RATIONALITY OF THE GENERALIZED BINOMIAL
COEFFICIENTS FOR A MULTIPLICITY FREE ACTION

CHAL BENSON AND GAIL RATCLIFF

ABSTRACT. Let V be a finite dimensional Hermitian vector space and K be a com-
pact Lie subgroup of U (V') for which the representation of K on C[V] is multiplicity
free. One obtains a canonical basis {p, } for the space C[Vi]¥ of K-invariant polyno-
mials on Vg and also a basis {g, } via orthogonalization of the p,’s. The polynomial
Pa yields the homogeneous component of highest degree in g,. The coefficients that
express the g,’s in terms of the pg’s are the generalized binomial coefficients of Yan.
The main result in this paper shows that these numbers are rational.
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1. INTRODUCTION

Throughout this paper, V' denotes a finite dimensional complex vector space with
Hermitian inner product (-, -) and norm |-|. K denotes a compact Lie group which acts
linearly and unitarily on V. We write kz for the action of k € K on a vector z € V.
The associated representation of K on the space C[V] of holomorphic polynomials on
V is given by the formula (k- p)(z) = p(k~'2). The action of K on V is said to be a
(linear) multiplicity free action when this representation of K on C[V] is multiplicity
free. That is, no irreducible representation of K occurs more than once in C[V]. We
assume the action of K on V is multiplicity free throughout this paper. As shown
in Proposition 2.2 of [BJLR97], it follows that the action of the identity component
of K on V is also multiplicity free. Thus we can assume that K is connected. The
multiplicity free actions have been completely classified (see [Kac80, BR96, Lea98]).
We make use of this classification below in Section 4 of this paper.
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2 C. BENSON AND G. RATCLIFF

We write the decomposition of C[V] into K-irreducible subspaces as

(1.1) CvV] =) _P.

aEA

Here A denotes a countably infinite index set. In Section 2 below, we specify A con-
cretely as a set of highest weights. Decomposition 1.1 is canonical because the action
of K is multiplicity free. The subspace P,,,(V) C C[V] of homogeneous polynomials
of degree m is K-invariant. Thus each irreducible P, is contained in some P,,(V).
We write || for the degree of homogeneity of P,, so that P, C P (V).

There are no non-constant K-invariant polynomials in C[V]. Indeed, the trivial
representation of K occurs only once in C[V]. There are, however, non-constant
K-invariant polynomials on the underlying real space Vg for V. These are non-
holomorphic. The algebra C[Vg]® of such invariant polynomials has a natural vector
space basis. To describe this, we introduce the Fock (or Fischer) inner product given

on both C[V] and C[Vg] by

(12) (F.9), ()/f e 2,

Here n = dimc(V) and ‘dz’ denotes Lebesgue measure on Vg = R**. For o € A let

d, = dim(FP,), choose an orthonormal basis {v,va, ..., v, } for P,, and set
1 &

(1.3 palz) = 7 D ()
a5

It is not difficult to see that this definition of the p,’s does not depend on the choice
of orthonormal basis for P, and that {p, | @ € A} is a basis for the vector space
C[Vr]¥. (See [BJR92, Proposition 3.9].)

One obtains a second basis for C[Vg]¥ by orthogonalization of the p,’s. More
precisely, we

1. choose any ordering on the set of indices A that ensures « precedes 3 if |a| < |5,

2. use the Fock inner product and this ordering to perform Gram-Schmidt orthog-
onalization on the sequence {p, | @ € A}, and

3. normalize the resulting polynomials ¢, so that ¢,(0) = 1.

Proposition 4.2 in [BJR92| shows that the resulting basis {¢, | @ € A} does not
depend on the ordering chosen for the indices {« € A | |a] = m} that arise from
the decomposition of P,,(V), m € Z,. Our proof of this fact in [BJR92] involves
the representation theory of the Heisenberg group. We can suppress the Heisenberg
group and outline the key ideas as follows. For z € V and f € C[V] let 7(2)f be the
function on V given as

m(2)f(w) = e @AV (w 4 2)
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and define functions ¢, via
da
(14) Qa(z) = d_ Z(W(Z)Uj7vj>f‘

It is shown in [BJR92| that

1. g4 is a well defined K-invariant polynomial on Vg with ¢,(0) = 1,
2. the q,’s are pair-wise orthogonal with respect to the Fock inner product, and
3. the homogeneous component of highest degree in g, is (—1)p,.

It follows from these facts that if one chooses any ordering for A as above then
orthogonalization yields the polynomials ¢, given by equation (1.4).

We now have two canonical bases {p, | @ € A} and {q, | @ € A} for C[Vg]¥. The
Po’s are homogeneous (of degree 2|a|) and the ¢,’s are orthogonal. We write the ¢,’s
as linear combinations of the p,’s:

(1.5) o= Y (=D [Z]m-

18I<|e|

Since the p,’s and ¢, ’s are real valued functions, the coefficients m are real. We call
these the generalized binomial coefficients for the multiplicity free action of K on V.
They are defined via equation (1.5) for |3| < |a|. We extend the definition to all of
A x A by setting [g} =0 when || > |a.

The inclusion of the sign ‘(—1)/*l" in equation (1.5) is motivated by the fact that
(=1)l*lp, is the homogeneous component of highest degree in ¢,. Thus [¢] = 1 and
[g} = 0 for o #  with |a| = |8|. Moreover, Lemma 3.9 in [BR98] shows that, with
this convention, the generalized binomial coefficients are non-negative. The main
result in this paper asserts that these are, moreover, rational numbers.

Theorem 1.1. [g} s a non-negative rational number for all o, 5 € A.

The generalized binomial coefficients were introduced in the setting of multiplicity
free actions by Yan in his unpublished work [Yan]. The simplest example of a mul-
tiplicity free action is given by the standard action of K = U(n) on V = C". In this
case C[V] decomposes as C[V] = > P,,(V) and one can show (see [Yan| or [BR9S8])
that [Zn] = (Tj”), independent of n. This motivates the terminology. For multiplic-
ity free actions that arise from Hermitian symmetric spaces, Yan has shown that
the generalized binomial coefficients as defined above agree with those introduced
by Herz, Dib and Faraut-Koranyi (see [Dib90, FK94, Yan92]). Our paper [BR9S]
shows that the generalized binomial coefficients appear in the solutions to a variety
of combinatorial and analytic problems that arise in connection with multiplicity
free actions and related Gelfand pairs associated with the Heisenberg group. We
indicate one such interconnection. From pg, one obtains a Wick ordered polynomial
coefficient differential operator ‘pg(z,0/0z)’. This is K-invariant and hence scalar
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on each subspace P,. The eigenvalue for this operator on P, is [g] /(218ldg). This
relates the computation of generalized binomial coefficients to that of eigenvalues for
K-invariant polynomial coefficient differential operators, a problem that has been
studied recently in [0097, 0098, Sah94]. Theorem 1.1 shows that these eigenvalues
are non-negative rational numbers.

The rest of this paper is structured as follows. In Section 2 we show that the basis
{pa | @ € A} contains a canonical subset {v1,...,7,} of ‘fundamental invariants’
that freely generate C[Vg]® as an algebra. We prove that one can replace the p,’s
by polynomials of the form ~{*---~% in the orthogonalization procedure used to
determine the ¢,’s. For this, we need to use a specific refinement of the partial
ordering by degrees that is compatible with the weight ordering used to determine the
fundamental invariants. This is the content of Theorem 2.1 below. In Section 3, we
reduce the proof of Theorem 1.1 to the assertion that one can find some orthonormal
basis for V' so that each fundamental invariant ~; is given by a polynomial with
rational coefficients in the coordinates with respect to the basis. The proof uses
Theorem 2.1 together with some results concerning generalized binomial coefficients
from [BR98|. In Section 4 we complete the proof of Theorem 1.1 by showing the
existence of such a basis. We do this via case-by-case analysis using a classification of
multiplicity free actions and exhibiting rational fundamental highest weight vectors.
This requires rather explicit knowledge of the decomposition for C[V] in each case.
We believe that the details of this case-by-case analysis, which extends work of Howe
and Umeda from [HU91], are of independent interest.

2. FUNDAMENTAL INVARIANTS

Let T be a maximal torus in K and G = K¢, H = T be the complexified groups
with Lie algebras g and b respectively. Choose a positive system AT = AT(g,h)
of roots. We recall that these choices produce a simple ordering on the weights
A € h* = hom(h, C) for any representation of K. We denote this weight ordering by
<. Let A C b* denote the set of highest weights for the irreducible representations
of K which occur in C[V]. Thus A is the index set for Decomposition 1.1, and the
ireducible component P, has highest weight o € A.

If hy, hg € C[V] are a- and (-highest weight vectors, then h,hg is an (a+3)-highest
weight vector and thus A C h* is an additive semigroup. Following [HU91] we call
the primitive elements of A fundamental highest weights. These are the elements of
A that can not be expressed as sums a + 3 with a, 5 € A. We see that if h, is a
prime polynomial then « is a fundamental highest weight. As explained in [HU91],
the converse is also true. The fundamental highest weights are finite in number and
freely generate A. Let

(2.1) {ag, g, ..., a,}
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be the fundamental highest weights listed in increasing order using <. We then have
A={aon+- - +aa |a,...,a. €Z.},

where Z, denotes the non-negative integers. The fundamental highest weights thus
establish a semigroup isomorphism

(ZJr)TgA? (a17"'7a7“> — a1+ apQ.

This correspondence is canonical having chosen the data 7" and A*. We sometimes

write elements @ € A as ‘a = (ay,...,a,) to mean o = ajaq + -+ - a,,. In this
notation we have a; = (1,0,...,0), as = (0,1,0,...,0) and so on.

Definition 2.1. The fundamental invariants i, ... ,7, are defined as ; = p,, where
as above aq, ..., a, € A are the fundamental highest weights.

For o = (ay,...,a,) € A let

Yo = VY2
Note that 7, is K-invariant and homogeneous of degree 2|a| = deg(p,). We know
that the ¢,’s can be obtained by orthogonalization of the p,’s using any ordering
compatible with degree. We show that the ¢,’s can also be obtained by orthogonal-
ization of the ~,’s. For this, we need to use the weight ordering < on A to refine the
partial ordering by degrees.

Theorem 2.1. The polynomials {q, | o € A} are obtained from the polynomials
{Va | @ € A} by using the Fock inner product to perform Gram-Schmidt orthogo-
nalization and normalizing so that q,(0) = 1. Here we impose the ordering < on A
defined by

a <& [(la] <|B]) or (Jo| = 8] and a < F)].

We remark that, from a practical viewpoint, Theorem 2.1 substantially improves
the orthogonalization result discussed above in Section 1. In many examples, it is
much easier to obtain explicit formulae for the fundamental invariants, which are
finite in number, than it is to produce formulae for all of the p,’s. In such cases, the
orthogonalization procedure in Theorem 2.1 is concrete in the sense that the sequence
of ~,’s is explicit. We provide formulae for the fundamental invariants for many of
the examples discussed below in Section 4. In [BJR93], Theorem 2.1 was obtained in
the context of one specific multiplicity free action. This is Example 4.1.2 below.

Proof of Theorem 2.1. Given A € h*, we write W), for the A\-weight space in C[V],
Wy={feC[V]| X -f=AX)f VX € b} in C[V]. Choose a highest weight vector
h; € Py, for each of the fundamental highest weights ..., a,. The h;’s are unique
up to non-zero scalar multiples. We normalize to ensure (hj, h;),. = 1. Since P, is

an orthogonal direct sum of its weight spaces, we can write the fundamental invariant
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Yj = Pa; in the form
1
 da,

J

where r; € ZM% Wy ® Wy. For a = (ay,...,a,) € A we let h, = h{*h3?---ho".
This is a highest weight vector in P,. From (2.2) we see that

1 _
(2.3) Yo = ————halia + Ta,

= —a o
doq o e dgz;‘

(2.2) o hjhg +1;,

where 7, € ), ~a Wi QW,. Similarly, we see that p, can also be written in the form
ba
de

where b, = 1/||ha||? is a positive constant and 7, € >°, W\ ® W,.
Comparing (2.3) and (2.4), we see that

(2.4) Do = —hoha + r,

(25) Pa = CaVa + Sa,

where ¢, is a positive constant and s, € >, Wi ® Wy. As both p, and 7,
are K-invariant, so is s,. Since {p, | @ € A} is a basis for C[Vg]¥, we have that
Se € Span(ps | 5 € A, § < «a). As both p, and 7, are homogeneous of degree 2|a/,
Equation 2.5 also shows that s, is homogeneous of degree 2|al, provided s, # 0.
Thus we must have

Sa € Span(pg | |8 = |a| and 5 < a) C Span(ps | § < a).

This fact together with (2.5) implies that application of Gram-Schmidt orthogonal-
ization to the sequences {p, | @ € A} and {7, | @ € A} ordered via < yields the
same result. Since we know that orthogonalization of the p,’s yields the q,’s, this
completes the proof. O

Remark 2.1. We note that the proof of Theorem 2.1 shows that for fixed m and
a =min{f € A | |5| = m} one has

Pa = CaVa;
where ¢, = (d2 - d% ) /(da]|hal]?)-

3. PROOF OF THEOREM 1.1

Suppose that {ej,...,e,} is an orthonormal basis for the Hermitian vector space
V. We obtain isomorphisms V' = C" and

ClV]=Clz, .-y za), C[WR]=ZClz1,..., 20,21, 24,

where z1,...,z, are the coordinates with respect to the basis. We write Q[V] and
Q[Vg] for the Q-subalgebras of C[V] and C[Vg] that correspond to Q[z1, ..., z,] and

Q[z1,- -1 2n,Z1,- - -, Zn) under these identifications. Our notation conceals the fact
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that Q[V] and Q[Vg] depend on the orthonormal basis used. In Section 4 we prove
the following result.

Lemma 3.1. There is an orthonormal basis for V in which 1, ...,7, € Q[V&].

This result is a key ingredient in our proof of Theorem 1.1. We assume Lemma 3.1
here and complete the proof of Theorem 1.1. Fix an orthonormal basis for V' so that
the fundamental invariants are rational polynomials as in Lemma 3.1.

Next we recall that the monomials z/ := z{'---zi» in C[V] = C[z,...,2,] are
orthogonal with respect to (-, -)]__ and satisfy (zI,z1>}_ = 21 := 20 Fing 1o g L
(See for example [Fol89, Theorem 1.63], although this reference uses a different nor-
malization convention for the Fock inner product.) Thus we also have

(7 Ty { AT+ W T +J =1 +J,
f

2'z0. 2z s
’ 0 otherwise.

In particular, the inner product of any two monomials in C[Vg] is integral. We
conclude immediately that

Lemma 3.2. (f, 9>]_— € Q for any f,g € Q[Vk].
Lemma 3.3. ¢, € Q[Vg] for all o € A.

Proof. We use the ordering specified in Theorem 2.1 to perform Gram-Schmidt or-
thogonalization with the sequence of polynomials {7, | @« € A}. This yields an
(unnormalized) sequence of orthogonal polynomials g, with gy = 1 and

- <'Vaa&,8> -
o = Ya —Zﬁ%
B<a B ﬁf

for « > 0. Here 0 = (0,...,0) € A is the index for which Py = C, the scalar
polynomials. We have that go € Q[Vg]. Assume inductively that o« > 0 and that
qs € Q[Vg] for f < . Lemma 3.1 shows that v, € Q[Vg] and Lemma 3.2 ensures that
the coefficients in the expression for g, are all rational. Thus g, € Q[Vg] for all o € A.
A second induction on « shows that g, (0) € Q. Thus also g, = ¢a/q(0) € Q[Vk]. O

We can now complete the proof of Theorem 1.1 by using some combinatorial iden-
tities from [BR98|. [BRI8, Proposition 3.7] asserts that

EP.S P USRI Sl W

lor|=B8]+1 lorl=8]-1
We know, moreover, that the ¢,’s are orthogonal and the norms are given by (ga, qa)]__ =
1/d,. (See [Yan, BJR98|.) Thus, for |a| = |5] + 1 we have

2|2 1o
g o) =z[i]
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Lemma 3.3 shows that g, and |z|?qs/2 belong to Q[Vk] and hence the left hand side
of the last equation is rational by Lemma 3.2. It follows that [g] € Q whenever
la| = |5] + 1. Suppose more generally that |o| = |3| + k. Equation (3.9) in [BR9S]

s -

where the sum is over all (ey,...,e,_1) with |g;| = |3] 4+ j. Since all the generalized
binomial coefficients appearing on the right hand side of this equation are rational,
we conclude that [g} € Q.

4. CASE-BY-CASE ANALYSIS

In this section we prove Lemma 3.1. This involves case-by-case analysis working
from the classification of multiplicity free actions contained in [BR96]. We begin with
a simple lemma that enables a substantial reduction in the work required for each
case. First note that the concept of multiplicity free action depends only on the image
of K in U(V) under its representation on V. Thus we can regard K as a subgroup
of U(V) acting on V' in the usual fashion. Recall that we use an orthonormal basis
on V to write polynomials in coordinates and identify rational subalgebras Q[V] and
Q[Vk] of C[V] and C[Vg]. Such a basis can also be used to realize U(V') and GL(V)
as the matrix groups U(n) and GL(n,C). The group K and its complexification
G = K¢ become subgroups of GL(n,C) acting on C" in the standard fashion. The
Lie algebra g of G becomes a subalgebra of the Lie algebra gl(n, C) of n x n matrices.
Let go = g N gl(n,Q). This is a Lie algebra over Q. One says that gg is a rational
form for g if g = C ® gg. Equivalently, g has a basis (over C) that is contained in
the subset gg.

Lemma 4.1. Suppose that gq is a rational form for g. Let o € A and suppose that
PoNQ[V] # {0} Then po € Q[Vg].

Proof. Let h € P,NQ[V] with h # 0. Since P, is K-irreducible we have P, = U(g)h.
Thus any basis {fi,..., fm} for P, (m = d,) can be written as

fi = Dih, fo = Dsh, ..., fou = Dnh
for some Dy, ..., Dy, € U(g). Since U(g) = U(C ® gg) = C@U(gg), we can write
Dj = ¢jaDj1+ -+ ¢je; Dy,
for some ¢;1,...,¢jp, € Cand Dj1,...,D;, € U(gg). Thus
P,=C—Span (fi,..., fm)
=C —Span (D 1h,....,Dygh,Dosh,...,Dagh,....Dyih, ..., Dy h)

and we conclude that P, has a basis consisting of vectors of the form D, jh. Let
{g1,.-.,9m} denote such a basis. Since D;; € U(gg) C U(gl(n,Q)) and gl(n,Q)
preserves Q[V] = Qlz1, ..., 2,], we have that g1, ..., g, € Q[V].
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Next we orthogonalize the basis {g1,. .., gn} to obtain a basis {u1, ..., u,,} defined
as u; = g, and

I (95 ua)
9 7,f'
i=1 7y 1 F
for i =2,...,m. Since the g;’s belong to Q[V], we can use Lemma 3.2 and induction,
as in the proof for Lemma 3.3, to conclude that u; € Q[V]. Since {u1, ..., uy} is an

orthogonal basis for P,, we can use v; = u;/||u;|| in (1.3) to write

Here (u;,u;) . € Q since u; € Q[V]. Thus we see that p, € Q[V]. O

>]:
To prove Lemma 3.1, it now suffices to show that for any multiplicity free action:

1. there is an orthonormal basis for V' for which go = g N gl(n, Q) is a rational
form for g, and
2. one can find fundamental highest weight vectors h; € P, (j = 1,...,r) that
are rational polynomials in the coordinates with respect to this basis. That is,
hj EQ[V] fOI'jzl,...,T’.
This completes the proof. Indeed, Lemma 4.1 shows that using such a basis we have
Viseoos e € @[VR]
The group G C GL(V) is connected reductive and complex algebraic. Decompose
V' as an orthogonal direct sum of G-irreducible subspaces:

(4.1) V=V &V,

For our purposes, we can replace G by G = G’ x (C*)™ where G’ denotes the
commutator subgroup and we have one copy of the scalars C* acting on each subspace
V;. Indeed, the decompositions of C[V] under the actions of G and G coincide
and hence the p,’s, ¢.’s and generalized binomial coefficients for the two actions
are the same. We can assume, moreover, that the action of the semisimple group
G’ on V is indecomposable. This means that we can’t write V' as a direct sum
V=W, & W, and G’ as a product G' = G} x G with G acting independently
on W;. Indeed, suppose that given any such indecomposable action one can find
an orthonormal basis with respect to which the fundamental invariants are rational
polynomials. If the action of G’ decomposes as a product of indecomposable actions
of subgroups G;- on subspaces WW; then one obtains an orthonormal basis for V' that
meets our requirements by concatenation of appropriately chosen bases for the W;’s.
In particular, these bases produce obvious inclusions Q[(W;)r] C Q[Vk] and the
fundamental invariants v;; € Q[(W;)r] for the actions of each G; x (C*)™ on W}

just combine to yield the (rational) fundamental invariants for the action of G.



10 C. BENSON AND G. RATCLIFF

We can now simplify the notation from the preceding paragraph and restrict our
attention to actions of the following sort.

e G C GL(V) is a connected semisimple complex algebraic group acting indecom-
posably on V.

o V=Vi®- @V, where each Vj is G-irreducible.

e The joint action of G x (C*)™ on V is multiplicity free.

Such actions have been completely classified. In all cases, one has either m = 1, so
that the action of G on V is irreducible, or m = 2. The irreducible multiplicity free
actions were classified by Kac in [Kac80]. The indecomposable non-irreducible actions
were classified by the authors in [BR96] and independently by Leahy in [Lea98].
Below, we examine each possibility in turn to complete the proof of Lemma 3.1.

Group Degrees of fundamental highest | Example
weight vectors (number) number
SL(n) (n > 1) 1 (1) 4.1.1
SO(n) (n > 3) 1,2 (2) 412
Sp(2n) (n > 2) 1 (1) 4.1.1
S%(SL(n)) (n > 2) 1,2,...,n (n) 4.1.4
A%(SL(n)) (n > 4) 1,2,.. [n/ZJ ([n/2]) 4.1.5
SL(n) ® SL(m) (n,m >2)|1,2,... ,mln(n, m) (min(n,m)) | 4.1.3
Sp(2n) ® SL(2) (n > 2) 1,2,2 (3) 4.1.6
Sp(2n) ® SL(3) (n >2) | 1,2,2,3,3,4 (6) 417
Sp(4) ® SL(n) (n > 4) 1,2,2,3,4,4 (6) 4.1.8
Spin(7) 1,2 (2) 4.1.9
Spin(9) 1,2,2 (3) 4.1.10
Spin(10) 1,2 (2) 4111
G 1,2 (2) 4.1.2
Eq 1,2,3 (3) 4.1.12
TABLE 1

4.1. Irreducible multiplicity free actions. Table 1, taken from [Kac80], lists all
possibilities for semisimple groups G C GL(V') acting irreducibly on V' for which the
action of G x (C*) is multiplicity free. The notation, adopted from [Kac80], indicates
G as the image of a group under some irreducible representation on some vector
space V. For example, A%?(SL(n)) indicates the image of SL(n,C) in GL(A?*(C"))
and Sp(2n) ® SL(3) indicates the image of Sp(2n,C) x SL(3,C) in GL(C** ® C?)
under the obvious representations.

For all of the groups G C GL(V) in Table 1, the vector space V has a standard
basis that is orthonormal for a natural Hermitian inner product that determines the
compact real form K C U(V). For the classical groups, these are the natural bases
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for C", A%(C"), S?(C") and C"®@C™. Using these bases to realize G as a matrix group
G C GL(n,C), one sees easily that go = g N gl(n, Q) is a rational form for g in each
case. Thus, it remains to show that one can find fundamental highest weight vectors
that are rational polynomials in the coordinates with respect to these natural bases.
We do this below in each case. The fundamental highest weight vectors for most of
these actions were given explicitly by Howe and Umeda in [HU91]. In all cases, the
number of fundamental highest weight vectors and their degrees (as homogeneous
polynomials in C[V]) are in [HU91]. We have incorporated this information into
Table 1. In many cases, we are able to present explicit formulae for the fundamental
invariants, at least up to scalar multiples. We follow the notational conventions in
[HU91], to which we refer the reader for further details regarding the decomposition
of C[V] for each of these examples.

4.1.1. SL(n),Sp(2n). Here G = SL(n,C) and G = Sp(2n,C) act on V = C" and
V = C®" by their defining representations. The G-irreducible subspaces of C[V] are
the spaces P,,(V) of homogeneous polynomials of each fixed degree m. There is a
single fundamental highest weight vector, z; € P1(V) and the associated fundamen-
tal invariant is y(z) = [2]?/2. As we have already noted, the generalized binomial
coefficients for these examples are the usual binomial coefficients, motivating our
terminology.

4.1.2. SO(n), Gz. Let () = 27 + - -+ + 22 be the SO(n, C)-invariant polynomial on

V = C" and let
o \? o\
D. = [ — AU i
c (821> + <8zn>

Then H = {p € C[V] | D.p = 0} is the space of ‘harmonics’, with H = >">*_  Hn,
H,, = HNP,, (V). The decomposition of C[V] into SO(n, C) x C*-irreducibles reads:

CV]=> Hme".

There are two fundamental highest weight vectors in C[V], z; and £(z). The associ-
ated fundamental invariants are v;(z) = |2]?/2 and 2(z) = |e(2)|*/4n. For further
details on this example, we refer the reader to [BJR93].

The exceptional group G5 acts on V' = C” as a subgroup of SO(7, C). The subspaces
H,et in C[V] are irreducible for the action of Gy x C*. Thus the decomposition,
fundamental highest weight vectors and invariants for this example are the same as
those for SO(7).

In the following examples, V is C" @ C™, A*(C"), S*(C") or C" & C". We regard
V' as the space of n X m matrices, skew-symmetric n X n matrices, symmetric n x n
matrices or n x 2 matrices respectively. We write z = (z;;) for the coordinates of
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z € V with respect to the standard basis for V' and use the notation

11ttt Rk
dety(z) = det

Zk1 o Rkk

4.1.3. SL(n) ® SL(m). The decomposition of C[C"®C™] under the action of SL(n, C) x
SL(m,C) x C* is given by

ClC"®C™ =Y o} ®pp.
D

Here the sum is taken over all Young’s diagrams with at most min(n, m) rows and
ph, P are the representations of SL(n,C) and SL(m,C) corresponding to D. The
fundamental highest weight vectors are

dety(z) for k=1,... , min(n,m).

The fundamental invariants can be written up to normalization as

()= > |detr ()

|=|J|=k

Here I, J denote subsets of {1,...,n} and {1,...,m} and det; ;(z) is the subdeter-
minant of z obtained from rows / and columns .J.

4.1.4. S%(SL(n)). Here C[S?*(C")] decomposes under the action of SL(n,C) x C* as
C[S*(C™")] = >, . The sum is over all Young’s diagrams D with at most n rows, all
of even length. The fundamental highest weight vectors are dety(z) for k =1,... n.

4.1.5. A%(SL(n)). The decomposition is C[A?(C")] = >, p%, where the sum is over
all Young’s diagrams D with at most n rows and each column is of even length. The
fundamental highest weight vectors are (x(z) for k = 1,...,|n/2], where (Z(z) =
detor(2). That is, (x(2) is the Pfaffian of the skew symmetric matrix given by the
first 2k rows and columns of z. This is written explicitly in [HU91] as

C(2) = Z 51gN(0) Zo(1)a(2) * * * Zo(2k—1)0(2K)
0€Ss1 /By,
where By is the subgroup of the symmetric group S5, which preserves the pairs
{{1,2},..., {2k —1,2k}}. In particular, we see that (j(z) is a rational polynomial in
the entries of z. Let I = {iy,... i} C {1,...,n} and let {; be the Pfaffian computed
with rows I and columns I. Up to normalization, the fundamental invariants are

Te(2) = Z|I|:2k Cr(2)¢r(2)-
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4.1.6. Sp(2n) ® SL(2). Let v; € C*" be the columns of z € V = C*" @ C?, i = 1,2.
The symplectic product £(z) = w(vy, v2) of the columns of z is an Sp(2n, C)-invariant.

Let D, = £(0/0z), and H = {p € C[V] | Dcp = 0}. We have
CVI= > Hapme,

a1 >az>0
>0
where the irreducible subspace Ha, o,&° has highest weight vector 2] ~*2dety(z)22e".
Thus the fundamental highest weight vectors are zj;, dety(2) and e(z) and we have
fundamental invariants v;(z) = |z|*> and y2(z) = |e(2)|?, modulo normalizations. In
order to compute the third fundamental invariant, we look at the decomposition of
Po(V). Under the action of GL(2n,C) x GL(2,C) we have

(4.2) Pa(V) = (of3) ® pln) @ (Pt © Pl)

When we restrict to Sp(2n,C) x GL(2,C), the second component decomposes as
Hi1 @ Ce. As we saw in Example 4.1.3, the (unnormalized) fundamental invariant
corresponding to the second component in (4.2) is >_;_, det;(z)det;(Z), where I
indicates the choice of rows. Thus, if 7} is the invariant corresponding to H; 1, we
can average over orthonormal bases for H;; @ Ce in two different ways to obtain
D \r1=2 tdetr(2)det;(z) = 74(2) + 5=|e(2)[%, so that

V5(2) = % > dety(z)det () — le(2)|

n
|I|=2

4.1.7. Sp(2n) ® SL(3). Again, we write the columns of z € C*" ® C* as v; € C*",

i =1,2,3. We have the three Sp(2n, C)-invariants €;;(z) = w(v;,v;), 1 <i < j <3,

and corresponding operators D;; = ¢;;(0/0z). The space of harmonic polynomials is

H={peC[V]| D;jp=0 for all 7, j}, which decomposes as H = > Ha, as,05, Where
Q1 —a2

Hoi 00,05 has highest weight vector 27} ~**dets(2)*2~**dets(2)**. The full decomposi-
tion of C[V] is (from [HU91]):

— n 3
(C[V] - z : Oay,az,a3 ® P(a1+ba+bs,b1+az+bs,bi+batas)
0<b1<ar—a2
0<ba<as—as
b3 >0
n . . 3 .
where o7, . .. is the representation of Sp(2n,C) on Ha, as.0; and pp, is the repre-

sentation of SL(3,C) with Young’s diagram D. By [HU91], we have six fundamental
highest weight vectors:

G = 211, G =c12(2), (3= znea(2) — 212613(2) + 213612(2),
CQ = detg(2>7 43 = detg(Z), CZI,L = det12713(2)€12(2) — detz(Z)Elg(Z).
We have the usual fundamental invariant v1(z) = |z|>. The second degree fun-

damental invariants 72(z) and 75(2) are found in the components of; ® p?m) and



14 C. BENSON AND G. RATCLIFF

a{}@p‘?l ) respectively. The sum of these two components is the SL(2n,C) x SL(3, C)-
irreducible p?ﬁl) ® p:()’m). As in the previous example, we take diagonal sums in two
ways to obtain
1 _ /
S Z dety j(z)detr s (Z) = 72(2) + 15(2).
\1=171=2
On the other hand, p2" ® ,0‘2’1,1) is spanned by the ¢;;’s, and hence:

W) = o S euEleg(a), =g 3 detry()detry(2) — Soh(e)
1= [7|=2

The highest weight vector (3 lies in the the irreducible subspace o7, ® p?l 1,1)
which has dimension six. An orthogonal basis is given by u, = z;1€23 — 22613 + 2i3€12,

fort=1,...,6. The first of these basis elements can be rewritten as
211 212 213 211 212 213
/
uy(z) =det | 2z 229 203 +det | 231 232 233 )
Zn4+2,1 2n4+22 2n+23 Zn4+3,1 “n+32 “n+33

which is a sum of twelve distinct monomials, each of norm 8. Thus we obtain:
18
HE) = 5 ()
i=1

The sum of subspaces (o7} ; ® p?171,1)) @ (0100® p?1,1,1)) is the SL(2n, C) x SL(3, C)-
irreducible pff', | ® pfy , ), and hence

2) = 75 3 deta(2)dets (2) — 24(:),

|T|=3
where the subscript I indicates a choice of rows. We have not derived a formula for
the fundamental invariant -}, which seems quite complicated.
4.1.8. Sp(4) ® SL(n). The fundamental highest weight vectors are, from [HU91],
G = 21, Go = deta(2), (3= dets(z),
Co=dety(2), G =c¢12(2), ¢ =detiziz(2)e12(z) — deta(2)e13(2).

The highest weight vector (} determines the space spanned by ¢;;(2) = w(v;, v;),
1 <1< 7 <m, and thus

() = 15 S leu(P

As before, the spaces with highest weight vectors ¢, and () sum to the SL(4,C) x
SL(n, C)-irreducible pal) ® p(i 1), and hence

1) =12 D, ldetrs(2)I* —(2).

|1]=17]=2
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In degree three, the irreducible subspace containing (3 is the SL(4,C) x SL(n, C)-
irreducible ,0‘(*1’171) ® pfy 1.1y, and hence

Similarly,

where J indicates a choice of columns.

4.1.9. Spin(7). The action here is the spin representation of Spin(7,C) on V =
A(C?). We use the usual basis 1,¢;, e; A ej,e1 N eg Aes for Voand let fo, fi, fij, fi23
respectively be the dual basis for V*. The polynomial € = fyfi23 — fifo3 + fofi3 —
fsfi2 defines a Spin(7, C)-invariant inner product on V. So we have fundamental
highest weight vectors fy, € and corresponding (unnormalized) fundamental invariants
m(2) = |2* and y2(2) = |(2) >

4.1.10. Spin(9). According to [HU91], there are three fundamental highest weight
vectors, of degrees 1, 2, and 2. The space Po(V) decomposes into three irreducible
components, of dimensions 126, 9 and 1. The 9-dimensional irreducible is a copy of
the standard representation of SO(9,C), and we have a Spin(9, C)-invariant. More
explicitly, we take V = A(C*) and use the natural basis for V with dual basis
fo, fis fij, fijk, f1234 as in Example 4.1.9. Here fy is a highest weight vector for
P1(V) 2 V* and f2 is a highest weight vector for the 126-dimensional irreducible in
Pa(V'). A highest weight vector for the 9-dimensional irreducible is fyfoss — fofss +
fafoa — fafo3, and the Spin(9, C)-invariant inner product is given by the following
pairing of coordinates:

Jofi2sa + fifosa — fofiza + fafioa — fafioz — frafaa + fizfoa — fiafos.

4.1.11. Spin(10). The spin representation for Spin(10,C) can be realized in V =
A (CP) = C @ A?(C®) @ A*(C®), and we use the natural bases for V and V* as in
the preceding two examples. We have fundamental highest weight vectors of degrees
1 and 2 given by fo and fos fas — foaf35 + fa5f34. The second of these generates a copy
of the standard module for SO(10,C) in Py(V).

4.1.12. Eg. Following [CS50], we realize the standard representation of Eg on a Jor-
dan algebra V' of dimension 27 with elements

§i r3 T
X=|T3 & o1 |,
T2 T1 &3
where & € C and x; € C, the 8-dimensional (complex) Cayley algebra. We have
s0(8,C) as a subalgebra of the the Lie algebra of Es. Under the restriction to
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s0(8,C), V decomposes into three 8-dimensional irreducibles (the standard repre-
sentation and the two inequivalent spin representations) and a 3-dimensional trivial
subspace (corresponding to the diagonal entries in X).

Under an appropriate choice of positive roots, we find that X +— &; is a highest
weight vector for P1(V'). We are left with two remaining fundamental highest weight
vectors, of degrees 2 and 3. The highest weight vector in degree two generates the
27-dimensional representation contragredient to P1(V'). Let V3 be the subspace of V/
spanned by the matrices X with z3 # 0, and all other entries zero. Then so(8, C) acts
on V3 by one of the spin representations. There is an so(8, C)-invariant inner product
on V3 given by pairing the appropriate coordinates, and this is the fundamental
highest weight vector of degree two. In degree three, we have an Ejg-invariant,‘det’,
given explicitly by

X = &§188 + (112903 + T1T273) — §101T1 — E229T2 — E323Ts.

4.2. Indecomposable non-irreducible multiplicity free actions. Table 2 lists
the semisimple groups G C GL(V') acting indecomposably on V' =V} & V5 for which
the action of G x (C*)? is multiplicity free. The subscripts on the direct sums indicate
simple factors acting diagonally. Thus, for example, SL(n) ®srm) (SL(n) ® SL(m))
denotes the image of SL(n) x SL(m) under the representation on V =V, @ V, =
(C") @ (C"®C™) where SL(n, C) acts diagonally on V; and V5. In each case only one
simple factor acts diagonally. For each such group G, the restrictions to V; and V; are
irreducible multiplicity free actions and have thus been discussed above. In each case,
we use the orthonormal basis for V' obtained by adjoining the standard orthonormal
bases for V; and V5, employed in our discussion of the irreducible multiplicity free
actions. It is transparent that if we use such a basis to realize G as a matrix group
G C GL(n,C), then go = gNgl(n, Q) is a rational form for g. In each case we present
formulae for the fundamental highest weight vectors in C[V/] that are rational in the
coordinates with respect to this natural basis. Clearly, these include fundamental
highest weight vectors for the actions of G on Vi and V5. In each case, however,
there are additional fundamental highest weights. We have listed the number of
fundamental highest weight vectors and their degrees in Table 2. We follow the
notational conventions in [BR96], to which we refer the reader for justification of the
decompositions of C[V] described below.

4.2.1. SL(n) ®sLm) SL(n). Here G = SL(n,C) actson V =V, &V, = C" @ C" via
two copies of its defining representation. The decomposition is

Pir(V1) @ Py(Va) = Z Plktt—j.):

j<min(k,¢)

If we identify V with C" ® C?, we can describe the fundamental highest weight

vectors as (1 = 211, (] = 212, and (o = dety(2). The irreducible component p?k i)
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Group Degrees of fundamental highest

Example number weight vectors (number)

SL(n) ®srm) SL(n) (n > 2) 1,1,2 (3)

Example 4.2.1

SL(n) ®sr,m) SL(n)* (n > 3) 1,1,2 (3)

Example 4.2.2

SL(n) ®srm) A*(SL(n)) (n > 4) 1,2,...,|n/2],

Example 4.2.3 L2,...,[(n+1)/2]
()

SL(n)* ®srm) A*(SL(n)) (n > 4) 1,2,...,[n/2],

Example 4.2.6 L2,...,[(n—=1)/2]
(n—1)

SL(n) ®sr(n) (SL(n) ® SL(m)) (n,m > 2) 1,2,...,min(n,m),

Example 4.2.4 1,2,...,min(n,m+ 1)
(min (2n 2m+ 1))

SL(n)* ®srm) (SL(n) ® SL(m)) (n > 3,m >2) | 1,2,... , min(n,m),

Example 4.2.5 1,2,...,min(n,m+ 1)
(min (2n 2m+ 1))

SL(2) ®swL(2) (SL(2) ® Sp(2n)) (n > 2) 1,1,2,2,2 (5)

Example 4.2.7

(SL(n) @ SL(2)) Gsue SL®) @ SLm)) | L1222 (5

(n,m > 2)

Example 4.2.8

(SL(n) ® SL(2)) ®sL(2) (SL(2) ® Sp(2m)) 1,1,2,2,2,2 (6)

(n,m > 2)

Example 4.2.8

(Sp(2n) ® SL(2)) ®sL(2) (SL(2) ® Sp(2m)) 1,1,2,2,2,2,2 (7)

(n,m > 2)

Example 4.2.8

Sp(2n) @sp(zn) SP(2n) (n > 2) 1,1,2,2 (4)

Example 4.2.9

Spin(8) Bspings) SO(8) 1,1,2,2,2 (5)

Example 4.2.10

TABLE 2

has highest weight vector Cf
and 37, |detr(2)]?, up to normalizations.

(¢)I¢). The fundamental invariants are |v1]?, |vs)?,
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4.2.2. SL(n) ®spm) SL(n)*. Here SL(n,C) acts on V =V, &V, = C" @ (C")* and
we have
PeV) @Pe(Va) = >, Plirejesiy
j<min(k,l)

Again, there are three fundamental highest weight vectors, of degrees 1, 1, and 2. The
first two are coordinates in V' and V* respectively. The fundamental highest weight
vector of degree two is given by the natural pairing V; x V5 = C" x (C")* — C, which
is SL(n)-invariant. The irreducible component p?k il ) has highest weight vector

f ()¢ as in the preceding example.

4.2.3. SL(n) ®sr,m) A?(SL(n)). We identify V' = V; & V, = C" & A*(C") with
A%(C™1) by regarding the first row (or column) of an (n+1) x (n+1) skew symmet-
ric matrix as an element of C", and the remaining entries as an element of A?(C").
For z € A?(C"™), we write 2’ for this element of A?(C"). That is, 2’ is obtained by
removing the first row and column of z. Under this identification, the diagonal action
of SL(n, C) on Vi @V, is realized on A?(C™") by restricting the action of SL(n+1,C)
to the subgroup SL(n,C) C SL(n + 1,C) embedded as

ot 1aesumor.

The fundamental highest weight vectors arising from the separate actions of SL(n, C)
on Vi and V3 are 215 and (j(2) for k = 1,..., [n/2], where (,(z) is the Pfaffian of the
first 2k rows and columns of the n x n matrix z’. There are additional fundamental
highest weight vectors, (i(z) for & = 1,...,[(n 4+ 1)/2]. These are the Pfaffians
of the first 2k rows and columns of the (n 4+ 1) X (n 4+ 1) matrix z. Note that
(1(2) = 212, so our fundamental highest weight vectors are the (;’s together with
the (;’s. The discussion in Example 4.1.5 shows how these Pfaffians can be written
explicitly as rational polynomials in the matrix entries. The decomposition of C[V]
is C[V] = >, pp, where D ranges over all Young’s diagrams. For D = (Ay,..., \,),
a highest weight vector for pp in C[V] is

1>\1—>\2 (G)AQ—/\:sC;\'s—M . C%n—l_)\n (C:n)/\n

when n = 2m is even, and

1>\1*>\2 (G))@—)@ <2>\3*)‘4 e CT);ZL”_)‘"” (C;H)Anfl_kn ((m—i—l))\n

when n = 2m + 1 is odd.

4.2.4. SL(n) ®sLm) (SL(n) ® SL(m)). We realize V =V, @V, = C" & (C" ® C")
as C" ® C™™ with SL(n,C) x SL(m,C) acting via its embedding in SL(n,C) x
SL(m + 1,C). For an n x (m + 1) matrix z, write 2’ for the n x m matrix obtained
by removing the first column. The fundamental highest weight vectors are (i(z) =
dety(z) for k = 1,...,min(n,m + 1) and (}(z) = detg(z’) for k = 1,...,min(n, m).
Here (1(z) = z11 and the (}(z)’s are the fundamental highest weight vectors that
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arise from the separate actions of SL(n,C) x SL(m) on V; and V,. The irreducible
components of C[V] have the form p ,, . ®p} where A is a Young’s diagram
with at most min(n, m) rows, and g = (p1, ..., i) satisfies p; < X\;_4 — A; for j > 2.

The highest weight vector for this component is

PG G (G TR TR ()T (G T T ()

when n < m and

G O (MG (G G

when n > m.

4.2.5. SL(n)* ®srm) (SL(n) ® SL(m)). To decompose C[V] under the action of
SL(n,C) x SL(m,C) on V. = Vi &V, = (C")* @ (C" @ C™), we must decompose
Pt @ (P @ p¥'), where k"' denotes the Young’s diagram with &k boxes in each
of n — 1 rows and A is a Young’s diagram with at most min(n, m) rows. We ob-
tain D, P iy, @ PN Where pu + oty = A+ Ay, gy <A for
J=1...n—1,0< pu, =\, < k,and \y > g > Ao > g > --- > in_1 > \p. We
write z = (z;;) for elements of Vo = C" ® C™ and ¢ for elements in V; = (C")*. Let
2" be the (n + 1) x m matrix
/ £(U1) g(vm)

z =
z )

where v; is the i’th column of z. Then the action of SL(n,C) x SL(m,C) on 2’ is
given by embedding SL(n,C) x SL(m,C) in SL(n + 1,C) x SL(m, C). The standard
coordinate function &, is a highest weight vector for the representation of SL(n,C)
on Py(Vy) =2 V" = C". Our fundamental highest weight vectors are thus &,, det(z)
k =1,...,min(n,m) and dety(2’) for £ = 1,...,min(n — 1,m). Here dety(2) is a
polynomial of degree k on V' and dety(2’) has degree k + 1. A highest weight vector
for the irreducible p; ., ., . ® p}' in C[V] can be expressed in terms of the
fundamental highest weight vectors as:

dety (2)M M dety(2) 2742 - det,, g (2) TRt
detl(Z)Ml_)\ZdetQ(Z)p'2_>\3 . e detn(Z))\RETkz_Hn‘i‘)\n‘

We remark that the number and degrees of the fundamental highest weight vectors
for this example coincide with those for the related example 4.2.4.

4.2.6. SL(n)* ®sr,m) A%(SL(n)). Here V. = V; & V5 = (C")* @ A*(C"). We write
2= (2) € AACM. £ = (&) € (C)", and let

0 [&) -+ &(va)
Z/ — _€<U1) c AQ((Cn-‘rl)7

_g@n)
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where v; is the 7’th column of z. The group SL(n,C) acts on 2’ via the embedding
SL(n,C) — SL(n + 1,C), as in Example 4.2.3. Our fundamental highest weight
vectors are &, (g for k=1,...,|[(n—1)/2] and ¢}, for k =1,...,|n/2|. Here ¢} and
(;. are the Pfaffians of the first 2k rows and columns of z and 2’ respectively. Note
that (x is a homogeneous polynomial of degree k on V', whereas (; has degree k + 1.

To understand the decomposition of C[V], we consider the cases n even and n odd
separately. If n = 2m, we need to consider the decomposition of p}._1 ® py where
A= (A1, A\, A2, A2y oo A, A ). We obtain irreducible components corresponding to
Young’s diagrams (k + A,k + i1, ..., k 4+ A, o + A ), where Ay > g > Ao > g >
e 2 1 2 Ay M <k and gy 4 -+ fh = A+ - A1 The highest weight
vector for this component is

(MG TH2 o ()t g G TR g A G,
For n = 2m+1, we have pl,, ® pt with A = (A1, A, Ao, Ao, ..., A, A, 0), whose irre-
ducible components correspond to diagrams (k4 A, k+p1, ..., k+ X, K=+t foms1)s
where Ay > g > Ao > po 2> -+ > Ny 2> iy flmr < Kk, and pg A - A g =
A1+ -+ Ap. This component has highest weight vector

(PGP (G P ghimas (gl
It is interesting to note that here we have one fewer fundamental highest weight
vector than in the related untwisted example 4.2.3.

4.2.7. SL(2) ®sL(2) (SL(2) ® Sp(2n)). We identify V =V, & Vo = C* @ (C*" @ C?)
with C*"' @ C? as in Example 4.2.4, and embed G = Sp(2n, C) x SL(2, C) in SL(2n+
1,C) x SL(2,C). Write z = (z;;) for a (2n + 1) x 2 matrix in V' and let 2’ denote
the 2n x 2 matrix obtained by removing the first row of z. The fundamental highest
weight vectors are z11, 221, €', deto(2) and dety(2'), where €’ is the symplectic product
of the columns of 2’. The irreducible components are of the form

n 2 2n 2
p(a1+a3+ﬂ1,a2+a3+62) ® Oar,ar C 7)514-,32 (C ) ® 7D0é1-l-a2-0—2a3 (C ®C )

with the restrictions a; > g, B2 < a3 — as. The highest weight vector for this
component is
zf{zfg_”_& (£')*2dety () 2dety(2))2.

4.2.8. (SL(n) ® SL(2)) ®swL(2) (SL(2) ® SL(m)). Here we examine together the ac-
tions of

(a) G = SL(n,C) x SL(2,C) x SL(m,C) on V=V, &V, = (C"® C*) & (C* ® C™),
(b) G = SL(n,C) x SL(2,C) x Sp(2m,C) on V =V, @&V, = (C"® CH & (C* @ C*™),
(c) G = Sp(2n,C) x SL(2,C) x Sp(2m,C) on V = Vi@V, = (C*"@C?) @ (C*x C*™).
In each case, we identify V with CN* @ C?, where N = n or 2n, M = m or 2m.
We write elements of V' as

=53]
Y
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where € CV ® C? and y € C ® C%. In cases (b) and (c), we have the symplectic
invariants £(z), e(y) given by the symplectic inner products of the columns of z and
y respectively.

In case (a), C[V] decomposes into irreducibles of the form p} ® p2 @ p where
] = [N+ V], e < A +va, i1 — A1 > 1o, and g > Mg+ 1. The fundamental highest
weight vectors are x1q, Y11, deto(x), deto(y), and x11412 — 12911. The irreducible
component above has highest weight vector

o TRy T T ety () 2 et (y) " (wnyis — wiayn)H2 T,
In case (b), the irreducibles are of the form
ph ® po @ oy C Pia(C" @ C?) @ Ppjae; (C" @ C?)

where j >0, |pu| = AN + V| +2j, i1 > 1+ J, o+ o+ < po <vi+ A+ 5. The
fundamental highest weight vectors are x11, y11, deta(x), deta(y), (y) and z11y12 —
Z12y11- The typical irreducible component above has highest weight vector

ajﬁ-i-l/z-i-j—uzylvi+/\2+j—u2det2(m))\Qdetz (y)”2€(y)j (-73113/12 . $12y11)u2—u2—)\2—j'

In case (c), the fundamental highest weight vectors are 11, y11, dets(x), dets(y),
e(z), e(y) and 11912 — x12y11. The irreducibles are of the form

oX ® p @ 0 C Ppajz2a(C*" @ C?) @ P12 (C*™ @ C?)

where |u| = |A + |v| +2a+2b, o > Ao+ 1o +a+0b, po < A\ + 15+ a+band
o < Ao + 11 + a—+ b. This has highest weight vector

xi\i+u2+a+b7u2yﬁ+)\2+a+b7u2 detQ(SL‘)/\Q detg(y)’”e(:c)“é(y)b(:cnylg - x12y11)

4.2.9. Sp(2n) Bsp(an) SP(2n). We identify V =V} & Vo = C** @ C*" with C*" @ C”
and write points z € V as z = (z;;). The group G = Sp(2n,C) acts on V from the
left and the symplectic product £(z) of the columns is an invariant. The fundamental
highest weight vectors are z11, 212, £(2), and dety(z). The irreducible components of
Pr(C*) @ P,(C*) are of the form O% sy With Ap > Aoy and Ay + Ay =k + £ —2m
for m > 0. The highest weight vector for this irreducible is

sz’\rmzf?rmg(z)mdetg(z)’\2.

4.2.10. SO(8) Ggpin(s) Spin(8). In this example, Spin(8,C) acts on V =V, & V, =
C® @ A°v°"(C*) via the standard representation of SO(8,C) on Vi and the spin repre-
sentation on Va =2 C®. These two representations can be written as wggo and wii1t,

where the subscripts indicate the highest weights for the representations. We have
the decompositions

Po(V1) @ Por(Va) = Z Whtl—i—2j—m f—i k—ik—i—m, and
©,7,m

Pg(Vl) ® 7)2k+1(V2) = E :wk+£—i—2j—m+%,k—i+%,k—i+%,k—i—m+%'

Z7J7m

po2—va—A2—a—>b
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We use the standard basis for V5 as in Example 4.1.11 and give V; coordinates
21,...,28, which are weight vectors for the maximal torus. We have fundamental
highest weight vectors corresponding to the highest weight vectors for each V;, the
Spin(8, C)-invariants in each V; and a fifth highest weight vector which generates the
other spin representation in Po(V'). Explicitly, these are

G = 21, G =fo Co = 2125 + 2226 + 2327 + 2428,
Gy = fofi23a — f12f3a + f13f2a — fr1af13, 5 = 2sfo+ 2z1f1a + 22fo4 + 23 f34.

The irreducible component wy¢—;—2j—m k—ik—ik—i—m has highest weight vector

TGP ()™,

and Whttmim2j—mt L kit kit L k—iomt has highest weight vector
0—25—m sj ( #17\2k—2i—m+1 [ 1\i
(€ R (CY R (P
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