the usual maximal compact subgroup in G¢, namely

U=U(n) or Un)xU(n) or U(2n)
in cases (1),(41),(7i7) respectively. Using a U-invariant hermitian inner product on V
one can identify V* with V and C[V @V*]% = C[VaeV*]Y with P(VaV)Y = P(Vg)Y,
the complex-valued U-invariant polynomials on the underlying real space Vg for V.
Moreover, for t = (t1,...,t,) € R" let x; € V denote the point

(1.4) _— diag(ty, ... tn) in cases (7) and (1)
' Y7 diag(tiJ, ... t,J) in case (4d)

where J = [ _(1) 0 } as usual. It is known that

(1.5) X={x; : t; >0for 1 <j<n}

is a cross-section to the U-orbits in V. (See Section 7 in [BJLR97].) Thus our
canonical invariants py € P(Vg)Y are completely determined by their values py(z;)
on X. We will see that py(z;) is a symmetric function in t = (t1,...,1,).

We show that the p)’s are related to the zonal polynomials Z for certain Riemann-
ian symmetric pairs (G, K), namely [Mac95, Mac87, Sta89]:

(G:GL(n,]F),K:{keG : k*kz[}) with F = R, C, H.

(Here k* = k' is the conjugate transpose.) The subgroup K is maximal compact
in the real Lie group G. For our purposes, it is essential to observe that G is a
non-compact real form for the complex group G¢ in each case.

Theorem 1.1. For the multiplicity free actions G¢ : V' given by (i)-(iii) the canonical
invariants py € P(Vg)Y are completely determined by their values py(x;) on the cross
section X. The maps t — py(x;) are symmetric functions in t satisfying

p)\(xt) = C)\Z)\(tz).
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Here Z is a zonal polynomial for the pair (G, K) in each case, t* = (t3,...,t2) and
¢y 1S a non-zero constant given by FEquation 1.6 below.

Our approach is strongly influenced by [GR87], which treats these three cases in
parallel. A version of Theorem 1.1 was first proved by Knop and Sahi in [KS96]. They
showed that, up to a multiplicative factor, py(z;) is is given by Jy(t%; «), where Jy(+; «)
is a Jack polynomial with parameter @ = 2,1,1/2 in cases (1),(i1),(ii1) respectively.
We will provide a new proof and viewpoint on this result. A brief discussion of the
methods used by Knop and Sahi appears at the end of this paper.

The literature contains assorted conventions regarding normalization for zonal and
Jack polynomials. In this paper we adopt the convention from [Sta89] and [Mac87]
for normalization of the Jack polynomial Jy(-;«). (The convention just fixes the
coefficient for a specified term in Jy. It is equivalent to Lemma 3.2 below.) The
zonal polynomials in Theorem 1.1 are then Z, = J(+; o) with parameter a = 2,1,1/2
for actions (7)-(74). For action (7) this normalization agrees with that from [Jam61].
Section 2 includes a brief summary of the background material we require concerning
zonal polynomials. We refer the reader to [Mac95, Mac87] and [GR87] for further
details.

In Section 3 we prove that

2 /(H,(X;2)H*(X;2))  for action (1)
(1.6) c\ = 1/H(\)? for action (i)
1/(H.(\;1/2)H*(X;1/2)) for action (i)

Here |A| = Ay + -+ + A\, H()) is the product of hook lengths for A\, and H.(\; ),
H*(\; «) are the products of the lower and upper hook lengths weighted by «. These
factors are defined below in Section 3 following [Sta89).

For action (i7), our normalization implies Zy = H(\)s) where s, is a Schur poly-
nomial. In this case Theorem 1.1 says

1
H(A)
a result that was also derived, up to the normalization factor, in [BR98] using different

methods.
The canonical invariant p, € P(Vk)V yields a Ge-invariant polynomial coefficient

differential operator p,(z,0) = Z;»lil fi(2)f;(0) on C[V]. Schur’s Lemma ensures
that p,(z,0) acts by a scalar on each irreducible subspace P, in decomposition (1.1):

(1.7) pu(2,0)|p, = [2] Ip,.

8)\(252),

P/\(xt) =

The eigenvalue m is called a generalized binomial coefficient for the action. As in
the case of the canonical invariants, explicit formulas for the generalized binomial
coefficients are difficult to obtain.
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A more detailed definition of the operators py(z,d) appeared in [BR04] together
with some interesting properties of the generalized binomial coefficients. These in-
clude a Pieri formula, originally due to Z. Yan [Yan92]. In Section 4 we reconcile
Yan’s Pieri formula with Stanley’s Pieri formula for Jack polynomials [Sta89]. This
results in a combinatorial algorithm, Theorem 4.2 below, to evaluate the generalized
binomial coefficients for actions (4)-(4ii) working from the Young’s diagrams for A and

L.

2. THE CANONICAL INVARIANTS AS ZONAL POLYNOMIALS

Throughout G¢ : V' will denote one of the multiplicity free actions (4)-(i:). Table
1 lists the groups that play a role in our story, along with the space V' on which G¢
acts. The groups U and G are compact and non-compact real forms in G¢. They are
real Lie groups. The complexification K¢ of K is a subgroup of the complex group

Ge.

| Ge U G K K¢ %
(7) GL(n,C) U(n) GL(n,R) O(n,R) O(n,C)  Sym(n,C)
(i) | GL(n,C) x GL(n,C) U(n) xU(n) GL(n,C) U(n) GL(n,C) M,(C)
(i) GL(2n,C) U(2n) GL(n,H) Sp(n) Sp(n,C) Skew(2n,C)
TABLE 1

In each case the inclusions U C G¢ and K C K¢ are clear. The inclusions K C
G C Gc and K¢ C G are equally clear in case (i) but require some explanation in
the remaining cases.

e Case (it): Here G = GL(n,C) is viewed as a real Lie group embedded diago-
nally in G¢c = GL(n,C) x GL(n,C). That is G = {(g9,9) : g € GL(n,C)}.
The group K¢ = GL(n,C) is then embedded in G¢ via K¢ = {(9,97") : g €
GL(n,C)}.

e Case (iii): The quaternions H are to be viewed as 2 x 2 complex matrices of

the form
z w
w7 |

The group G = GL(n,H) embeds in G¢c = GL(2n,C) as the subgroup of
matrices consisting of 2 x2 blocks of the above sort. It is a real Lie group whose
elements are certain (2n) x (2n) complex matrices. The group K¢ = Sp(n, C)
embeds in G¢ = GL(2n, C) as the subgroup preserving the bilinear form with
matrix

2.1 = diag(J,...,J).
(2.1) J =diag(J. .., J)

n
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That is Sp(n,C) = {g € GL(2n,C) : ¢'Jg = J}. The compact symplectic
group K = Sp(n) then embeds in G as K = Sp(n,C) N U(2n).

Recall from (1.5) that the set X = {z; : t € R",t; > 0} is a cross-section to the
U-orbits in V. This is not hard to prove for action (). For actions (i) and (%) the
assertion amounts to the fact that any symmetric (resp. skew symmetric) bilinear
form over C can be diagonalized by a unitary transformation.

We let 2, denote the point in X’ given by

(2.2) = { I in cases (i) and ()

J in case (%ii).

This base point will play an important role throughout this section. Note that
(2.3) K¢ is the stabilizer of z, under the action of G¢ and

(2.4) the Gc-orbit through z, is a Zariski-open dense set in V.

As regards (2.4), it suffices to observe that

Gc-2o={2€V : det(z) # 0}.

In fact, given z € V with det(z) # 0 we know that for some u € U one has u -z =

xy € X. As det(z;) # 0 we must have ¢; > 0 for 1 < j <n. Now let
J dz’ag(tfl/z, ot in cases (1), (4)
(diag(tl_l/Q, . ,t;l/z), dz’ag(tl_l/Q, . ,t;l/Q)) in case (1)

and set ¢ = du. Then g -z = z,.

2.1. U-invariant polynomials as symmetric functions. Let p € P(Vk)V. The
polynomial p is determined by its restriction to the cross section X'. We claim that

t— pla)

is symmetric in (¢, ..., %,). To prove this, it suffices to show that for any permutation
o € Sy, one has x,4) = u - x; for some v € U.

e Case (1): Let u, € U(n) be the permutation matrix for c='. That is

21 Zo=1(1)

Zn Zo-fl(n)
Then ©v = u, satisfies
=t -1 t_
U Ty = U TU = UTU = Do)

e Case (u1): Let u, be as in case (7). Then u = (uy,u,) € (U =U(n) x U(n))
has u - 7, = T ().



SOME INVARIANT POLYNOMIALS 7

e Case (iii): Let 6 € Sy, be the permutation for which
52 —1)=20(j) =1 and &(2j) = 20())

for j = 1,...,n. That is, apply o simultaneously to the subsets {1,3,...,2n—
1} and {2,4,...,2n} of odd and even indices. Let uz € (U = U(2n)) be the
permutation matrix for 67!, Then u = us satisfies v - x; = To(t)-

Note that the elements u € U, constructed above so that u - x; = x,(, in fact
belong to the subgroup K = U NG of U. That is, u belongs to O(n,R),U(n) or
Sp(n) in each cases (7)-(444). This observation has the following consequence, which
will be used below in our proof of Proposition 2.2.

Lemma 2.1. If p € P(Vg)X then t — p(x;) is a symmetric function.

2.2. Multiplicity free decompositions. We recall the decomposition for C[V] un-
der the action of G¢. For details see [How89, How95, GW98, BR04]. Asin (1.3), A
is the set of partitions with at most n parts.

Let A, = (C*)™ denote the diagonal matrices in GL(n,C) and B, the set of n x n
upper-triangular matrices. The standard maximal torus A and Borel subgroup B in
G are then

A, in case (1) B, in case (1)
(2.5) A=< A, x A, incase (it) , B=<{ B,xB, in case (i)
Ay, in case (i) By,  in case (i)

We use torus A and Borel subgroup B when describing weights and their ordering
for (finite dimensional) rational representations of G¢. For actions (7)-(4ii) all weights
that occur in C[V] are non-negative and the highest weights that appear are precisely

(2M\1,...,2),)  in case (1)
(2.6) 2\ = (A N) in case (1)
(A, A1,y A, Ay)  in case (i)

for each A € A. That is, we have

(2.7) CVl=p 1

AEA

where G acts on P, by a copy of the representation with highest weight 2\. Note
that the subspaces Py are also irreducible for the action of U on C[V]. A (2\)-highest
weight vector in P, is given by

(28) G= e gy
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where &; € C[V] denotes

/ —

Zl,l e Zlyj
det | : in cases (7) and (1)
(2) = L 251 "t FGg
& (2) Tz o 219
Pf : : in case (14)
\ L 2251 " 2252)

Here Pf(z) is the Pfaffian of the complex skew-symmetric matrix z.

Note that the action of G¢ on C[V] preserves the subspace P,, (V') of polynomials
homogeneous of degree m. As £, is homogeneous of degree |A| = Ay + -+ + A, it
follows that Py C Py (V).

Next consider the space C[G¢| of holomorphic polynomials on the complex group
Gc. (These are the restrictions to G of polynomials on the complex vector spaces
M, (C), M,(C) x M, (C) or Ms,(C) in cases (7)-(iii) respectively.) We let

C[Kc\Ge] = {p € C[G] : p(kg) =p(g) for all k € K¢}

denote the subspace of left K¢-invariant polynomials. Using (2.3) and (2.4), one sees
that C[V] and C[K¢\Gc] are isomorphic as algebras via

where

(2.9) plg) =plg™" - 2).

One checks easily that p — p intertwines the representation p of G¢ on C[V] with its
right-quasi-regular representation

7(9)p(h) = p(hg)

in C[Kc\Gc|. In view of (2.7) we conclude that C[K¢\Gc] admits a multiplicity free
decomposition

(2.10) ClKc\Ge] =P P Pi={plpePy}

AEA
under the right-quasi-regular representation. As in (2.7), the irreducible G¢-module
Py has highest weight 2\.

We require one further fact concerning the representations that occur in C[V] and
C[Kc\Gcl.

Proposition 2.2. Let 0 : Gc¢ — GL(W) be an irreducible rational representation
with highest weight 2X. Then (o, W) is Kc-spherical. That is, the space of Kc-fized
vectors in W 1is one-dimensional. Likewise, irreducible representations of the real
form G with highest weight 2\ are K -spherical.
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Proof. Our argument is adapted from the proof of Theorem 4.8 in [GR87]. The
assertion in Proposition 2.2 does not depend on the model for the representation
(o, W) since all representations with a given highest weight are equivalent. We will
use (p, Py).

One can obtain a Kc¢-invariant f, in P, by averaging the highest weight vector

(2.8) over K:
= k- &xdk
g /K *

where dk denotes normalized Haar measure on the compact group K. Using the
inclusions K C K¢ C G¢ described above, this gives

irz) = /Kf,\(kzk:t)dk in cases (1), () and fy(z) = /KfA(krzk:_l)dk: in case (11)

where K = O(n,R), U(n) or Sp(n). Evaluating f, at the point z, € V given by
(2.2), we see that fy(z,) = 1. Indeed, K stabilizes z, in each case and £,(z,) = 1. In
particular, fy is a non-zero Kc-invariant in Pj.

Fix A € A and let m = |A|. Recall that we have a direct sum decomposition

Pu(V) = €D P
lul=m
Thus the polynomials {f, : |u| = m} are necessarily linearly independent. By re-
striction to X we obtain a linearly independent set of polynomials {t — f,(x;) : |p| =
m} of degree m in t = (ty,...,t,). Lemma 2.1 shows that these are symmetric
functions. But the space P, (ti,...,t,)°" of symmetric polynomials homogeneous
of degree m in n variables has dimension #({p € A : |u| = m}), the number of
partitions of m with at most n parts. It follows that the space Py cannot contain any
K-invariant elements linearly independent of f. O

2.3. Zonal Polynomials. In [GR87], the pairs (G = GL(n,F), K) with F = R, C,H
are treated in parallel. In each case, the authors realize the zonal polynomials Z)
(A € A) as functions on the space

H = Herm(n,F) ={z € M,(F) : 2" ==z}
of n X n hermitian matrices over the real division algebra F. (For F = R, we have
z* = 2" and H = Sym(n,R).)
There are several identifications that enhance our point of view. The real group G
acts on ‘H and P(H) via
1

(2.11) g-x=g"xg ",  (9-p)@)=plg -2z)=plg'zg)
We have a G-equivariant embedding of K\G into H via ¢ : G — H, ¢(g) = g*g
with image Hpp, the cone of positive definite hermitian matrices. As Hpp is open

in ‘H, the polynomials on H are determined by their restrictions to ‘Hpp. Thus we
can identify the polynomial spaces P(K\G) = XP(G) and P(H) as G-modules.

1
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The space C[K¢\G¢| can be identified with P(K\G) via restriction of holomor-
phic polynomials on G¢ to the real form G. Analytic continuation gives the inverse
isomorphism. Thus (2.10) can also be viewed as a multiplicity free decomposition of

P(K\G) and P(H):
P(H) = P(K\G) = €P B

AEA

Proposition 2.2 ensures that the subspace Py of P(H) contains a non-zero K-fixed
element Z,, unique up to scalar multiples. This defines the zonal polynomial 7,
modulo normalization, as a function on H. In fact, however, Z, is determined by its
values on the (necessarily real) diagonal matrices in H and is symmetric as a function
of the diagonal entries. (This follows from the fact that hermitian matrices over F
are diagonalizable by matrices in K.) Thus, as we do in the statement of Theorem
1.1, the Z)’s can be thought of as symmetric polynomials in n variables.

The zonal polynomials Z also determine the spherical functions for the Gelfand
pair (G, K), as well as its complexification (G, K¢) and compact dual (U, K). Indeed
the isomorphism P(H) = P(K\G) enables us to regard Z, as a function on G. We
can be more explicit about this connection: Using the map ¢ : G — H to lift Z, to
GG, we obtain the K-bi-invariant spherical function

(2.12) 0(g) =

7 Zx\(9%9)

for (G, K). (By convention one normalizes {2 to ensure ,(/) = 1.)
2.4. Gc-invariant Polynomials. By the multiplicity-free condition, we have (up to
multiples) a single G¢-fixed (equivalently U-fixed) vector in each product Py ® Py.
By the same reasoning, there is a single G¢-fixed vector in each product Py @ C[V*].

Let ) be any non-zero Ge¢-fixed vector in Py, ® C[V*]. Using Kc-fixed base points
zo € V and & € V* in Borel-open orbits, define

ma(g) =ralg™" - 20, 60)

for g € G¢. (At present we do not require specific base points. Later we will use (2.2)
for z, and specify a choice for &,.)

Lemma 2.3. The function vy is a Kc-bi-invariant polynomial on Ge.

Proof. Left invariance follows from the choice of the Kc-invariant base point z,.
Recalling that r) is G¢-invariant, we see that

Palgh) =ra(k™lg  20,&) = a9 20k &) =ra(gT - 20,&) =Ta(g). O

As we saw in (2.10), the right quasi-regular representation of G¢ on C[K¢\Gc| has
the multiplicity-free decomposition

(2.13) ClKc\Gc| = @PM

AEA
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where A ranges over the set A described in (1.3) and P, is an irreducible subspace
with highest weight 2) as defined in (2.6).

Since 7, € Py ® C[V*], we have 7(g9) = S0, cifilg™" - 2), where {f1, ..., fa} is
a basis for Py. The functions g — f;i(g7" - 2,) span a subspace of C[G¢] in which
the right Gc-action coincides with the Gc-action on Py. Since the function 7y is left
Kc-invariant, it can be regarded as an element of the irreducible subspace P, of
C[Kc\Gcl.

We can also view (2.13), via restriction, as a G-decomposition for P(K\G). Propo-
sition 2.2 implies that P, contains a non-zero K-invariant element,

Q)\Gﬁ){(

which is the analytic continuation of the K-spherical function (2.12) on G.
Thus we have
?)\ ~ Q)\a

7

where the symbol “~” indicates proportionality.

2.5. Proof of Theorem 1.1 modulo normalization. The canonical invariant p, €
P(Vg)Y is given by Equation 1.2. In this subsection we will prove that for z; € X

(2.14) palae) = e Zy(t?)

for some constant c,. Later in Section 3 we will compute c) to complete the proof of
Theorem 1.1.
The complex vector space V' carries a standard hermitian inner product

(z,w) = tr(zw"),

invariant under the action of U. For g € G¢, we have

For z € V, let z# € V* be defined by
(2.16) 2 (w) = (w,Z).

Thus z +— 2% is an isomorphism V — V* of complex vector spaces. Using (2.16) we
obtain

(2.17) (g-2)F =g 2*
because
(9-2)*(w) = (w,g-2) = (7" w,2) = 2#(¢g" - w) = (g7" - 27) (w).
We let & € V* denote the base point given by
€ =2
Note that &, is Kc-invariant, in view of (2.3) and (2.17).
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The space C[V] carries a hermitian inner product compatible with the inner prod-
uct (-,-) on V. This is the Fock (or Fischer) inner product (-, ), defined as

(2.18) (il = =5 [ e ez

where d = dim¢(V) (that is n(n+1)/2, n? or n(2n — 1) in cases (4)-(4)) and dzdz is
Lebesgue measure on Vg normalized using (-, -). The formula (2.18) shows that (-, ),
is U-invariant.

Let {f; : j=1,...d\} be an orthonormal basis for the irreducible subspace P of
C[V] and f; denote the holomorphic polynomial on V' obtained by conjugating the

coefficients in f;. The polynomial
= > fi(2) f(w)

is a U-invariant element of Py ® C[V*], and hence it is a multiple of the G¢-invariant
polynomial r, defined in Section 2.4.

Recall that A is the standard maximal torus in G¢ given by (2.5). For t € (R*)”
let a; € A denote the point

dz’ag(tl, cotn) in case (1)
ar =1 (diag(ty, ... tn), dza (ti,...,ts)) in case (ii)
diag(ty, ty,. .. tn, tn) in case (1)

In each case q; lies in the real form G and one has
(2.19) a;l 2o = aizoa; = T
where x; is given by (1.4) and t* = (#},... tF).
When we restrict the canonical invariant p, to “diagonal” elements, we find:
pa(x7) = fi(a}) fi(a?)
~ ra(af, (7))
=ra(a; " 20, a0 - &)
=ra(a;” - %, &)
= 7(q)
~ (a7)-
Thus we see that
pa(we) ~ Qa(ay).
Recall that the spherical function €2, and zonal polynomial 7, are related by the

equation Qy(g9) = Zx(g9*g)/Zx(I). As a; belongs to G and aja; = diag(t?,...,t2) we
can now write

pa(xy) ~ Zy(12).
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3. NORMALIZATION CONSTANTS

For partitions u € A, the monomial symmetric function m, is given by

mu(81,...,8,) = Zs?l---sg”

a

where the sum is over all distinct permutations (o, ..., a,) of p = (u1,..., w,). The
m,’s form a basis for the symmetric polynomials in n variables. Hence both pj(z;)
and Z,(t?) can be expressed uniquely as linear combinations of {m,(t?) : |u| = |\|}.

To evaluate the constant ¢y in Equation 2.14 we will compare the coefficient of m (%)
in py(z;) with its coefficient in Z,(#?).

3.1. Coefficient of my(t?) in py(z;). Recall that &, denotes the highest weight
vector in Py given by (2.8).

Lemma 3.1. The coefficient of mx(t?) in px(z:) s 1/]|:]|%-

Proof. We seek the coefficient of #3* -+ 122 in py(z,). Let {f; : 1 <j < dy} be
an orthonormal basis for Py (with respect to the inner product (-,-)) consisting of
weight vectors for the maximal torus A. We have say a - f; = x;(a)f; for a € A.
Using equations (1.2) and (2.19) one has

(3.1) ij +z0) fila - 20) = Z\Xj(aﬁ)IQ\fj(zo)IQ-

We can suppose that f1 = &,/||&,||#. For each of actions (7)-(4ii) we have x;(a;) =
M. 22 since €, has weight 2, as in (2.6). Moreover & (z,) = 1 so that equation
(3.1) becomes

(3.2) pa(wr) = Y (=) P X () P
B 2
Each factor |x;(a 4)|? in the preceding sum is a monomial in (¢4, ..., t,). To complete

the proof we need only show that |x;(a z)|? # ¢ -+ t2 for j > 2.

e Case (i). Let 4/ = (ul,...,pl) € Z2%, be the weight for f; on A = (C*)".
Equation (3.2) now reads

1 : :
YO e — (2N 2An Z |fj(zo)|2t§”1 . -t;;%.

Highest weight theory guarantees that the highest weight 2\ occurs with mul-
tiplicity one in the irreducible subspace P,. So none of the exponents p’
(7 > 2) coincides with 2.
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o Case (ui). Let (u/;17) € Z%, x Z%, be the weight for f; on A = (C*)" x (C*)™.
Now

1 i o
PA@) = et B DS () P
6 2

Highest weight theory ensures that the highest weight 2\ = (\; \) dominates
all of the weights (u/, 7). That is

)\1+"'+>\k2/1]1‘+"'+ﬂi and )\1+..._|_Ak:2y{+...+yg

for 1 < k < n. Using these conditions, one sees that if ,ui: + V,Z = 2\ holds
for each k = 1,...,n then we must have p/ = A = 7. But this is not possible
as the highest weight (A; A) occurs with multiplicity one.

e Case (ii). Let (ul,v],...,ul,v]) € Z2% be the weight for f; on A = (C*)?".
As in case (77) we have -

pa(z) = — 5 t%\l .. .tikn + E :|fj(zo)|2t!f1+l’1 ,..tgfﬁ-l/%

and 2\ = (A1, A\1,. .., Ap, A,) dominates each (;L{, V{, ..., ¢, v3). This means

n» n

{ 2+ Nem) e > (] )+ () }
200+ ) = (e i)+ (0 e ])

for K = 1,...,n. As in case (i) these conditions force 4/ = X\ = 1/ when
Wy, + Vi = 2, for each k. O

3.2. Coefficient of m, in Z,. We now identify partitions A\ with their Young’s
diagrams. Let A" denote the conjugate partition, obtained by transposing the diagram
for X\. Each box s = (i,7) in A has hook length

l(s)+a(s)+1
where
U(s) =X, =i, a(s)=X—]

are the leg and arm lengths for s. For fixed a > 0, Stanley defines two weighted
versions of the hook length in [Sta89]. The lower hook length and upper hook length
for s = (i, ) are

l(s)+aa(s)+1, {(s)+ aa(s) + a.
105‘...‘04‘ ?Oz“a‘

1 T



SOME INVARIANT POLYNOMIALS 15

For ease of notation, we write hy(s;a) = €(s) + aa(s). Let

(3.3) H,(ho) =[[(halsia) + 1), H*(Aa) = [[(ha(si ) + a)
SEA SEX
denote the products of the lower and upper hook lengths for A\. Note that

HAN1) = HY (1) = HO) = [](s) +as) + 1),
SEX
the standard product of hook lengths.
For actions ()-(77) one has zonal polynomials Z, = Jy(- ;a) with a = 2,1,1/2
respectively. As explained in Section 1, we follow the convention from [Sta89] and
[Mac87] regarding normalization for these polynomials. This ensures:

Lemma 3.2. ([Sta89] Theorem 5.6) The coefficient of my in Jy(- ;) is Hy(\; a).

3.3. A norm calculation. To reconcile Lemma 3.1 with Lemma 3.2 we must com-
pute ||&,]|%, the square of the norm for the highest weight vector &y in Pj.

Suppose that we express polynomials f € C[V] using coordinates w; with respect
to an orthonormal basis for V. It is well known that the Fock inner product (2.18)
can be evaluated using the rule

<f1, f2>,7—' = (fl(a)fz)(o)a
where “f(0)” is the operator obtained by substituting 0; = 0/0w; for w; in the
expression for f. (See Section 7.5 in [BR04] for a proof.)
For z € M, (C) the (4, j)'th entry z;; is a coordinate with respect to the orthonormal
basis {E;; : 1<4,j <n}. Thus in case (i5) we have (fi, fo) = (f1(3)f;)(0) where
0 denotes the n x n matrix [0;; = 0/0z;;]. In case (1)

{Eﬂ, %(Eij + Eji)}

is an orthonormal basis for V' = Sym(n,C). The coordinate functions with respect
to this basis are

Wi = Zii and Wi5 = \/izij for i < j
In this case, the inner product on C[V] can be expressed using z;; variables as

(fis for = f1(07) F2(0)

where . .
O 5(912 e ?(9111
95 _ %321 Oy - §a2n

subject to the convention: z; = zj and 0;; = 0;;. Similar considerations apply in
case (741) to yield

<f1, f2>]—‘ = fl(aA)72(0>
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where
0 %al,z e %51,271
9h — %32,1 0 v 50h0n
%aQn,l %a2n,2 e 0
with Zij = —Zji and 8Z‘j = —6ji.
Now let A = (A, ..., A,) be a partition with A\, > 0. We have
(3.4) 635 = (€ 0722 &7 762 = (€D, Ex—am)p

where (1") = (1,...,1) and

d=09% 0ord" for actions (i)-(#i7) respectively.

Lemma 3.3. &,(0)6\ = ax§\—an») where
(1/2") [Ti=y (X + n — i) = (1/2") [To—(i,1)(ha(5:2) +2)  for action (i)
a = ITo (N =) =Ly (hals; 1) + 1) for action (ii)
[T (/2 +n—i) = [Ty (ha(s:1/2) +1/2) for action (iii)
Proof. These are known equations. They can be derived by applying a Capelli identity
in each case, as outlined below.

Case (i). The symmetric Capelli identity asserts that the GL(n, C)-invariant operator
£.(2)6,(0) = det(2)det(9°) on C[Sym(n,C)] can be rewritten as
1 -
det(z)det(0°) = 2—ndet(E7;j + 6;5(n — 7).
See [Tur47] and Section 11.2 in [HU91]. Here
Eij = Z(zikajk + 2,iOk;)
k

gives the derived action of E;; € gl(n,C) on C[V]. To apply this expression correctly
one must regard z;;, z;; as independent variables and expand det(E;; + d;;(n — 7))
in column order. One can argue that only the diagonal terms in this expansion can

yield a non-zero result when applied to &,. So in fact

n

fn(z)fn(g) (&n) = 2% H(iniaii +n —1i)&y.

i=1
The result for action (i) now follows since
zii0ii(6x) = (i — Air1)éx + -+ (A1 — A)&n + Anén = A

Case (ii). For action (7) the value of ay is given by formula (11.1.15) in [HU91]. This
is an application of the classical Capelli identity, analogous to the symmetric case
discussed above.
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Case (iii). A skew Capelli identity is given in general form in [HU91] and explicitly
in [KW02]. The result is that 2"¢,(2)&,(0") = Pf(2)Pz(0) acts on Py by the scalar

n

[T +200— ).

i=1

See (11.3.6) in [HU91] and (3.11) in [KW02]. Thus &,(2)£,.(0") acts on Py by the
scalar

1
2n

||E:
>
+
M
3
|
-
*::3
v >
+
3
|

Applying Lemma 3.3 to Equation 3.4 and proceeding inductively one obtains:

Lemma 3.4.
H*(X;2)/2™ for action (i)

SN H(\) for action (ii)
H*(X\;1/2)  for action (iii)

3.4. The constant c,. In view of Lemmas 3.1 and 3.2 we have py(x;) = cxZ\(t?)
where
1

H, (A o)l6x]17

with @ = 2,1,1/2 for actions (4)-(7ii) respectively. Substituting the value for ||&,||%
from Lemma 3.4 yields

C\ —

2 J(H, (A 2)H*(\;2))  for action (i)
c) = 1/H(N\)? for action (i)
1/(H«(N;1/2)H*(X;1/2))  for action (i4)

This establishes (1.6), completing the proof of Theorem 1.1.

4. GENERALIZED BINOMIAL COEFFICIENTS

Let G¢ : V be a multiplicity free action with associated decomposition C[V] =
PreaPn The generalized binomial coefficient m gives the eigenvalue for the Gc-
invariant operator p,(z,0) on Py. As explained in [BR98, BR04], these values admit
alternate interpretations and have a rich combinatorial theory. Key to this theory is
a Pieri type formula due to Z. Yan [Yan92].
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4.1. Yan’s Pieri formula. Recall that U denotes a maximal compact subgroup in
Gc and (-, -) is a U-invariant hermitian inner product on V. We regard our canonical
invariants py as living in P(Vg)Y. Let |\| denote the degree of homogeneity for Py.
For actions (7)-(éi2) this coincides with the number of parts in partition A. Clearly
m = 0 unless |u| < |A|. As the polynomial

1
§<sz>

also belongs to P(Vz)Y, the product ’y’“pu can be expressed as a linear combination
of invariants py with |\| = |u| + k. In fact

g A
(4.1) The v Hp
S I o

Proofs for (4.1) can be found in [Yan92] and [BR98, BR04].
Using Equation 4.1 iteratively, one obtains a contraction formula for the generalized
binomial coefficients m with |)\| = |p| + k. Namely

(4.2) M 12 ﬂ { 2] - [Zij L-:_J

where the sum is over all (e1,...,e,_1) with |g;| = |u| + j.

v(z) =

4.2. Stanley’s Pieri formula. Let J, denote the Jack polynomial J,(+;«) with
some fixed parameter o > 0. In [Sta89], R. Stanley expresses the product JyJ, in
terms of Jy’s with |A| = |u| + k. For k = 1 the result is Equation 4.4 below.
Suppose that A, p are two diagrams which differ by a single box s, = (i, jo). For
any box s = (7,7) in A let
ha(s;a) +a if j =g, ha(s;a) +1 if j =74,
T _ A\, ! _ A\,
(2, 9) { hasia)+1 527 0 DT U n(sa) a7 £
For hL(A, s), this means: Use the upper hook length for s in A when s and s, lie

in the same column, otherwise use the lower hook length. (We have momentarily
suppressed the dependence on «.)

Now set
Hi(X o) =]]rNs), Hida)=]]ni\s)
SEX seo
Note that i, (A, s)hl (X, s) = (ha(s; @) + @) (ha(s; @) + 1) and hence
(4.3) H;(A;Q)H/ﬁ(/\;a) = H*(\;a)H.(\; ).

Stanley’s Pieri formula with £ = 1 and fixed parameter a > 0 now reads:

(4.4) e=a Y HT )

ADpu
IAl= \u\+1



SOME INVARIANT POLYNOMIALS 19

The polynomial J(;y in (4.4) is just
Jy(t, - tn) =may(te, .. ty) =t + -+ 1,
=ei(ty,. .., tn),
the first elementary symmetric polynomial, independent of a.

4.3. The generalized binomial coefficients for actions (7)-(éii). Now let G¢ : V
be one of actions (7)-(4ii). On the cross section X = {x; : t > 0} we have

2.2 1
<I‘t,$t> 1 + + no_ —61(t2).
2 2 2
Using Theorem 1.1 together with Pieri formulas (4.1) and (4.4) we can now write

> H pa(xe) = y(@e)pu(@e)

v(x:) =

Al=lal+1
1
= 561(752)0“2 (t%)
- HI\(,U, ) 2
=— CM—Z)\(t )
. ; Hii(\; )
AT+
:
« ¢ Hy (1 @)
=5 —— D),
2 é cx Hi(X; )
ATl 4+1

with a = 2,1 or 1/2 for actions (4)-(7i7) respectively. Thus
5 P -gada
H 2¢y Hy(X; )
Substituting the values for the normalization constants c,, ¢, from (1.6) into (4.5)

and applying (4.3) yields the following,.
Lemma 4.1. For |\| = |u| + 1 one has m = 0 unless X D p in which case

\ lHi()\ 2)/H; (11;2) for action (i)
{ } = ( )/H (1) for action (i) and .

a iH;lL()\a 1/2)/Hi(u; 1/2)  for action (iii)

Suppose that A is obtained from p by adding a single box s, = (i, j,). For each

box s = (i,7) in p one has hl (A, s) = hi(u,s) unless s is in the same row or column
as So. S0 the hook quotients in Lemma 4.1 are:

Zo,j +a zyo a)+1
HlILL, _H H h ) ’

Zo,j 2 ]o

J<Jo 1<io
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The generalized binomial coefficients [2] with |A] > |u| are determined by Lemma
4.1 together with the contraction formula 4.2.

Theorem 4.2. For |\ = |u| + k one has m = 0 unless A D p. When X\ D u the
generalized binomial coefficient is determined as follows.

e Action (1):

kooprl j
H 7). 2)
z :I | )\(J 1) )
[u] 2k ! AG—1): 2)

)\(J)
where the sum is over all standard tableauz ;1 = N c XD c ... c \®) =)
of shape \ — p.
e Action (41):

Al G H(N)
M 2%k H(p)

where Cy , is the number of standard tableaux of shape A\ — p.
e Action (7):

- th J’>-1/2>
M 4'%'ZH ! ) N;1/2)

)\(J)

where the sum is over all standard tableauz = A® Cc XD c ... c \#) = )

of shape \ — p.
For action (i) factors H(AY)) cancel for j = 1,...,k — 1 using any tableau pu =
MO c AW ... ¢ A\® = \. This accounts for the simpler formula for the generalized

binomial coeﬂﬁments in this case. Such cancellation does not occur with the weighted
hook products H _,(AU): ) that appear in connection with actions (4) and (4ii).

4.4. An example. To illustrate Theorem 4.2 we will calculate

[(4, 2, 2)}

(3,1,1)
for actions (4)-(é7) and any n > 3. The diagram A = (4,2,2) can be obtained from
1= (3,1,1) by adding three boxes in three different ways. These are indicated by

the tableaux T; listed in the first column of Table 2. Each corresponds to a sequence
of diagrams

W= A = AD =A@ 2\ = A,
where A is obtained from A¢~1 by addition of the box labelled i.
As Cy,, = 3 we obtain
(4,2,2)] 3 H((4,2,2) 3 6-5-2-1-3-2-2-1 9
(3,1,1)] 233V H((3,1,1)) 2331  5.2.1-2-1 T4
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Tableau NONEPI AL \@ 2@ \B)
|EETETE o) [ HRT T e
= |2 e | o) .
3 o? (%)
[ 2] _ %{3 | S e [ 2 ] 312%3 | ]
I,=] |1 e | () 1
3 RO
B3] Tfal ] el | STha [ 31a | % | )
I3=] |1 e | () ; ?
2 o?é (%)
TABLE 2

for action (ii). For actions (7) and (iiz) Table 2 gives a weighted hook length for boxes
in AW and AU~Y that lie in the same row or column as the new box (x) added at
each stage. These are lower hook lengths for boxes in the same column as (x) and
upper hook lengths for the boxes in the same row. The products

3
= H Hyy-y AV, 0)
’ HY\,y(AG-D;a)

AG—-1)

using tableau T; are

24+4a0 3a 200 2420 14+2a 34+20 2 2«

>< . X PR—
24+3a 2a « 1420 14+a 2420 1 «a
24+a 14+2a0 2440 14+ 3a 2« 3—|—2a 2 2«

™ =

. X .
l14+a 14a 243a 1420 « 2+2a 1 o

2+« 1+2ax3—|—a 2 2 2—|—4a 2—|—3a 2a
p— . .2 2= )
3 l+a 14+« 24+a 1 « 2+30¢ 2+2a «Q

o =

For action (%) one sets a = 2 and obtains

(4,2,2) 1 (m2 + 72 4 75) 325
T T T = —.
(3,1,1)] 2831\t TR Ty
For action (7)) we take o = 1/2 to obtain
(4,2,2) 1 (my + 724 75) = 17
(3,1,1)] — s\ T 2T = 6s
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5. SOME RELATED ACTIONS
In this section we extend our results for actions (7) and () to encompass two
closely related actions:
(74)" Gc = GL(n,C) x GL(m,C) acts on the space V = M, ,,,(C) of n x m matrices
via gz = gy '2g, . Without loss of generality, we assume below that n < m.
(111) Gc = GL(2n + 1,C) acts on V = Skew(2n + 1,C) via g - z = g tzg~".
As is well known, actions (4)" and (éiz) are multiplicity free and the decomposition
of C[V] into G¢-irreducible components parallels that for (i) and (ii7) [How89, How95,
GWO8, BR04]. That is, C[V] = ®ea Py where, as before,

e A is the set of partitions A = (Aq,...,\,) with at most n parts,
e the irreducible representation G¢ : Py, has highest weight

9\ — (A N) in case (i)’
L (ML A, A An)  in case (749)

e and &,, given by Equation 2.8, is a highest weight vector in Py.
The usual maximal compact subgroup of G¢ is
U=U(n)xU(m)or U@2n+ 1) in cases ()" and (4)" respectively.
One obtains a canonical invariant py € P(Vg)V = C[V @ V*]9¢ for each A € A.
bt Vo { M, (C) %n case (zz)/
° Skew(2n,C) in case (ii1)

co. — GL(n,C) x GL(n,C) U — U(n) x U(n)
c or GL(2n,C) e or U(2n)
and consider the obvious embeddings

VoCV, GgCGe, U,CU.

It is clear that each U-orbit in V meets V,. Hence the invariant py € P(Vg)V is
determined by its restriction to V,. Moreover pyly, belongs to P((Vs)r)Y because
U, C U preserves V.

Proposition 5.1. The restrictions py|v, of the canonical invariants for actions (i)
and (iii) to V, coincide with the canonical invariants for actions (ii) and (iii).

In view of Theorems 1.1 and 4.2, Proposition 5.1 has an immediate corollary:

Corollary 5.2. The canonical invariants py € P(Ve)V for actions (i) and (iii) are
determined by their restrictions to the cross-section X C Vo, given by (1.5). These
are precisely the symmetric functions px(x;) = cxZx(t?) from cases (ii) and (iii) in
Theorem 1.1. Moreover the generalized binomial coefficients for actions (i) and (i)
coincide with those for (ii) and (iii), obtained above in Theorem 4.2.
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Proof of Proposition 5.1. We write the decomposition for C[V;] under the action of
G¢ as
ClVo] = @ Py,
AEA

let £&§ € Py denote highest weight vector (2.8) and p € P(Vi)Y the associated
canonical invariant. Let

r: C[V] — C[V,]
be the restriction map. We will prove that
(5.1) r(Py) = Py.

e Case (i1): By induction we can assume here that m = n + 1. The (G¢ =
Gl(n,C) x GL(n + 1, C))-irreducible space P, decomposes under the action
of G2 = GL(n,C) x GL(n,C) as

Py=EPPr.

where the sum is over all partitions v = (v4, ..., v,) that interlace (A, ..., Ay, 0):
M2V 2 X2 > 2V 1 2 A 2V, 20

and the irreducible representation G¢ : P, has highest weight (\;v). This is
an immediate consequence of the branching rules for GL(n,C) C GL(n+1,C)
([GW98], Theorem 8.1.1). As r is Gg-equivariant,

K)\,V = Ker(HPA,V)

is Gg-invariant. Thus K,, = {0} or K, = P.,. If K,, = {0} then
the highest weight (\;v) occurs in C[V;] on the subspace r(Py,). But we
know that only highest weights of the form 2\ = (A\;\) occur in C[V;]. So
r(Pyry) = {0} unless v = A. On the other hand &, € P, has r(&£,) = &5. So
7|p, , is injective and r(Py ) is a copy of the irreducible representation for G¢
with highest weight 2\. Thus

’I"(P,\) Z’I“(P/\,)) = P;

e Case (iii): The (Gc = GL(2n+1, C))-irreducible space Py has highest weight
(A1, A1, o oy Any A, 0). This decomposes under the action of Gg. = GL(n,C)

as
Py =P P

where, as in case (ii)', the sum is over all partitions v = (v1,...,1,) with
M2 2> > 2 >\, >, > 0.

Here Py, has highest weight (Ay, 24, , Ay, 14,). From this one argues, as in
the preceding case, that r(Py,) = {0} for v # X and that r(Py ) = Py.
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Since py € (Py ® Py)Y, Equation 5.1 now implies

v, € |(r(Py) @ r(Py)% = (P @ PJ)Y° = Cp3|.

Px

Thus paly, is a scalar multiple of pS. To show that, in fact, px|y, = p3, we note
that, as in Lemma 3.1, the coefficients of my(t?) in py(x;) and p3(z;) are 1/[|&||%
and 1/]|€3]|% respectively. (Here || - ||z denotes the Fock norm on both C[V] and
C[V5].) But ||&]l7 = ||€3]|#. Indeed, the derivation given for Lemma 3.4 in cases
(7) and (747) also encompasses actions (i) and (#:)’. In particular, the Capelli and
skew-Capelli identities from [HU91] and [KWO02] apply in these cases, just as in the
proof of Lemma 3.3. U

6. RELATED WORK

We conclude with some remarks concerning [KS96] and related work. For each
fixed partition p € A, Knop and Sahi show that the function

e, : AN —C, e,(\)= [A]
1
extends in a natural way to a polynomial function on C”. This is non-homogeneous
of degree |p| and is uniquely determined by conditions of vanishing and shifted sym-
metry. Working from this characterization, it is shown that the e,’s satisfy a system
of difference equations. The canonical invariant p, can, moreover, be obtained from
the terms of highest degree in e,. The difference equations for e, imply that p, is an
eigenfunction for certain differential operators. These are the differential operators of
Debiard [Deb83] and Sekiguchi [Sek77], which can be used to define Jack polynomials
[Mac87]. Thus, up to normalization, p, is a Jack polynomial and e, a shifted Jack
polynomial. Combinatorial properties of shifted Jack functions were subsequently
developed by Okounkov and Olshanski in [O097]. See also [O098a, O098b]| for the
important special case of shifted Shur functions, with relevance for action (4i). More
recent work of Knop [Kno00, Kno01, Kno03] provides far reaching extensions of the
techniques outlined above, encompassing many further examples of multiplicity free
actions.
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