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ABSTRACT. This paper concerns G-invariant systems of second order differential
operators on irreducible Hermitian symmetric spaces G/K. The systems of type
(1,1) are obtained from K-invariant subspaces of p; ® p_. We show that all such
systems can be derived from a decomposition p, @ p_ = H & L ® HC. Here L
gives the Laplace-Beltrami operator and H = H’' @ L is the celebrated Hua system,
which has been extensively studied elsewhere. Our main result asserts that for
G/K of rank at least two, a bounded real-valued function is annihilated by the
system £ @ H€ if and only if it is the real part of a holomorphic function. In view
of previous work, one obtains a complete characterization of the bounded functions
that are solutions for any system of type (1,1) which contains the Laplace-Beltrami
operator.
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1. INTRODUCTION

Let G/ K be a non-compact irreducible Hermitian symmetric space of rank r. The
algebra D(G/K) of left-G-invariant differential operators on G/K has r algebraically

Date: March 1, 2004.
C. Benson and G. Ratcliff were supported in part by NSF grant DMS-9970552. D. Buraczewski
and E. Damek were supported in part by European Commission via RTN Harmonic Analysis and
Related Problems contract HPRN-CT-2001-00273-HARP, KBN grant 5 PO3A 02821 and Founda-
tion for Polish Sciences Subsidy 3/99. Ewa Damek was also supported by the Polish Academy of
Science, being on a special position at the Institute of Mathematics there.

1



2 C. BENSON, D. BURACZEWSKI, E. DAMEK, AND G. RATCLIFF

independent generators. D(G/K) contains no first degree operators and has only
one second degree generator, the Laplace-Beltrami operator. In order to fully exploit
the virtues of G-invariance in low degrees, one is lead naturally to consider invariant
systems of differential operators.

An abstract formalism for such systems (on any homogeneous space) can be found
in [BV]. (See also Chapter V, Section 4 in [H3].) Following [BV], a G-invariant
system is determined by a representation of K in some vector space V' together with
a K-equivariant map d : V* — D(G) from V* to the algebra of left-G-invariant
differential operators on GG. The associated system maps smooth functions on G/K
to smooth sections in the vector bundle G x x V' over G/ K. We loose no generality by
assuming that d is injective and can replace the data (V,d) by the image W = d(V*),
a K-invariant subspace in D(G). The corresponding system becomes a map Dy,
from C*(G/K) to I'(G x x W*). We will describe this construction in greater detail
below in Section 2.

In the present context, there is a natural notion of type for systems Dy,. Roughly
speaking, we say that Dy has type (a,b) if each operator in W has the form

Z Ca, 560{56

laf=a,|B|=b

at the identity, where «, 8 are multi-indices and “0” denotes derivatives with respect
to holomorphic coordinates in directions tangent to G/K. This will be made precise
below.

The holomorphic (type (a,0)) and anti-holomorphic (type (0, b)) systems on irre-
ducible Hermitian symmetric spaces are completely classified in view of results of
Johnson [J]. In general, the classification of all systems of specified type (a,b) on a
given G/ K reduces to a problem in Invariant Theory. Our focus here is the systems
of type (1,1), determined by K-invariant subspaces in p, ® p_. To our knowledge,
such systems have not been the subject of any systematic study.

Proposition 4.2, formulated below, classifies the systems of type (1,1) on any non-
compact irreducible Hermitian symmetric space. In general, the possibilities are quite
limited. Apart from the Laplace-Beltrami operator, these include the so-called Hua
system. This system, which we denote by Dy, is given by a canonical K-invariant
subspace H in p, ®p_. The action of K on H is equivalent to its complexified adjoint
representation on €c. The space H further decomposes under the action of K as

H=LOH

where £ corresponds to the (necessarily one dimensional) center in £c and H’ to the
(semi-simple) derived algebra €. If G/K has type A III and rank at least two then
€. has two simple factors and H' = H} & H,, is the sum of two irreducible subspaces.
In all other cases £ is simple and hence H' is irreducible. The one dimensional space
L consists of all multiples of the Laplace-Beltrami operator, which we also denote by
L, the meaning being clear from the context.



SYSTEMS ON HERMITIAN SYMMETRIC SPACES 3

One can also consider the subspace H¢ orthogonal to ‘H in p; ® p_. This is
necessarily K-invariant and we call Dy the complementary Hua system. When G /K
has rank one, H¢ = 0. We will show that for rank(G/K) > 2, H® is always non-zero
and K-irreducible. We will provide two additional abstract characterizations of H¢:

e H¢ is the kernel of the linear map p, ® p_ — ¢ given by the Lie bracket.
e H¢ is the Cartan component in the tensor product p, ® p_ of the irreducible
K-modules p.

These facts support the viewpoint that the complementary Hua system is a natural
object for study. For the classical families of non-compact irreducible Hermitian
symmetric spaces, concrete descriptions are given in Section 3 for the spaces ‘H and
He.

The solutions for a G-invariant system Dy are of particular interest. We say that a
smooth function f on G/K is W-harmonic when Dy, f = 0. The aim of this paper is
to characterize such functions for each invariant system of type (1,1) which contains
the Laplace-Beltrami operator L.

In [JK] it is shown that for G/K of tube type, a smooth bounded function is
‘H-harmonic if and only if it is a Poisson-Szego integral over the Shilov boundary.
It was previously known (see [Hua]) that for G/K = SU(n,n)/S(U(n) x U(n)),
Poisson-Szego integrals f necessarily satisfy Dy f = 0. Hua harmonicity on tube
domains is also the subject of [L]. The Hua system for non-tube domains has been
studied in [BBDHPT] and [B]. In this context, the real valued functions f on G/K
satisfying Dy f = 0 are the pluriharmonic functions [B|. That is, f is the real part
of a holomorphic function on G/K. To describe Poisson-Szegé integrals on general
non-tube domains a third order system BY of type (2, 1) is needed [BV].

Our principal object of study is the system Dg., where

H =L o H"
That is, we augment the complementary Hua system to include the Laplace-Beltrami
operator. This ensures that Hharmonic functions are harmonic in the usual sense.
Theorem 5.3 below asserts that for rank(G/K) > 2 a bounded real valued function
on G/K is He-harmonic if and only if it is pluriharmonic. This is the main result in
the current work.

Our proof of Theorem 5.3 is based essentially on an interplay between the “G/K”-
picture and “S” - picture of a Hermitian symmetric space, S being a solvable Lie
group acting simply transitively on the corresponding Siegel domain “D. In Section
6 we use classical structure theory for Hermitian symmetric spaces to exhibit some
operators on G/K that belong to the system £ @ H¢ In Section 7 we leave the
“G/K-picture” and express these operators in terms of S. This allows us to apply
techniques and results from [BBDHPT] and [B] to the proof of Theorem 5.3 in Section
8. We show, in particular, that a bounded function f annihilated by £ @& H€ is a
Poisson-Szegd integral. In the tube case, it follows from [JK] that f is H-harmonic
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and we immediately conclude that f is pluriharmonic, since H' @ LEH  =p, Qp_.
In the non-tube case, in view of [BV], f is annihilated by the third order system BV.
We use this fact and a technique from [B] to complete the proof for non-tube spaces.

As explained in Section 5, Theorem 5.3 together with previously known results con-
cerning the Hua system yields a complete characterization for the bounded solutions
of all possible type (1, 1) systems which contain the Laplace-Beltrami operator.

Acknowledgement: The authors would like to express their deep gratitude to Jacques
Faraut for a fruitful conversation that originated this paper.

2. INVARIANT SYSTEMS OF DIFFERENTIAL OPERATORS

Given a Lie group G, we let D(G) (= U(gc)) denote the algebra of left-G-invariant
differential operators on G. The group G acts on D(G) via the adjoint representation:
Ad(g)X(f) =X(foryz1)or, forge G, X € D(G), f € C*(G),

where r, : G — G denotes right multiplication. We recall that the symmetrization
map

A:5(ge) — D(G)
is a canonical Ad(G)-equivariant vector space isomorphism from the symmetric alge-
bra on the complexified Lie algebra gc of G to D(G). We refer the reader to §4 in
Chapter II of [H2] for details.

Now suppose K is a closed Lie subgroup of G. For f € C*(G/K), we let fe
C*°(@G) denote the map
fg) = f(gK).
If X € D(G) is Ad(K)-invariant then X yields a left-G- invariant differential operator
on G/K (also denoted X) via the rule
(Xf7=XF
More generally, an Ad(K)-invariant subspace W of D(G) yields a left-G-invariant
system Dy, of differential operators on G/K as explained below.

To describe Dy, one forms the (complex) vector bundle G x W* associated
to the principle bundle G — G/K via the representation Ad* : K — GL(W*)
contragredient to Ad|x on W (Ad*(k)a = a0 Ad(k™1)). The total space is

GxgW"=(GxW*)/ ~
where ~ is the equivalence relation on G x W* given by
(gk, o) ~ (g, Ad* (k)ar)

for all k € K.
The projection map 7 : G xx W* — G/K is just

m(lg, o)) = 9K,



SYSTEMS ON HERMITIAN SYMMETRIC SPACES 5

where [g,a] € G xx W* denotes the equivalence class of (g,a) € G x W*. We let
['(G x g W*) denote the space of smooth sections in the bundle G x g W*. Smooth
sections s € I'(G xx W*) are in one-to-one correspondence with smooth maps s :
G — W™ satisfying

(2.1) 3(gk) = Ad"(k71)3(g) = 3(g) o Ad(k),

for g € G, k € K. The correspondence s < s is given by
s(9K) = [g,5(9)]-
Definition 2.2. The system Dy, of differential operators on GG/ K determined by an
Ad(K)-invariant subspace W C D(G) is the map
Dy : C*(G/K) = T'(G xg W)

defined via

(Dw f)(9)(X) = X (f)(9),
for fe C*(G/K),ge G, X € W.

To justify Definition 2.2 one verifies (easily) that the map (Dy f) satisfies the K-
equivariance property (2.1). The Ad(K)-invariance of W is needed here. When W is
finite dimensional we can write

(Dw f)( §:X

where {X; : j=1,...,n} is any basis for W and {X;} is the dual basis for W*.
There is a natural left action of G on I'(G x x W*):

(s 0 Lg)(h) = 5(gh).
The system Dyy is left-G-invariant in the sense that

(Dw f) o Ly = Dw(f o {y),
where ¢ is left multiplication by g on G/K. This follows immediately from the fact
that each operator X € W is left-G-invariant.
It is of interest to study zeros for systems of the form Dy,. Observe that f €
C>~(G/K) satisfies Dy f = 0 if and only if Xf = 0 for all X € W. In this case,

we will say that f is a W-harmonic function and often write W (f) = 0 in place of
Dy f=0.

2.1. Invariant systems on symmetric spaces. Now suppose that G/K is a sym-
metric space of non-compact type and let

g==todp

denote the Cartan decomposition for the Lie algebra g of G. Since p is Ad(K)-
invariant, we have

D(G) = D(G)E® A(S(pc)),
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where X : S(gc) — D(G) is the symmetrization map. (See Lemma 4.7 in Chapter 11
of [H2].) Both D(G)t and A(S(pc)) are Ad(K)-invariant subspaces of D((), because
A is Ad(G)-equivariant. For f € C*°(G/K) one has X f = 0 for all X € D(G)¢. Thus

we obtain:

Lemma 2.3. Let W be an Ad(K)-invariant subspace of D(G) and W' be the projec-
tion of W onto A\(S(pc)) with respect to the decomposition D(G) = D(G)¢®A(S(pc))-
Then W' is Ad(K)-invariant, and for any f € C*(G/K):

f is W-harmonic if and only if f is W'-harmonic.

Lemma 2.3 shows that if we wish to study the zeros of invariant systems of differ-
ential operators on G /K, we can restrict attention to systems obtained from Ad(K)-
invariant subspaces W of A(S(pc)).

2.2. Invariant systems on Hermitian symmetric spaces. Next suppose that
G/K is a Hermitian symmetric space of non-compact type. The complex structure
on G/K yields an almost complex structure J on T.x(G/K) = p. This extends to a
complex linear map J : pc — pc and one has

pc=p+Dp-

where p. are the (+i)-eigenspaces for 7. The spaces p+ are Ad(K)-invariant abelian
subalgebras of gc.

In this context, the canonical algebra isomorphism S(pc) = S(p+)®S(p_) is also an
isomorphism of K-modules. (The group K acts on S(pc) and S(ps) by symmetric
powers of the Adjoint representation.) It will here be convenient to replace the
symmetrization map A : S(pc) — D(G) by

A2 S(p)®@S(p) — D(G), =A@\

Explicitly,

— — 1 —

(X X) @ (V1Y) = i Z Xory - Xo@Yor1) - Y ors),
0€Sq,0’ €Sy

for (X, X,) @ (Yy---Y}) in S%p,) ® S®(p_). The map A% is Ad(K)-equivariant

and Lemma 2.3 remains true if we replace A\(S(pc)) by A¥(S(ps) @ S(p_)).

Definition 2.4. If W is a K-invariant subspace of A?(S%(p, ) ® S®(p_)) then we say
that Dy is a system of type (a,b) on G/K.

Thus if Dy has type (a, b)_then each element of W is a linear combination of terms
of the form X --- XY ---Y}, where X; € p,y and Y, € p_.



SYSTEMS ON HERMITIAN SYMMETRIC SPACES 7

3. PRELIMINARIES ON HERMITIAN SYMMETRIC SPACES AND SIEGEL DOMAINS

For the remainder of this paper, G/K will denote a Hermitian symmetric space
of non-compact type. For our purposes we can assume, moreover, that G/K is
irreducible, since any Hermitian symmetric space is a direct product of irreducible
factors. Thus G is a connected non-compact simple Lie group with trivial center and
K is a maximal compact subgroup of G with center analytically isomorphic to T.
(See Theorem 6.1 and Proposition 6.2 of Chapter VIII in [H1].)

In this section we collect notation and background material concerning the struc-
ture of G/K and its realizations as bounded and unbounded domains. For details we
refer the reader to any of the standard references. See for example, [H1] , [KW] and

W,

3.1. Algebraic preliminaries. As in the preceding section, g = € @ p denotes the
Cartan decomposition for the Lie algebra of G and pc = p, & p_ is the eigenspace
decomposition determined by the complex structure. We have

[k, pc] Coc, bl =0=[p_,p_], [py.p_]=¢tc.

The Lie algebra u = £ @ ip is a compact real form of gc. For Z € g¢ we let Z and
7(Z) denote the complex conjugates for Z with respect to the real forms g and u.
The two conjugation operators are related via

7(0(2)) = Z = 0(r(2))
where 6 is the complexified Cartan involution. If B is the Killing form on gc, then
the bilinear form defined by

B.(X,Y)=—B(X,7Y)

is a positive definite Hermiian inner product on gc. Recall that J denotes the almost
complex structure on the tangent space p to G/K at eK and its complexification
pc — pc. Let ¢ denote the (one dimensional) center of €. It is a key fact that there
exists an element Zy € ¢ with

J = ad(Zy)|pc.

Choose a Cartan subalgebra b in €. Then h¢ is a Cartan subalgebra of gc. Define
A to be the system of roots of gc with respect to hc. Then each root o € A is real
valued on ih. We specify an ordering on A as follows: for two roots «, 3 we say that
« is bigger than § when —i(a — (3)(Zy) > 0. In this way we obtain the sets AT and
A~ of positive and negative roots.

Each root space g* is contained either in £c or in pc. In the first case « is called
compact and in the second case noncompact. We write

A=CUQ

where C' is the set of compact roots and ) is the set of noncompact roots and let
Q*F = AT N Q denote the sets of positive and negative noncompact roots.
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For each oo € A we associate elements H,, F, and E_, which span a subalgebra of
gc, isomorphic to sl(2,C). We do this in a standard way as follows. The Killing form

B is positive definite on if. Thus for each a € A there is a unique element H, € h
for which

For roots a, 8 € A let

and set

so that o(H,) = 2.
Now for @ € A* choose E, € g* with B, (E,, E,) = 2/(o,«) and set E_, =
—7(E,). With these conventions, we have

[Eon E—oz] - Ha; [Haa Ea] - QEOM [Hon E—a] - _2E—a7

E,=E, foraeQ, E,=-E, foraecC,

and
pe=2 "= ) CE,
(3 1) ac@t aceQt
D STRED SN
aceQt ac@t
For o € Q7, let
Xo = FEq + E—ou

(3:2) Y = i(Ea— E_).

Then the set {X,, Y, }acg+ is a basis for the real vector space p. One has

an = Yom
jYa - _XOH
1
(3.3) Eo = 5(Xo —iYa),

1
B =5(Xa+iYa).

3.2. Restricted roots. Two roots «, 5 € A are called strongly orthogonal if neither
a+ 3 nor a — [ are roots. This implies orthogonality in the usual sense: («, 5) = 0.
Let

(3.4) L={y,...,mcQ"
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be a maximal set of strongly orthogonal positive noncompact roots. Then
(3.5) a=> RX,
yel

is a maximal abelian subalgebra of p and r = dim(a) is the rank of G/K.
Take h~ to be the real span of the elements iH, (y € T'), and b to be the
orthogonal complement of h~ in b via the Killing form B:

b~ => RiH,

(3.6) ver
h=bh"@®sbh"
For a, f € A write o ~ (3 if and only if a|n- = f|p- and define:
C; = {aelC: a~—3v} fori=1,...,r,
(3.7) Cij={aelC:a~jly—m} forl<i<j<r,
Qi = {aeQ: a~ v} fori=1,...,r,

Qij={aecQ a~i(y+y)} forl<i<j<r
Some important properties of the above sets are contained in the following theorem:
Theorem 3.8 (Restricted Roots Theorem, [H3]). The map o +— v; + « is a bijection
of C; onto Q; (for 1 <i <r)and C;; onto Qy; (for1 <i<j<r). Q% isthe disjoint
unton of the sets I', Q;, Qij.
In addition, we will need these facts:

e All elements a € Q" have a common length (o, @)z.
e For a, Bin Q7,

(3.9) a(Hg) = B(Ha).
e The sets ;; have a common cardinality for 1 < i < j < r. Likewise, the
sets @1,...,Q, have a common cardinality. We let ¢; denote the common

cardinality of the ();’s and g, the common cardinality of the @);;’s.
e For a € Q;; set

(310) &:%+7j — .

Proposition 8 in [L] shows that & is a noncompact positive root. So clearly
a € Q.

3.3. Harish-Chandra realization. Let G¢ denote the adjoint group for gc and
K¢ be the analytic subgroup corresponding to €c. The analytic subgroups of Gc¢
corresponding to subalgebras p,, p_ will be denoted by P, and P_ respectively.
They are abelian. The exponential map from p4 to Pi is biholomorphic, so Py is
biholomorphically equivalent with C" for some n.
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The mapping (p1, k, p2) — pi1kps is a diffeomorphism of P, x K¢ X P_ onto an
open submanifold of G¢ containing GG. For g € G let p,(g) denote the unique
element in p, such that g € exp(py(g))KcP-. Then p,(g) = p;(gk) and py is a
diffeomorphism of G/K onto a bounded domain D C p,. G acts biholomorphically
on D by g-p+(9) = ps+(99). Let o = py(e), then D is the G-orbit of 0 and the group
K is the stabilizer of the point o. This is the Harish-Chandra embedding and in fact
realizes G/K as a bounded symmetric domain.

3.4. Siegel domains. Let D denote the bounded realization of G/K described
above. Set Xp = > X, = > (BEy+ E_,), Br = > E, and define an
element of G¢ called the Cayley transform:

(3.11) c= exp(%iXp).
Let

‘G = Ad(c)G,

‘K = Ad(o)K,

‘g = Ad(c)g.

For g € G, cexp(ps(g)) € P,*KcP_ and by [KW], the mapping x — ¢ - z, where

c-py(9) = py(cexppi(g)),

defines a biholomorphism of D onto a domain D C p*. Clearly, “D is the orbit of
the point ¢ - 0 = 1Er under the action of the group °G and °K is the isotropy group
of ZEF

It was proved in [KW] that “D is a Siegel domain. We briefly recall the definition
and notation of Siegel domains. The reader is referred to the book of J. Faraut and
A. Koranyi [FK] for more details.

Let V be a Euclidean Jordan algebra and 2 be an irreducible symmetric cone
contained in V. We denote by L(z) the self-adjoint endomorphism of V' given by left
multiplication by z, i.e. L(z)y = zy. We fix a Jordan frame {¢;,...,¢.} in V. The
Peirce decomposition of V' related to the Jordan frame {ci,..., ¢} ([FK], Theorem
IV.2.1) may be written as

(3.12) v= P v;.

It is given by the common diagonalization of the self-adjoint endomorphisms L(c;)
with respect to their only eigenvalues 0, %, 1. In particular V;; = Re; is the eigenspace
of L(c;) related to 1, and, for i < j, V;; is the intersection of the eigenspaces of L(c¢;)
and L(c;) related to 5. All Vj;, for i < j, have the same dimension d.
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Suppose that we are given a complex vector space Z and a Hermitian symmetric
bilinear mapping
d: Zx 2V,
We assume that
(¢, () e, ¢eZ,
and ®(¢,() =0 implies ¢ = 0.
The associated Siegel domain is then
(3.13) D={((,2)eZxVC: Sz—d(¢,¢) € Q}.

One says that D is of type I (or has tube type) when Z = {0}. Otherwise, D is said
to be of type II (non-tube type).

The data V, Z and ® can be defined in terms of some subspaces of gc so that
p, =ZxV® and D= °D.
(For details we refer to [KW], [B]). Moreover it is known that D has tube type if
and only if the sets Q; in (3.7) are all empty.

3.5. Iwasawa decomposition of “G. Consider the Iwasawa decomposition of “G =
NA ¢K and denote by S its solvable part: S = NA. Let n, a, s be the corresponding
Lie algebras. Then a can be chosen as a subalgebra of °g consisting of elements

H = L(a), where
a = Z a;Cj.
j=1

We let A; denote the linear form on a given by \;(H) = a;. All endomorphisms of
s having the form: adH for H € a admit joint diagonalization. Therefore s can be
decomposed as a direct sum of corresponding root spaces. The forms of all roots are
well-known:

(3.14) s:<@mj>@< $ nxiﬂj)@( $H nwi> &
i 2 1<i<j<r 1<i<j<r

To simplify our notation put

Zj = Ny,
2
ﬂzj = nAjfxl,
2
‘/z'j M43,

Then it is known that

z=Pz, v=EEv
J

z’j
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Ny = @ n;;.
1<i<j<r
Denote by N(®) and Ny the subgroups of S corresponding to the subalgebras Z &V
and ng of . Then S = N(P)NygA, N(®P) is two-step nilpotent with center V and each
of N(®), Ny and N = N(®)N, is normal in S. Since S acts simply transitively on
the domain “D, we may identify S and “D:

(3.15) S2>s~s-(c-0)e “D.

and we set

Now we describe an orthonormal basis of s corresponding to the decomposition
(3.14). This will be the same basis as in [DHMP], [BDH] and [B]. By Q;; we shall
denote a subset of @);; that contains exactly one from each pair of roots (o, a =
v +7; —a) when & # a. Let us define

Xi = E%. for Y € Fa

5.16) X! = \/Li(Ea — e4Fe) for a € ?Zj and o« # a,
X2 = \/Li(Ea + e Fe) for « € Q;; and o # a,
X, = \/iﬁw(Ea) for a € @,

where ¢ = I + Ad(c*)7, and €, = £1 (the precise value was determined in [B]). If
a = & then instead of X!, X2 we define X! = E,.

In the rest of the paper we will use the notation X* without specifying the set
of indices k’s. In particular, the summation over a € Q;; will always denote the
summation over o and k together.

Then by [B|

Vii = span{X,},
Vij = span{Xa}aeQij ,
Zj = (span{Xa}aer)C.

Next we transport the complex structure J from “D to s and define:

Hj = j(X])a
(3.17) YE=7(xh),
Vo =T(X,).

It was proved in [B] that
Xj7X§7XO¢7H‘ Yk ya

J) To

form an orthonormal basis of § with respect to the Hermitian product B, .
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Finally,
Zj=X;—iH;, (1<j<r)
Zh=XE—iv¥, (aelJQ,k=12),
Zo=X—iVa (aelJQ)

J

(3.18)

is a basis of S-invariant holomorphic vector fields.

4. SYSTEMS OF TYPE (1,1)

We suppose here, as in the previous section, that G/ K is an irreducible Hermitian
symmetric space of non-compact type. To determine all systems Dy, of a given type
(a,b) on G/K, one needs to find all K-invariant subspaces W of S%(p,) ® S®(p_)
(and apply the modified symmetrization map A®). Recall that K acts on S(pL)
by symmetric powers of the adjoint representation. Since G/K is irreducible, p
are irreducible K-modules. Moreover, it is known that the representations of K
on S(p+) are multiplicity free. The decompositions for S(p+) under the action of
K are described in [J] on a case-by-case basis using the classification of irreducible
Hermitian symmetric spaces. Thus, in principle, all systems of types (a,0) and (0, b)
are known.

The current work concerns systems of type (1,1). Thus, we must describe the
K-invariant subspaces of p, ® p_. We begin with some observations concerning the
adjoint representations of K on p., which we now denote by o:

o (k) = Ad(k)lp+, o-(k) = Ad(k)lp-.

These representations are unitary with respect to the positive definite Hermitian
inner product B, on py. The conjugation map Z +— Z (with respect to the real form
g C gc) interchanges p, with p_, as shown by Equations 3.1. Since

o-(k)(Z) = 01 (k)(2)

fork € K, Z € p,, we see that o_ is (unitarily) equivalent to @, , the conjugate repre-
sentation for o,. (Recall that the conjugate for a complex representation is obtained
by replacing the complex structure on the representation space by its conjugate. The
conjugate for a matrix representation is obtained by conjugation of matrix entries.)
The Hermitian inner product B, on p, yields a further isomorphism of complex
vector spaces:

ﬁ+_>pi7 ZHBT('7Z>7

establishing a unitary equivalence of o with o7, the contragredient representation
for 0. In summary, we have canonical unitary equivalences

o_~04 >0
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We will denote elements of p_ as “Z” for Z € p,. One can choose to interpret
this literally, as the result of applying the conjugation map on gc = g + g to Z, or
as simply a notation for Z itself, but viewed as an element of p, with the conjugate
complex structure.

The representation o, ® o_ always contains a copy of

Adg - K — U(%e),

the complexified adjoint representation of K on fc. Indeed, the linear map ¢ :
pL ®p_ — € determined by

p(X®Y)=[X,Y]
intertwines 0, ® o_ with Adg and is surjective. Thus, the dual map

Pt = (PP ) REPLOP REp_Qpy Epy @p
is injective and intertwines the contragredient representation Adj, for Adyx with o, ®
o_. In fact, Adj, and Adg are equivalent representations, since K is compact. So

H =" (k)
is a K-invariant subspace of p, ® p_ and (0, ® o_)|'H is equivalent to Ad.
As explained in the Introduction, Dy, is the Hua system. It is the subject of works

including [Hual, [JK], [BV], [L] and [BBDHPT]. The Hua system is not irreducible.
Indeed, the Lie algebra €c decomposes as

ECZEICEBCC

where ¢ is the (one-dimensional) center of £ and the derived algebra £ is semi-simple.
Thus, the K-invariant subspace H = ¢*(£%) in p, ® p_ further decomposes under
o+ ®0o_ as
H=¢((tc)) @ ¢ (c) =H' &L
The group K acts trivially on the one-dimensional space £ = ¢*(¢¢) and H' =
©*((€)*) contains one K-irreducible subspace for each simple factor in ;. The clas-
sification of irreducible Hermitian symmetric spaces of non-compact type, discussed
below, shows that £ has at most two simple factors. The elements of £ yield scalar
multiples of the Laplace-Beltrami operator on G/K. These are the only second order
left-G-invariant differential operators on G/K, so p, ® p_ contains no further copies
of the trivial representation.
We now have p, @ p_ = H ® H¢, where

(4.1) HE =H = Ker(p)

is the orthogonal complement to H in p, ®p_ and also the kernel of ¢ : p, @p_ — ¥c.
The space ‘H¢ is K-invariant and, as will be shown below, is non-zero except when
G/K has rank one. (The rank one cases are the complex hyperbolic spaces, up to
isomorphism.) Dy is the complementary Hua system. We will show that H€ is
K-irreducible and inequivalent to any of the irreducible constituents of H.
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Moreover, we will show that H¢ is the Cartan component in o, ® o_. That is,
a highest weight vector in H¢ is obtained as the tensor product of highest weight
vectors in p, and p_. If X|Y € p, are highest and lowest weight vectors for o,
then H¢ = Span{(c, ® 0_)(K)(X ® Y)} and X ® Y is a highest weight vector for
(04 ® o_)[H°. This provides another characterization of H¢. We summarize the
preceding discussion as follows:

Proposition 4.2. Let G/K be an irreducible Hermitian symmetric space of non-
compact type. Then:

e The representation o, ® o_ of K on py ® p_ is multiplicity free, with a
canonical decomposition

pr@p.=HOH

as an orthogonal direct sum of K-invariant subspaces. (The space H yields
the Hua system and H® the complementary Hua system.)

o The representation (0. ®@0c_)|H is equivalent to Ady, the complezified adjoint
representation of K on tc and decomposes as

H=H &L,

where L is a copy of the trivial representation of K on C and H' contains an
irreducible subspace for each simple factor in ¥,

o The space H is H® = Ker(p) where ¢ : p. Q@ p_ — € is the linear map with
p(X@Y)=I[X,Y]

o [fG/K has rank at least two then H is non-zero, (0. ® o_)|H is irreducible
and is the Cartan component in o, @ o_.

Note that since o, ® o_ is multiplicity free, any K-invariant subspace of p, ® p_
is a sum of the irreducibles described above. Thus, Proposition 4.2 determines all
systems of type (1,1) on G/K.

To complete the proof of Proposition 4.2 we employ case-by-case analysis using the
classification for irreducible Hermitian symmetric spaces of non-compact type. We
refer the reader to [H1], Chapter X, for details concerning this classification and for
definitions of the Lie groups that arise. The spaces in question fall into 4 classical
families (types A III, C I, D III, BD I) and two exceptional cases (types E II1, E
VII). For the classical families, we will exhibit the spaces H and H¢ in Proposition
4.2 explicitly.

4.1. Type A III. Here G/K = SU(n,m)/S(U(n) x U(m)) with 1 < n < m. The
rank of G/K is n. One can realize p. as p = M, ,,(C) with Hermitian inner product
(X,Y) = tr(XY™), where Y* denotes conjugate-transpose. The bounded realization
for G/K as a domain in p, is

D={Zecyp, : Z'Z<L,y={Z¢cyp, : ZZ7* < I,}.
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(Here the inequality ZZ* < I,,, for example, means that I, — ZZ* is positive definite.)
D is a tube domain if and only if n =m
The group K = S(U(n) x U(m)) acts on p, via
O'+(k51, k?g)Z = kle;‘,
(k1 € U(n), ky € U(m),det(ky)det(ky) = 1). Writing elements of p_ = p, as Z for
Z € py, one has
(0r @a_)(ky, ko) (X ®?) = (k1 XE3) ® (/ﬁ—Yk‘é)
Let E,p (1 <a<n,1<b<m)denote the (n x m)-matrix with a one in position
(a,b) and set

Lij=)Y Eyu®E; (1<ij<n)

=1
Ri/,j/ = Z EZ,’L'/ ® E&j/ (1 S i/,j/ S m)
=1

One verifies that
(04 @ o_)(k1, ko) Lij = (kiLky)ig, (o4 @ 0_)(ky, ko) Rivjr = (kaRRK3)ir v,
where “kyLk}” and “kyLk3” mean formal matrix multiplication. Hence
H = Span{L;;, Ry : 1<i,j<n,1<i j <m}

is K-invariant and K acts on H by a copy of Adk.
The space H decomposes under K as H = L & H & H),. Here K acts trivially on
L of dimension 1 and H), H), correspond to the simple factors sl(n,C), sl(m,C) in
¢ = sl(n,C) & sl(m,C). Explicitly:

L=C <Zn: L“> =C (i Ri’,i’) )
i=1 =1
H, = {i Cijlij chl = 0} ;

i,j=1

le = { Z Ci’,j’Ri/,j’ . Zcilyi/ = O} .
it j'=1 i
The space H; = 0 whenever n = 1 and H, = 0 when n = m = 1. Note that for
n=m=1 D~ SU(1,1)/S(U(1) x U(1)) is the unit ball in C. When n = 1 and
m > 2, SU(1,m)/S(U(1) x U(m)), is a complex hyperbolic space of dimension m.
These are the rank one cases.
One can easily exhibit bases for the spaces H}, H5. For example,

{Lij - i#j}U{Li; — Liy1:41 : 1 <i<n-—1}
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is a basis for H].
From above, we see that H¢ can be written as

n

n m m
C nl .
H = E § Ciir g iy @ Ejjr E Ciarig = 0= § Cidt g (-
i'=1

ij=114j'=1 i=1

Note that H® = 0 when n = 1. That is, when G/K has rank one. The action
of K’ = SU(n) x SU(m) on H° is equivalent to the (exterior) tensor product of
the complexified adjoint representations for SU(n), SU(m) on sl(n,C), si(m,C). In
particular, H¢ is K-irreducible. Highest weight vectors in p, are given by E;; and
Emm. As B ® Emm belongs to H¢, we see that H¢ is the Cartan component in
py ®p_. The space H® has dimension (n? —1)(m? — 1). The following elements form
a basis:

e Biyv®E;; with i # j; i’ # 7,

¢ By ®FEjy — Eiy1 @ Ejpy withi £ j; 1 <d <m—1,

¢ By ®FE;j —Eii1y®FE; 11, withd #5531 <i<n-—1,

e F1 .0 —E1®QF;1—F y®F j+E;  @E;  with2 <i <n;2 < j <m.

4.2. Type C I. These are the spaces G/K = Sp(n,R)/U(n). Since Sp(1,R)/U(1) =
U(1,1)/S(U(1) x U(1)), we can assume that n > 2. The rank of G/K is n. The
space p is realized as the space of n x n symmetric matrices:

p. ={Z € M,,(C) : 7' =27}

with Hermitian inner product (X,Y) = tr(XY*) = tr(XY). The bounded realization
for G/K as a domain in p, is

D={Zep, : ZZ < I,}.

This is a tube domain.
The group K acts on p, via

oy (k)Z = kZK',
and on pL ® p_ =pL ®p, by
(0, @0 )E)(X®Y) = (kXK ® (kYK").
Define elements F; ; € p; (1 <i,5 < n) as
Fj=E;;+ Ej,.
Note that F;; = I;; and that the F; ;’s are pair-wise orthogonal with

|4 fori=j
<Fi,j,Fi,j>_{2 fori#j3 °
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Define

T = ZFi,e ® Fpj, (1<i,5<n).
=1
Then one has
(04 @0 )(k)T3; = (KTK")i;.
Thus
H = Span{T;; : 1<i,j<n}
is K-invariant and K acts on ‘H by a copy of Adyx. The space H contains two
irreducible components, corresponding to the decomposition ¢c = C & sl(n,C). This
can be written as H = £ & H' where

L=C (2”: TH> =C (Z Fiy ®Ff,i> ;
i=1 il
H/ — {i ci,ij : iCm’ = 0} .

A basis for H' is given by
{Ti,j : i?‘é]‘}U{Ti,i—TiJrl,iJrl o1 Siﬁn—l}.

Let H¢ denote the orthogonal complement to H in p, ® p_. As representations
of SU(n), o+ have highest weights (2,0,...,0) and (2,2,...,2,0), and Fy;, F,,
are highest weight vectors. An easy application of the Littlewood-Richardson rules
(see [FH], Appendix A) shows that o, ® o_ has exactly three irreducible compo-
nents. Thus H¢ is necessarily irreducible. The highest weight for (o, ® o_)|H® is
(4,2,...,2,0). Since Fi; ® F,,, belongs to H¢ (it is orthogonal to H), H is the
Cartan component in p, @ p_.

The dimension of H¢ is [n(n + 1)/2]> — n* = n*(n — 1)(n + 3)/4. Working from
the above description of H and using the fact that the Fj; ® Fk,g’s are pair-wise
orthogonal in p, ® p_, we see that the following vectors form a basis for H®:

o Fi;®F;; with i # j,

o Fi; ®Fj), withi # j, k; j <k,

° E,j ®Fk,k: with & 7& 1,7;1 <7,

o I, ® Frowith {i,jyN{k,(}=0;i<j; k<,

o [|Epl Pl FislPFig @ Frj = |[Foal PlIF 1l P Fog ® Fiy with i # j; 2 < k <,
° E,i X F,m‘ + F}',j & Fjvj — 4171'7]‘ &® Fj,i with ¢ < 7.

4.3. Type D IIl. Here G/K = SO*(2n)/U(n). Since SO*(4)/U(2) is non-irreduci-
ble and SO*(6)/U(3) = SU(1,3)/S(U(1)xU(3)), we can take n > 4 here. Thus G/K
has rank |[n/2| > 2. The space p. can be realized as the space of skew-symmetric
n X n-matrices:

pye ={Z € M,,(C) : 2 =-27}
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with Hermitian inner product (X,Y) = tr(XY*) = —tr(XY). The bounded realiza-
tion of G/K is
D={Zeyp, : Z'Z < 1,}.
D is a tube domain if and only if n is even.
As in the preceding case, K = U(n) acts on p, via oy (k)Z = kZk'. The description
of HC p. ®p_ = py ®p, parallels that for type C I. We set

Fl,=E;—E

4y
and note that F/, = —F;, F/, = 0. The F];’s are pair-wise orthogonal with

7,87 0

(F};, Fi;) =2 for z # j. Letting

7,_]7

ZF ®F€J’

and
H = Span{T]; : 1<4,j <n},
we see that (o0, ® o_)|H is a copy of Adg. The space H decomposes as H = L HH/,
were L, H' are defined as for type C L
An application of the Littlewood-Richardson rules shows that the orthogonal com-

plement H to H in p, Qp_ must be irreducible with highest weight (2,2,1,...,1,0)
and dimension [n(n — 1)/2] —n? =n?(n+1)(n — 3)/4. The space H® contains the
tensor product Fj, ® Fn 1. Of highest weight vectors in pi. Thus H¢ is the Cartan
component in p, @p_. Worklng from the description of H one obtains the following
spanning set for H¢:

o I, ®FHW1th {1, j}ﬂ{k 0} =0;1<j; k<d,

oF’1®F Fi’7k®F,€JW1thk,z,j>1 1# 7 k #14,7,

° Fi; ®Fj,i + oo 2ter Toe — g (T + T5,) with i < .
This spanning set for H¢ is not, however, linearly independent. For example, summing
the elements of the third kind over j # i for fixed ¢ gives zero.

4.4. Type BD I. Here G/K = SO,(2,n)/(SO(2) x SO(n)). We can take n >
5, in view of isomorphisms in low dimensions. (S0,(2,2)/(SO(2) x SO(2)) is not
irreducible, SO,(2,3)/(SO(2) x SO(3)) = Sp(2,R)/U(2), and SO.(2,4)/(SO(2) x
SO(4)) = SU(2,2)/S(U(2) x U(2)).) The rank of G/K is 2. In this case, py is

realized as p, = Ms,,(R) with complex structure

[e]=15]
z -y
for row vectors z,y € R". The map T : M, (R) — C" defined as

T(Z)=a' + iy, for Z = [ﬂ
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is an isomorphism from the complex vector space (p,J) to C™ (column vectors).
The bounded realization for G/K is
D={Zeyp, : ZZ'< L}
This is a tube domain.
The group K = SO(2) x SO(n) acts on p, via
o (k,k)Z =k ZK', (k1 € SO(2),k € SO(n)).

cosf sind

For ky = [ —sinf cosf

} one computes

T((o4y ®0_)(k1,k)Z) = kT (2Z).

That is, the action of K on p, coincides, via T', with the standard action of T x SO(n)
on C". In particular, SO(2) acts on p, by (complex) scalars, so the irreducible
subspaces in p, ® p_ under the actions of K and K’ = SO(n) agree. Thus, we
need to decompose C" @ (C")*, or equivalently C" @ C", under the diagonal action
of SO(n). Identifying C" ® C" with M, ,,(C), SO(n) acts via

k-A=FkAK' (ke SO(n),Ae M,,(C)).

From this viewpoint, the decomposition into SO(n)-irreducible subspaces is trans-
parent:

Mo(C)=CI, ®{A : A'=—A}@{A : A' = A tr(A) =0}

One can use the above isomorphism p, ®@p_ = M,, ,,(C) to obtain the corresponding
decomposition for our original model. Letting X; = Es; € (p+ = My, (R)),

L Rp_.=LOH ®H"
where

L=C (ixjeafj) :

i=1

H' = {Z i Xi®X; ¢ ey = —Cj,z} ;

ij=1
He = {Z i Xi®X; ¢ ¢y = i ZC” = 0} .
ij=1 i
H = L & H’ yields the Hua system. A highest weight vector in p, is given by
01 --- 0
10 -+ 0"

Since (Xl + ZXQ) X (71 + 272) = X1 ®71 - X2 ®y2 + ZX1 ®72 + ZXQ ®71 belongs
to 'H¢, we see that H® is the Cartan component in p, @ p_.

X1 +1iXy = [
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4.5. Type E IIIL. In this case K = Spin(10) x T and G has Lie algebra gg(_14), 2
certain real form for the complex Lie algebra . The space G/K has rank 2 and is
of non-tube type.

One can identify p, with A®?(C%) = C' and o, is the positive half-spin repre-
sentation. The contragredient representation o* ~ o_ is equivalent to the negative
half-spin representation on A°4(C?) = C!6.

As tc = 50(10,C) & C, the subspace H = ¢*(¢) of p; ® p_ has two irreducible
components:

H=LadH = ¢*(C*) & ¢*(s0(10,C)").
The highest weights for oy are (1/2)(L; + Ly + L3 + Ly £ Ls) in the notation of
[FH]. (See [FH], Proposition 20.15.). Thus, the Cartan component W in p, ® p_
has highest weight Ly + Lo + L3 + L4. A application of the Weyl dimension formula
shows that dim(W) = 210. (The Weyl dimension formula for SO(2m) is Equation
(24.41) in [FH].) Since

dim(H) + dim(W) = dim(tc) + 210 = 46 + 210 = 256 = 16 = dim(p, @ p_),

we conclude that W = H¢, the orthogonal complement to H in p; ® p_. This proves
that H¢ is irreducible and is the Cartan component in p, @ p_.

4.6. Type E VII. Finally, we consider the exceptional case where K = Eg x T and
G has Lie algebra e7(_s5), a real form of e7. The space G/K has rank 3 and is a tube
domain.

In this case p, can be identified with an exceptional Jordan algebra J of dimension
27. The representation of Eg on J is described in [CS]. We have the decomposition

pr@p-=LOH &H = ¢ (C) ® ¢"(5) ® Ker(yp)

as usual. It remains to show that H¢ is irreducible and is the Cartan component in
pr®@p_.

The fundamental weights for the complex simple Lie algebra e4 are usually denoted
wy-..,ws. (See, for example, the tables in [Boul.) The representation o, has highest
weight w; and its contragredient ¢} ~ o_ has highest weight ws. Hence w; + we
is the highest weight for the Cartan component W in p, ® p_. One can use the
Weyl dimension formula to show that dim(W) = 650. In fact, this dimension can be
obtained from a table in [GS]. We now see that

dim(H) + dim(W) = dim(tc) + 650 = 79 + 650 = 729 = 27% = dim(p, @ p_).
Hence W = H¢, completing the proof for Proposition 4.2.

5. THE MAIN THEOREM

The aim of this paper is to characterize functions on G/K which are annihilated
by a system of type (1,1) containing the Laplace-Beltrami operator. Proposition 4.2
shows that, apart from the systems £ and p, ®p_, we have the Hua system H = LEH'
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and the complementary system L& H . For G/K = SU(n,m)/S(U(n) x U(m)), the
Hua system can be decomposed: H = £ @ 'H’| ® H5 and one can consider two further
systems of type (1,1): £ @ H} and £ & H). These exhaust the possibilities.

Theorems 5.1 through 5.5 below characterize the functions annihilated by each of
these systems. The first two results concern zeros of the Hua system.

Theorem 5.1 ([JK]). A function f on a Hermitian symmetric space of tube type
satisfies H(f) = 0 if and only if it is the Poisson-Szegd integral of a hyperfunction
supported on the Shilov boundary of G/ K.

Theorem 5.2 ([BBDHPT],[B]). Let G/K be an irreducible Hermitian symmetric
space of non-tube type and let f be a real-valued function on G/K. Then H(f) =0
of and only if f is plurtharmonic.

Let us recall that f defined on D C C" is pluriharmonic if it is the real part
of a holomorphic function. Equivalently, f is annihilated by all operators 9,0,
(1 < j,k < n). That is, the pluriharmonic functions are those annihilated by the
system p, ® p_. The main result of this paper is the following.

Main Theorem 5.3. Let G/K be an irreducible Hermitian symmetric space of rank
r > 2 and let f be a bounded real-valued function on G/K. Then f is L&OH-harmonic
if and only if f is pluriharmonic.

In the statement of Theorem 5.3, we require r > 2, because ‘H¢ = 0 for the rank
one Hermitian symmetric spaces. It seems likely that the boundedness hypothesis on
f can be removed from Theorem 5.3, as in the statement of Theorem 5.2, but we are
not able to show this using the methods of this paper. This is one problem for future
research.

For G/K = S(n,m)/S(U(n) x U(m)) we must also consider the systems £ & H
and £ @ H). As in Section 4.1 we assume that 1 < n < m and have H| = si(n,C),
H!, = sl(m, C). The following result is due to N. Berline and M. Vergne.

Theorem 5.4 ([BV]). Let G/K = SU(n,m)/S(U(n) x U(m)) with 1 <n <m. A
function f on G/K satisfies L ® H)(f) = 0 if and only if it is the Poisson-Szego
integral of a hyperfunction supported on the Shilov boundary.

By symmetry, when n = m the £ @ H, system also characterizes Poisson-Szego
integrals. These are tube domains. On the other hand, when n < m we have a
non-tube domain and the following result.

Theorem 5.5. Let G/K = SU(n,m)/S({U(n) x U(m)) with 1 < n < m. A real-
valued function f on G/K satisfies L& Hy(f) = 0 if and only if f is pluriharmonic.

Proof. Let f be L& H),-harmonic. Note that the system H, contains a copy of H) via
the obvious inclusion sl(n,C) < si(m,C). Thus Theorem 5.4 implies that f is the
Poisson-Szego integral of a hyperfunction. But now, Theorem 5.4 also shows that f
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is L@ H-harmonic. Thus in fact f is annihilated by all of H} ® L& H), = H. Finally
as n < m, G/K is of non-tube type, so Theorem 5.2 shows f is pluriharmonic. [

The rest of this paper concerns the proof of Theorem 5.3. Our strategy can be
outlined as follows. Let G/K have rank at least two and f be a bounded real-valued
function on G/ K. First note that if f is pluriharmonic then £ & H(f) = 0 because
pluriharmonic functions are annihilated by all of p, ® p_. Hence we need only show
that £® H(f) = 0 implies f is pluriharmonic. Having the boundedness assumption
(which is invariant under biholomorphic mappings), we transfer our problem to the
group S acting simply transitively on the Siegel domain “D. We show that f is
annihilated by some S-invariant operators derived from the £ & H¢ system. Using
two of these operators and a technique from [BBDHPT], we show that foc™!is a
Poisson-Szego integral. In the tube case, Theorem 5.1 now implies that f is Hua-
harmonic. So f is in fact annihilated by all of p, ® p_ = H' & L & H, hence
pluriharmonic. In the non-tube case, according to [BV], Poisson-Szegé integrals are
annihilated by a certain system of third order operators. We will use this fact and
methods described in [BDH] and [B] to obtain pluriharmonicity of f in the non-tube
case.

6. THE £ @® HS SYSTEM AND BERLINE- VERGNE OPERATORS

6.1. The £ ® H® system. Below we introduce some operators which belong to the
L ® H° system. We make extensive use of the notation and results from Section 3.2.
As before, r always denotes the rank of G/K. We assume throughout that r > 2,
since H® = 0 when r = 1. (Most formulas to be derived below are vacuous when
r=1.)

For a € Q;;, put
(6.1) Ay =FEFE o+ FEel o —EE_,, —E E_

regarded as an operator arising from p, ®@p_.
Recall that the system H¢ is the kernel of the map ¢ : p, @ p_ — € given by
o(X,Y)=[X,Y].

V5

Lemma 6.2. For a € Q;; the operator A, belongs to the system H°.
Proof. Recall from (3.10) that we have & = v; +7; — a, also in );;. Thus

(6.3) H,+ He — H,, — H,, =0,
and hence

But all elements of Q1 have a common length, so (a, @) = (&, @) = (7, %) = (75, 7;)
and hence H, + He — H,, — H,, = 0.

Vi



24 C. BENSON, D. BURACZEWSKI, E. DAMEK, AND G. RATCLIFF

Now we have

¢<Aa) = [EOC? E_Oé] + [Eﬁ? E ] [E’Yz’ E_'W] [E'Y]7 E_'Yj]
= Hy+He—H, — H,,
= O’
which yields the lemma. 0

Proposition 6.5. The operator
Al = Z EaE—a +c Z E%./E_%./
ac le
s an element of L ® H® for some positive constant c.

Proof. As L is the unique K-invariant operator in p, ® p_ = p, ® (p4)*, we have
L= E.E_,=( Z + SZ +> )EE_a.
aceQt a€ ;Q; a€ ,;Qi acl
The operator £ — %ZQGS(_Q,J, A, belongs to £ @& H¢ in view of Lemma 6.2. Let
1<j v

¢2 = |Qi;| denote the common cardinality of the sets ();;. Then we can write

£—% ; Aa:a; E E_ +Z E—vk Z(E E—71+E E_’YJ>

ag i<j Qij Qi 1<j

-y EaE_a+(1+ )Z e B

ag ZQ@

So Ay =3",c8 o, BEaEatc)  E E ., belongs to LOHE for ¢ = 14+(r—1)ge/2. [
Definition 6.6. Q, = Q, UJ, Qi

Lemma 6.7. If a € Q;; UQ; and i,j < r then there exist 3,0 € @; such that
AN =E,E_+E,E_, —EsE 53— EsE_s5 € H".

Proof. Since o ¢ @;, we see that a £ 7, is not a root, and so a and +, are strongly
orthogonal. Let IV be a maximal set of strongly orthogonal roots containing « and
~,. Take any root 3 ~p MT and put § = a + v, — . Then by (3.10) ¢ is a root,
and 0 ~p 232 Since (8, 'y,,) # 0, (6,7-) # 0 and neither is equal to v,, we have
B,6 € @, UlJ; Qir. Now Lemma 6.2 concludes the proof. O

Proposition 6.8. The operator
Ay = Z caBoF_o—cy B, E_.,
a€QrU Qi
1s an element of L & HE for some positive constants c,,.
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L— —A1 ; Al — Al

a€ o, Qi ae i<j<r Qij

with ¢ as in Proposition 6.5. 0

Proof. Take

6.2. Berline-Vergne operators. In this subsection we restrict our attention to non-
tube spaces. In Section 8 we will prove that any bounded function annihilated by
the £ & H® system is a Poisson-Szego integral from the Shilov boundary. This class
of functions is characterized by operators due to N. Berline and M. Vergne.

Theorem 6.9 ([BV]). Let G/K be a Hermitian symmetric non-tube space and let
f € C*(G/K). Then f is a Poisson-Szego integral if and only if f is G-harmonic
and
(6.10) BV(f)= D, EaB_sEsf[Eo [Es E_)| =0.
a,3,6eQt

The phrase “f is G-harmonic” means Df = 0 for all operators D € D(G/K)
with no constant term. (In [BV] and other works, G-harmonic functions are simply
referred to as “harmonic”.)

Note that [E_,, [Es, E_s]] in the expression above is an element of p_. We will
compute the projection of BY(f) onto the one-dimensional space spanned by E_., . So

we need to understand the effect of the operators E,E_gEs on f when a—(3+09 = 7,.
We get a non-zero contribution to the sum only when 3 —4§ = a—~,.. We consider the
possibilities, assuming throughout that f € C*°(G/K) is annihilated by the £ & H¢
system.

To simplify our notation put

(6.11) Uy = EoE_oF,,.

Since [py,p_] C tc and p, is abelian , we have

EoE_sE f = E;E E_sf = B\ E,E_sf = B, E_sE,f
for all o, #, v in Q*. In particular, U, = E,E_,E, = E, E_,E,.
CASE 1. a =03 =",, then 6 = —a+ 5+ . =, and
(B (B, By ] = [Eoy,  Hy ) = 2B,
The coefficient of E_, will be 2E., E_, E., f = 2U,, f.
CASE 2. a = ﬁjﬁ 7r, then again 6 = v,. Eg does not commute with £_. if and
only if « = 8 € @),. Hence by the Jacobi identity
[E-a [Ea, B ]] = —[Ea, [Es,, E_o]] = [E—s,, [Eoa, Eo]] = —[Ha, E_y,]
= B

The coefficient will be E,E_E, f =U,f.



26 C. BENSON, D. BURACZEWSKI, E. DAMEK, AND G. RATCLIFF

CASE 3. a # 3 =0, then a = v, and as before
[E_y,, [Es, E_gl] = E_,,
for 5 € Q,. The coefficient will be E%E_gng: Ugf.

CASE 4. Assume that a #  and # # § and f — § = o — 7, is a root.

Then (oo — ,)(H,,) = £1, so & must belong to Q,. Thus B —§ ~ (Vi +7+)/2 or
—~,/2. Since 3 € Q, we must have § € @; or § = ,. But a # [, so we conclude
that both «, d are in @

We further analyze this case in a series of lemmas:

Lemma 6.12. Suppose that o, 6 € @, B € Q" such that 5 —0 = a — 7, is a root.
Then there is some d = 1 such that dE_gks — E_,FE, and dE_gE, — E_sE. are
in HE.
Proof. Since f — d = a — 7, is a root, there is some d = +1 such that
(6.13) By, B-y) = d[Ea, B,
By applying the conjugation 7, we also have
(6.14) [E_g, Bs] = d[E_q, E,,].
From (6.13), and the fact that p_ is abelian, we obtain:
[E-a, [Ep, E_s]] = d[E_q, [Ea, E_,]]
[E—w [Ea, E—o]] +d[Eq, [E_a, E_,]]
[ —Yr> ]
= dy(Ho)E—, =dE_,,.
On the other hand,
[E—OH [EBJ E—5]] = [E57 [E—CH E—5] + [E—57 [Eﬁv E—a“
= [E—57 [EB’ E—aH
Thus we obtain:
d‘H - d[E'WW E_'Yr]

= [E'Yrv [E*t% [Eﬁu E*am

= [E—5’ [E’Yr’ [Eﬂ’ E—am + [[Eﬁa E—a]v [E—57 E’Yr]]

= 61H§ + GQHB,Q.

We compare this last equation to

H, = Hs — Hps_,.

If 3 — a and ¢§ are not linearly independent, then § — v, = 8 — a = ¢ for some
¢ # 0, so ¢ is a multiple of v,, namely § = ~,/2. Then our last calculation implies
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that 0, = (e1 + €3)H_,, which is impossible. Thus we conclude that €, # 0, and
therefore  — a = 6 — 7, is a root.
So in fact we have H, = Hs; — Hg_,, and therefore ¢; = d, e, = —d. Now

[Es, E-o, [E-s, By,]] = —dHs-a,
and
[E_s, Ey,] = pEy, s = pEa—g
with p = £1. Thus
[Eﬁa E*a] = —pdEg,a
and hence, by applying the conjugation 7,

(615) [E—57 Ea] = pdEa_ﬁ = d[E_5, E%].
Combining (6.14) and (6.15), we see that both dE_gEs — E_,E_., and dE_gE, —
E_sE.,, arein Ker(p) = H". O

Lemma 6.16. Suppose that a0 € @:, BeQt and B — 6 =a —, is a root. Then
Uocf = U(5f

Proof. By Lemma 6.12,
Usf = EaE-oE, f = dBoE_sEsf = dB;E_sEof = EsE_sE,, f = Usf.

Lemma 6.17. For any o € Q;,, Uaf: Uef
Proof. Take 3 =~;, 6 = a in Lemma 6.16. 4
Lemma 6.18. For any o € Q. and 6 € Q,, Uaf: U(;f.

Proof. In light of lemmas 6.16 and 6.17 we need to show that, given a € @, and
0 € Q,, there is a § € Q; such that

f—d=a—v€Aorf—-0=a— €A.

If § —a € A, then § — a ~ —v;/2, and hence it is an element of C;. Then
f=0—a+v€Q;,s00—06=a—" €A.

Ifd—a¢ A, then a and ¢§ are strongly orthogonal, and we can find a maximal set
I of strongly orthogonal roots containing this pair. Since v,(H,) = a(H,,) =1 and
v (Hs) = 6(H.,,) = 1, we must have 7, ~p (o +9)/2. Then 3 = o+ —~, is a root,
and f—d=a—, € A. O

Thus we have shown that Uaf has a common value in the sets @, @, and hence:

Proposition 6.19. Uaf has the same value for every a in @vr

Combining all four cases, we now have the following consequence of Theorem 6.9:
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Theorem 6.20. Let G/K be a Hermitian symmetric non-tube space and let f be a
Poisson-Szego integral annihilated by the £ & H system. Then

BV(f) = (Ey, BB, +c Y EoE_oE,)f =0,
ae@r

with ¢ greater than 1.

7. THE L & H® SYSTEM ON SIEGEL DOMAINS

Our proof of Theorem 5.3 in Section 8 uses the operators £, Ay, Ay and BV
together with some Fourier analysis on the group S. Therefore, we are going to
transfer these operators to S and make them act on corresponding functions there.

The scheme is as follows. Given a function f on D and a function f(g) = f(g - 0)
on G, we choose coordinates z = Y z,F, in py to express £, Ay, Ay, BV in partial
derivatives (see (7.10)).

Let U be one of operators £, Ay, Ag, BV and U the corresponding right-hand side
operator in (7.10). Since U is left-invariant on G we have

U(f 0 g)(0) = Uf(9).
Next we need to have (7.10), but on “D for the function
(7.1) “fla)=fc"-2).

For that we compute the differential of the Cayley transform ¢, we choose convenient
coordinates (7.11) in p, and we write U f(e) as in (7.12) i.e.

Ufle) = (U f)(c-o),

there U denotes the corresponding operator on the right-hand side of (7.12).
Finally, we extend “U by S-invariance

(Uf)(s) =2 U - 5)(c-0),

where
(7.2) “f(s) = f(s+(c-0)).

Then, by invariance, ﬁf: 0 implies CUCf: 0. Then £, Ay, Ay, BV are written in
Theorem 7.24 in terms of some basic building blocks A(W, Z), as explained in (7.13).

7.1. Operators on the domain D. All our operators are sums of elements hav-
ing the form EaE_aE%and EoE,. In D C p, let us introduce complex coordinates
{za}aco+ (we shall denote z, = x, + 1y,) corresponding to the root space decompo-
sition z =Y z,F,. Then we prove:
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Theorem 7.3. Let f be a function on D, then

(7.4) EyEof(e) = 0.,0:,f(0),
(7.5) EoEoE,, fle) = 0.,0:,0., f(o).

Notice first that for right K-invariant functions f € C%(G):

EoEof =(X2+Y2)F,

B BB, f=E, E.FE.f= (X, X2+ X, Y2—i(Y, X2+ Y, Y))].
To prove the above theorem we need to understand better the action of the group G on
the domain D. It is known ([K]) that for the case of D = SU(n,m)/S(U(n) x U(m))
and py = M,
(7.7) g-0=BD"

where g = ( é g ) € SU(n,m). Using this formula we shall be able to compute

(7.6)

the action of some elements of G on D = GG/ K in the general case.
Lemma 7.8 ([H1],[KW]). Let a € QT, then

exptX, -0 = tanh(t)E,, exprX, - tE, = Lohlnisinh()

cosh(r)+tsinh(r) &

. t cosh(r)+isinh(r
exptY, -0 = itanh(t)E,, exprY, -tE, = %E}X

Proof. The algebra spanned by E,, E,, H, is isomorphic with s[(2,C) = su(1,1).
By j~! we shall denote the isomorphism:

Py =r=(3 ) w0 =m=(09) e =n=(} 2)

which extends to an isomorphism j of exp Lie(E,, E., H,) and SL(2,C). Moreover,
j commutes with taking the P* component in both G¢ and SL(2,C):

pioj=jops.
Therefore, by (7.7):

B _ : .~ [ cosh(t) sinh(t)
exptXy-0 = p+(eXtha)—p+0J(eXth)—10p+(< sinh() cosh(t) )

= olog( é tanil(t) ) = tanh(t)E,,

L~ cosh(r) tcosh(r) -+ sinh(r
exprXo B = pilexprXoexptk) = Op+(< sinh((r)> cosh(7g) )—i- tsinhEr% ))

= j ) log cosh(r)+t sinh(r) _ tCOSh(T) -+ S%nh(r) 5
0 1 cosh(r) + tsinh(r)

In the same way we prove the two remaining formulas. 0
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Using Lemma 7.8 we conclude:

Xaf(e) =03, f(o), Y3 f(e) = 0, (o),

Xof(e) = 0, f(0) — 204, f (o), Y f(e) = 0, f(0) — 20y, f(0),

XoYif(e) = 00,0, f(0) +20,,f(0), YoXZf(e) = 0,,0;, f(0) +20,,f(o),

which by (7.6) proves (7.4) and (7.5) for a = ~,.. To cope with the general version of
equation (7.5) we need a stronger version of Lemma 7.8:

Lemma 7.9. If a € Q, U, Qir then

t
expsX, -tE, = cosh(s) E, + tanh(s)E,,,

t .
expsY,, -tE, = cosh(s) E, + tanh(s)(1E., ).

Proof. Put # = a — 7,, then by the Restricted Roots Theorem [ is a root and we
may assume

Eﬁ = [EOC,E_,YT],
E—ﬂ = [E'Yr’ E—a]v
Hg = [Eﬂ, E,/@] =H, — H%.

The vectors E,, Eg, B, ,E_o,E_3,E_, ,H,, Hz span a subalgebra of gc isomorphic
with s((3,C) = su(2,1)%:

010 001
i Es)=E;=| 000 |,j Y E)=E=|000],
00 0 00 0
00 0
JNE)=E3=|0 01
00 0
Applying (7.7) we obtain
1 0 t

expsX,, -tE, = pioj(expsXsexptEy) =jopy | 0 cosh(s) sinh(s)
0 sinh(s) cosh(s)

Lo COS;L(S) t
= jolog| 0 1 tanh(s = ————FE, + tanh(s)E,,,
00 1( ) cosh(s) B
1 0 t
expsY, -tE, = jopy | O cosh(s) isinh(s)
0 —isinh(s) cosh(s)
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= B+ tanh(s)(E,).

cosh(s)
O
By Lemma 7.9:
X, X2f(e) = 0, 02, f(0). X, Y2[(e) = 0:,, 3, [(0).
Y, X2f(e) = 0,, 82 f(0), Y, Y2f(e) =0, 32 f(o),
which finishes the proof of Theorem 7.3. U

Having this result it is easy to write our operators on the domain at the point o:

£f(e) = (> 0..0:.)1(0)

ac@t

Afle)= (Y 005+ a0y 0.0 fo),

ag ZQz ~yel
(7.10) B
Bofle)= (D cadnds, =005, ) flo),
a€QrU »;Qir
vi<€) = <Cl Z azaazaaz’w —I— aZ’Yr &Z’Y'r aZ’YT)‘f(O)'
a€QrU Z‘Qir

7.2. The Cayley transform. In order to write down the above operators on S, we
compute the differential of ¢. We shall use the formula given by [S], Lemma I1.5.3,
which says that the Jacobian of the mapping z + ¢ - z at the point o is given by

Jac(o — c-0) = Ad ck|p+,

where cx denotes the K€ component of ¢ in the decomposition PT™K°P~. By [KW],
Lemma 3.5:

2
CK = exp (— Z logcosh(%z’) : H%.) = H exp <—log\/7_ : H%) :

1<i<r 1<i<r
Hence the vectors E, are eigenvectors of Ad(cy):

2E,, forael,
Ach(Ea) = 2EO¢7 for o € QZ])
V2E,, forae Qj.
Therefore, to have the operators on “D it is enough to multiply all terms by appro-
priate constants. But it will be more convenient for us to write the result using the

basis (3.16):
v=utit =Y vX;+ Z: Voo + Z vt XE.

ac  Q;
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We assume below that G/ K is of non-tube type (for tube spaces using similar methods
we get the same values of °L and °A;). Then it is known that o # a for a € Q5.
By (3.16):

(7.11) N , £ )
Ta = —E(U +1.), Ve E(U — 1)
therefore
0:.0, “flc-0) = (9, +0,,) “flc-o)
= (500 — 020 + 5 (03 + 1)) “Flc-0),
0:40:, “f(c-0) = (5000 +05) + 50 — ) “f(c- ),
(8;;&62&“‘825(%3)0]0(0 0) = (0005 +0,2052) “f(c-0).

Finally for any Hermitian symmetric space G/K:

£ie)=4( Y 0udh, + Z: avkaHZavj ) “fe-o),

ac Qz

_4< > Ua+c026 ) . 0),

ac Qs

(7.12)

and for G/K being of non-tube type:
BVJ(e) = <01 (Y 0,.05.0,, + Z D, O Oy )+awa%raw)cﬂc.o),

QGQT aE

i Qir
2ofle) = 4( Y cadunth, + ) (CaDzu s, + CalgD,) = 3,000, ) “f (- 0),
OéEQr ac air

where in the last operator it is more convenient not to change coordinates for oo € Q..

7.3. S-invariant operators on Siegel domains. Now we extend the above oper-
ators by S-invariance. Let W and Z be S-invariant holomorphic vector fields which
agree with 9, and 0, at 0. We have to find S-invariant operators on ‘D, A(W, Z)
and D(W, Z), such that:

AW, Z) °f(e) = 90z f(c-o0),
DW,Z) °f(e) = 0uOx0. f(c-0)
for any function “f on “D.
The operators A(W, Z) are explicitly computed in [DHMP]:
(7.13) AW, 2)=WZ —~VwZ =2ZW — VzW



SYSTEMS ON HERMITIAN SYMMETRIC SPACES 33

where V denotes the Riemannian connection on S. A(Z,Z) is a real, second or-
der, elliptic degenerate operator which annihilates holomorphic (consequently pluri-
harmonic) functions. Moreover any left-invariant operator with the above proper-
ties is a linear combination of A(W, Z)’s. To simplify our notation we shall denote
A(Z,Z) by Agz. In view of (3.18)

and for o € Q,,

Ay, °fle) =0.,0=, f(c-o)
Aw, Fle) =0.,0s, f(c-o),
where
1
Woc = = (Xcly - Ya?) _Z(Xo% +Yal) ;
(7.14) \/5{ |

It remains to calculate the operators D(W, Z,.).

Theorem 7.15. Let W be one of the holomorphic vector fields Za,Zg,Zr, for
o€ Qmﬁ < Uz@zr then

DW,Z.) =WAW, Z,) —icwAy,
with a positive constant cyy .

Proof. We begin the proof with some general observations. Given any coordinates
{w;} in “D, take W,, to be the S-invariant holomorphic vector field such that:

(7.16) Wyg(c-0) = 0y, 9(c- o),
then W, can be written in the form

Wag() = 3 h2(2)0ug(2)

and of course by (7.16)
hi(c-o0) = 6.
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Let us write the building blocks A(W,, W,) in these coordinates.

AW, W,) W, W, — Vi W,
= (D M), th Zh” 2V om, th
— Zh? V1 (2) 0,00, + > h(2)0m, 1% (2) O,
ij
N Z hi (2 a@zhg Ow; — Z%h?(z)vamawj
ij
- Z hp hq 8628“’]
Since

W AW, Wi)g(c - 0) = W, Zhﬂ—h"? 2)0,0u, ) g(c - 0)

Zh" V¥ (2)0n, O, 0, +Zaw RFRY)(2)0%,00,) g(c - 0)

= 0,0, 0,9(c - 0) + Y _ O, (RFRE) (¢ - 005,00, 9(c - 0),

1,J
we see that
(7.17) D(W,,, Wy) = W, AW, Wy) — Zawn (hhy) (c- o) AW, W),
Thus we need to compute:
npk _ n k n k
(7.18) O, (R} hj)(c - 0) = (O, h")(c- o)hj (c-0)+ hc- 0)(8wnhj)(c - 0)

and to do it, we are going to use the action of the W;’s on “D.

Taking g(z) = z; we get
Wig(z Z hE(2)0w,9(2) = h;“(z)
For z=s-(c-0):
1 :
hi(z) = Wigls) = 5(Xi —iYi)g(s)

1 )
= B} (atg(s exp tXy)|i=o — i0,9(s exp tYy) |t=0>
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(To simplify the notation we write g(s) instead of g(s - 0) identifying the function on
S with that on °D.) Furthermore,

Wn, 7

Do HE(c - 0) =Wl (c - 0) = %(xn YR e o)

1 .
=3 (Eth(eXp $Xn)|s=0 — z@shf(exp sYy) \8:0>

7.19 1
(7.19) :1—188815 <(g(exp sXn exp tXy) — glexp sY, exptY}))
— i(g(exp sX, exptYy) + g(exp sY; exp th))> |ti8
and
8wnh?(c ’ O) :awnh?(c ’ 0)
1
=-—0,0;| (glexp s X, exptX,) + g(exp sY, exptY,
(7.20) 4 f<(9( p ptX,) + glexp ptYy))

+ i(g(exp sX, exptY,) — glexp sY, exp tXn))> ‘tig

From now we shall use the standard notation (3.13) of Siegel domains. To prove the
theorem we need to consider W,, = X —iY € {Z,, 2% Z,} and W), = Z, = X, — iY,.
Let us also recall the action of the group S on the domain “D:

(7.21) ((¢.x)s) - (w,2) = (C + o(s)w,x + sz + 2iP(0(s)w, () +i®(C, (),
where o is a representation of Nog:

o NoA> s o(s) € GL(Z).

Observe that (7.21) implies:

0509(exp s X exp tXT)’ﬁi% = 0,
050:g(exp s X exp tH”>|§§8 = 0,
which simplifies (7.19) and (7.20). Furthermore
(7.22) 0s0rg(exp sY exptX,) |§§8 and  0s0;g(exp sY exptH,) |§§8

are nonzero only for Y = H,.. Thus for W,, € {Z,, Z¥} the formula (7.18) reduces to:
(7.187) Ou, (i (2)h;(2))(c - 0) = (Ou, h7)(c - 0).

while for W,, = Z,. (8.12) becomes

(7.187) 0., (i (2)h%(2))(c - 0) = (0., h] + 0., h)(c- o).

Zr'% Zr'%y
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Now we are going to calculate (7.18") and (7.18").
Case I. W,, = Z,. Then exptX, € V,,, exptH, € a,. Notice that in (7.19) the
values 050;9 are nonzero only if ¢((¢, 2)) = z.. Then

0s0,9(exp sH, exptX, - (c- O))|tf8 = 0s0ig9(exp sH, - exptX, + iexp SHT>|ti(()) =1,
0s0vg(exp sH, exptH, - (c- o))\tig = 0s0i9(iexp(s + t)Hr)!tfg =q,
and we get
0.,hl(0) = —2i.
Similarly using (7.20) we obtain:
0., hr(0) = —2i.

Hence by (7.18”) o
0. (hy(2)hy(2))(c - 0) = —4i.
Case II. W, = Z§ for a € @jr. Let x; = exp tXéf then x; € Vj,. To describe the

action of y, = exp tY,* = exp(2z,0c;) we need a Jordan algebra lemma ([FK], Lemma
VI.3.1):

Lemma 7.23. Take z € V and decompose z = z; + Z1+ 20 into its Peirce decompo-
sition with respect to ¢;. Then for a = exp(2z:0c;)z, we have:
ar = Z1;,
= 2L(x)z + 21,
ap = 2L(e —¢;)L(x4)*z + 2L(e — cj)L(xt)z% + 2o0. O
We shall also use a key fact: Vj; - Vi; C Vi; +V;;. We have:
ys(x) = 2 + 2L(e — ¢;) L(xs) (2y) = 2y + CstX,, C #0.
Therefore,
050,g(exp sY exp tX) |§§8 =C
for g(C, z) = 2, and it is zero for other variables. We have
yi-e = e+ 2L(x;)c; + 2L(e — ¢j) L(x)?c;
= e+x+ L(e —¢j)L(zy)xy
To calculate
0s0,g(exp sY exp tY)| t=0

we need to know only the term with st in y, - (y; - €). Therefore it is enough to
calculate

ys - (e+ ) =e+xs+ L(e — ¢j)L(zs)xs + 2 + 2L(e — ¢;) L(x5) 2.
Only the last term matters, it is equal 1C'st X, and so
050:g(exp sY exptY)|i=o = —iC.

[e]e)
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Finally the only nonzero term in (7.18’) is

0.k hi* (0) = —2iC.

CaSE II1. W, = 2, for a € Q,. Then exptX = exptX, = tXa, (X, X)) = OX,
and for g((¢,2)) = 2,

050;g(exp s X exp tX)|tfg = 050.2sti®(x, x) = —2iC.

By analogy, for exptY = expt), = itX,:

050:g(exp sY exptY) |tf(()) = —2iC,
050,g(exp sX exptY) |tf% = —2C,
050:g(exp sY exptX) |tf% = 2C.

Thus

0., he (o) = =8iC.

Now we are ready to transfer operators £, Ay, Ay, BV to S:
Theorem 7.24. The images of operators L, Ay, Ay and BV are respectively:

L = Z AZQ-I—Z:AZZ--F&;)”AZQ,

ac Q;
‘A = Az, +co Z Az,
Q;Qi 7
cAQ = Z CaAZa + Z (CaAWa + CeAWe) - CT‘AZr7
OCEQT ac iair
BV — A( 3 Z.A(ZaZ) + Z ZQA(Z{;,ZT)) + Z,A, —iBA,,
acQr (1S j@jr

where W, Wa are as in (7.14), co, ca, ¢, B are strictly positive constants and
A>1.

One can simplify the operator *BV. For that we use the following formula for the
Bergmann connection

Vw2 = mq([W, Z]),

(see e.g. [BBDHPT]) where W, Z are holomorphic vectors fields and 7y denotes the
projection onto the space of holomorphic vectors fields. Then for Z € {Z,, Z*} we
have

1 1
ViZr = TQlX Y. X, —iHl,] = Smq(iX —Y) = 5mo(i(X —i¥)) = 0
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which by (7.13) implies

Furthermore applying
77 = (X —iV)(X +iY) = X?+Y? +i[X,Y] = X* + Y —iX,,

we obtain

BY =A( X (R + 00+ X (X024 0) %
(7.25) acQs ac”; Qi
— kAiX, Z, + Z,Ay —iBAy

for k = q1 + (r — 1)qa. (Recall that ¢; denotes the cardinality of the sets @; and g
the cardinality of the Q;;’s.)
Similarly, we rewrite °A,. If a € @), then

(7.26) Yo, X3 = X

when €1 = e9 and [YS', X2?] = 0 when &; # €5. Now using (7.13) and (7.26) we
calculate

Ay = X?+H?-H,
Aw, = SXL =Y+ SRV - H,
Aw, = S(XL4Y2? 4 (XI-Y) - H,
Az, = XI+Vi-H,
and so
(7.27)
Bo=A(—e X+ -H)+ Y alg(Xh- YD+ S (X2 VI - Hy)
[e1S iQir
D DAL R R SRR A AR SENCCRR R 5)
ac ;Qyy a€Qr

8. PROOF OF THE MAIN THEOREM

We turn now to the proof of Theorem 5.3. Our proof will depend on whether or
not G/K is of tube type. The first step, given by Proposition 8.1, applies to both
cases.
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8.1. Poisson-Szego integrals. We will show that bounded £ & Hharmonic func-
tions are Poisson-Szego integrals. In fact, we have the following.

Proposition 8.1. Let F' be a bounded function on S annihilated by L and “A;.
Then F' is the Poisson-Szegd integral of a function f € L>®°(N(®P)).

Proof. The first part of this proof closely follows that for Proposition 3.3 in [BBDHPT].
Since °LF = 0, F' can be written as the Poisson integral of a function f over
N = N(®)N,. As in [BBDHPT] we can assume that f is continuous. We will prove
below that y — f(y) is constant on Ny. It then follows that F'is the Poisson-Szego
integral of f = ﬂN(q)) over N(®), completing the proof.

Let
H = Z H;
J
and set
Fi(g) = F(exp(tH)g)

for g € S. By Formula (37) in [BBDHPT|, Fyy = lim;_,_., F; exists and is given by
the formula

(8.2) Fp(wya) = . Flyaua™) ( /N . ﬁg(vu)dv> du

where w,v € N(®), y,u € Ny, a € ﬁ, and ﬁg denotes the Poisson kernel for “£ on
N = N(®)Ny.

The operators “L and “A; act from the right and annihilate F'. So “‘LF; =0 =
°AF; and hence

(8.3) ‘LFy = 0,
(8.4) ‘AiFy = 0.

Moreover, as in Lemma 3.4 in [BBDHPT], one can use (8.2) to show that ¢t +—
Fy(wyaexp(tH)) is constant and hence

(8.5) HFy = 0.

Equation (8.2) shows that Fy(wya) = Fg(ya), independent of w € N(®). Substi-
tuting the expressions

Ay =X+ H?—H;, Az, =X>+Y>—H, (0 €Q)

into the formula for “A; in Proposition 7.24 and noting that X;, X,, ), belong to
the Lie algebra Z @V for N(®), we see that

‘A Fu(ya) = (Co Y H—(eo+a) ZIL) Fu(ya)

where ¢; is the common cardinality of the sets @;. Now using (8.4) and (8.5), we
conclude that Fy(ya) is annihilated by the Laplace-Beltrami operator > H? for the
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abelian group A As F m is bounded, Fpy(ya) can not depend on a € A. We have
shown Fpy(wya) = Fy(y) and (8.3) now yields

0= HI+> (Y=Y aH)Fuly) = (Q_(Y)) Fuly).

So Fp(y) is annihilated by a left-invariant second order elliptic differential operator
on the nilpotent group Ny. Thus Fp(y) is a constant function. Now from (8.2) we

conclude that f(y) is also constant on Nj. O

8.2. Proof of Theorem 5.3 for tube domains. Let G/K be of tube type and F
be a real-valued bounded £ & H°-harmonic function on G/K. Proposition 8.1 shows
that F' is a Poisson-Szego integral. The Johnson-Koranyi Theorem 5.1 implies that
Fis H-harmonic. So F is in fact annihilated by all of H' & L ® H® = p, ® p_. This
means [ is pluriharmonic.

8.3. Proof of Theorem 5.3 in the non-tube case. The Hua system does not
annihilate the Poisson-Szego kernel on a non-tube domain, so Poisson-Szeg6 integrals
need not be Hua harmonic. Thus we require a different proof for Theorem 5.3 in the
non-tube case.

For the rest of this section we assume G/K to be of non-tube type. As above,

F' denotes a real-valued bounded £ @ H°harmonic function on G/K and °F, g3
are as in (7.1) and (7.2) . We note the following consequence of Theorem 6.20 and
Proposition 8.1.

Corollary 8.6. BV (°F) = 0.

Our proof will make use of the operators BV, “A, and a characterization of
bounded pluriharmonic functions on Siegel domains from [BDH]. It is shown in

[BDH] that F' is pluriharmonic if and only if “F' is annihilated by three operators.
Each of these is a linear combination of building-blocks Az, , Az and Azr. Thus we
have:

Theorem 8.7 ([BDH)]). If a real bounded function °F is annihilated by the operators
Az, (0 €U;Q;), Az 1<i<r) and Ay (o €UQ,;)
then it is pluriharmonic.
Consider the decomposition

(8.8) s=5"'®s,
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where
(02)+(9)(8.)-(om)
(8.9) j<r 1<i<j<r 1<i<j<r 1<j<r
5= Z, & <EB vjr> = <€B njr> ®V,, @ RH,.

1<j<r 1<j<r
s"~! is a subalgebra of s and s, is an ideal. Therefore we can decompose the group
as a semidirect product of a subgroup S”~! and normal subgroup S,,
(8.10) S =9"18,.
Let
(8.11) br=Z, @ (@ V;T) = (@ njr> ®V,, da =RH,,

j<r j<r

so that s, = b, @ a,. Using the bracket relations, one sees that b, is a Heisenberg Lie
algebra of dimension 2k + 1, where, as in formula (7.25), k = ¢; + (r — 1)go. Here

Z, hasbasis {X,,V, : a€Q.,},
®j<rVjr hasbasis {X) X2 : a€Uj.Qj},
@®j<rnj, has basis {V!.Y? : a€U;.,Qj}
and V,, = RX, is the center of h,.. The basis
Xo Vo, XEVE X, H,, a€Q U Q)

for s, is orthonormal with respect to the Riemannian form g, on S,.. The complex
structure J on s restricts to yield a complex structure on s,:

J(X,)=H,, J(H)=-X,
J(XE) =Yr gk =-xk
j(Xa> = you j(ya) = _Xoc-

The operators AZM &ga, &Z’g defined on S, as in (7.13), act from the right and make
perfect sense on both S, and S. Thus for any smooth function g on S we may write:

Az (9+)(s0) = (Az,9)(s'sy),
(8.12) Az, (9+)(s:) = (Az,9)(s's,),

AZ@ (95)(s;) = (AZQQ)(SIST)'
where s’ € S™71, s, € S, and gy (s,) = g(s's,). Likewise, Equations (7.25) and (7.27)
show that BV and “A; can be applied to functions on ;.. As BV and A, annihilate
°F we have

(8.13) CBVE(Fy) = “Ny*(Fy) = 0.
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Theorem 8.18, proved below, shows that (8.13) implies °F is a pluriharmonic
function on S,. Hence

Az (Fy) = Az, (Fy) = Ay (“Fy) = O for all a € @y, B € | JQ;

and by (8.12)
(8.14) Az (°F) =Dz, (F) = Ay (‘F) =0 foralla € Q, €| Qs

Thus the function ¢F on ¢D satisfies
(8.15) Oy, 05, F(c-0) = 81)15(95;50}7(0 c0)=0, forae{}UQ,,p € U@i“

where, as before, v,, vg denote coordinates on “D with respect to basis (3.18). Notice
that our considerations do not depend on the order of the roots in I', hence the role
of all v;’s is equivalent as far as the conclusion is made on the domain “D not on
the group S. In particular, we may interchange v, with 7, and so obtain (8.15) for
ae{ytuQ;,pely, @” But now we may apply S-invariance (with respect to the
group S defined by the original ordering) and conclude that all building blocks Az,

Az,, Az annihilate ¢F. This shows that F is pluriharmonic, in view of Theorem
8.7.

8.4. Rank one analysis. The group S, in (8.10) can be identified with the semidi-
rect product

S(] - HkAQ
of the Heisenberg group H*¥ = CF x R with Ay = R* acting via dilations. The
solvable group Sy arises in connection with the rank one Hermitian symmetric space
G/K = SU(1,k)/S(U(1)xU(k)), whose bounded realization Dy is biholomorphically
equivalent to the unit ball in C¥*1. S is identified with the classical Siegel domain

1
“Dy = {(2,2111) € CF x C: Szpy1 > ZMQ}

We write points s € S; as

5= ((C,U),CL) = (((Cl S 7<k)>u)7a)7 (CJ = Z; + Zyj € (C,’LL € R,CL € RJr)
and denote by X;, V;, T the left-invariant fields on H*, which at e agree respectively
with Oy, 9y,, 0y. Then the operators &;, V;, T', H given by

X; = VaX,,
(8.16) Vi = Vayi,
T =aT,

H =a0,,
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are left-invariant on the group Sy, and form a basis of the Lie algebra sy of Sy. The
elements X, and H, of s, correspond to T and H respectively. X, fj’s and X,’s in s,
correspond to the 5('}-’8 in 5o and the Y*’s, V,’s correspond to the YV;’s. Let £ = (r—1)q¢,
and order the bases for 5, and s so that the X}’s and Y’s (a € |J; Q,,) correspond
with Xy, ..., X and Y1, . .., Vs respectively. The elements X, V. (o € Q) correspond
to X;, V; with £ < j < k.

Recall that the operators BV and “A,; on S are now regarded as living on the

subgroup S,.. Identifying S, with Sy as described above and working with equations
(7.25) and (7.27) we obtain the following expressions in the notation of (8.16).

‘BV =AaLpZ — ikATZ + ZAy; — iBAy,
“Dy=a Y <52j+1((X2j+1 = Vaji2)” + (Xajra + Vojin)’)

0<j<l
(817) 2 2
+ bojro((Xojr1 + Vojy2)” + (Xojya — Vajrr) ))
+a Y bi((X%)*+(3)°) = CH — (T + H?),
20<j<k
where

Z=T—iH, Az=T+H*~H, Lg= Y ((X)?*+ ).
1<j<n
To complete the proof of Theorem 5.3 in the non-tube case, it remains to establish
the following result.

Theorem 8.18. Let F' be a real bounded function on Sy annihilated by two operators:
°BV and °Ay. Then F is pluriharmonic.

Observe that F' is a real function while “BV is a complex operator. Therefore F

is annihilated by two real operators:
5.19) U =AaLgT — kATH + T(T? + H® — H),
' V =AaLpH + kAT? + H(T? + H?> — H) + B(T? + H? — H),

A>1,B>0.
Let ¢ be a Schwartz function on R whose Fourier transform satisfies

sy 1 for [N <1,
o) = { 0 for |A] > 2.

goee
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convolving in the central direction in H* the limit
lim ¢, g F((¢,z)a)

exists for every ¢ € C*, a € Ay and does not depend on the central variable 2. Denote
this limit by G((,a), then G is annihilated by the same operators as F: U, V,“A,.

Lemma 8.20. The function G(C,a) is constant.

Proof. Let G(¢,a) = HG(C,a) = (ad,)G(C,a), then by Harnack’s inequality the
function G is bounded and by (8.19)

VG = (AaLp 4+ H*> + (B —1)H — B)G(¢,a) = 0.

This equation implies that G =0. Indeed, let u; be the semigroup of measures with
infinitesimal generator AaLp + H? + (B —1)H. Then AaLp + H*>+ (B—1)H — B

generates the semigroup e By, and so G * e Py, = G. Now letting t — oo we

see that G vanishes, G does not depend on a and so it is a function on R?* = C*
annihilated by the elliptic operator (compare (8.17)):

( Z <b2j+1((aﬂﬁ2j+1 - ay2j+2)2 + (8352j+2 + ay2j+1>2)

0<j<l
+ b2j+2((aﬂﬁ2j+1 + ay2j+2)2 + <a$2j+2 - ay2j+1)2)) + Z b](agj + agi)) G('r? y) = 07
2<j<k

Taking the Fourier transform of both sides (in the distribution sense) we get

( > <b2j+1((772j+1 — &9j42)% + (Mjgz + &241)%)

0<j<l
+ boja((M2jr1 + Eajr2)” + (M2ji2 — §2j+1)2)> + > b+ f?)) G(n,€) =0,
2<j<k
which implies
suppG C {0}.
Boundedness of G forces it to be constant. U

We remark that the only use of the operator A, appears above in the proof of
Lemma 8.20. In summary, we have proved the following.

Theorem 8.21. Assume that F' satisfies the assumptions of Theorem 8.18. Denote
by F(C, A\, a) the distributional partial Fourier transform of F along the center of HF.
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Let
77n<x> = knﬁb(knx) - kn¢(k;1x)v
Fn((v'xa CL) = Tn *R F(waa CL).
Then
suppFn(-,°,) CC" x {AeR: k' <|\ < 2k,} xRT,

F, is annihilated by U and V' and there is a constant ¢ such that the sequence F,
tends to F' + c.

As a corollary, we see that to justify Theorem 8.18 it is enough to justify it for
functions satisfying

(8.22) suppF(-,5,-) CC"x {A€R: e <|)\ <e '} xRY,

Writing the operator U on the partial Fourier transform side and using the above
assumptions one can easily prove that such F'is annihilated by

(8.23) Uy = AaLp — kAH + T® + H> — H,

which is a second order elliptic operator. Therefore by [DH], [R] the function F' may
be written as

F((¢ x)a) = f e Pa(C, x)
for the Poisson kernel P, determined by U and f € L>(H¥). Furthermore

lim F((¢, x)a) = f(C, z)
in the *weak sense.

Proposition 8.24. The boundary value f of F satisfies the following differential
equation:

(L5 + k*07) f(¢,2) =0
Proof. In the proof we shall use the following simple lemma
Lemma 8.25. Let h € C*(0,00). Assume that

ah'(a) — vh(a) = v(a)

for some v > 0 and

liII(l) v(a) = vy.
Then
lim h(a) = N
a—0 Y '
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Let F(a)(¢,z) = F((¢,z)a) and let ¢ be a test function. The lemma is applied to
h(a) = (OPF(a), ¢), for p=1,2,3. Observe that by (8.23)

(8.26) ad>F(a) — kAO,F(a) = —(ALp + ad?)F(a).
Applying Lemma 8.25 we get
) 1
CILILI(l) O0uF(a) = ELBf.
Differentiating (8.26) along a we obtain:
(8.27) ad?F(a) — (kA —1)0?F(a) = —(ALg0, + 0? + ad?0,)F(a)

and using again Lemma 8.25 we prove

1 A
a2 _ Ao 2
S0k la) = 5 </<;LB +8x)f.
Repeating this procedure one can also show that:

liné O2F (a) exists.
Applying the operator V' we have:

0 = lim (ALBé)a 4 EAD? + ady (92 + 07) + B'(9 + ag))F(a) (B'= B +2)

_ A 2 2 192 A 2 2
- (ELB+/€A8$+B8$+ kA_l(ELwa))f
1

— . / L2

HEAT ((A(kA 1)+ B'A) LY

+(K2A(KA — 1) + B'k(kA — 1) + B'k)ai)f
_ 1 _ N2 2 _ N a2
— —k(kA_l)(A(k;A 1+ B')L2 + K2A(kA 1+B)8m)f
= O(Ly + K0 f.

Lemma 8.28. There is an &' such that for every ¢ € C"
suppj?g()\) c{e <\ <&
Proof. Let € be as in 8.22. Taking ¢ € S(R) such that:

1 fore< N <e
¢(V) —{ 0 for |\ € (0,2) U (2,00),

with € as in (8.22), we obtain F' = ¢ *g F'. Thus
(f —o*r f) *mr Ps = F(s) — xR F(s) =0,

but the mapping L®(HF) > g — g #4x Ps € L>®(Sp) is injective ([DH]), therefore
f = ¢ #*r [, establishing the lemma with &' = /2. O
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Now we are in the situation described in [B] (see also [BBDHJ]), where the following
was proved:

Theorem 8.29 ([B]). Let f € L>®(H*) be a boundary value of a real bounded function
FonSye.:

Assume:

F((C,a:)a) = f *He PQ(C7:E)'

- suppfe(N) C {e < |\ < &'} for every ¢ € Ck.

Then F' s pluriharmonic.

[BV]
[BBDHJ|

[BBDHPT]

[DHMP]

[Hual
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