COMBINATORICS AND SPHERICAL FUNCTIONS ON THE
HEISENBERG GROUP
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ABSTRACT. Let V be a finite dimensional Hermitian vector space and K be a com-
pact Lie subgroup of U (V') for which the representation of K on C[V] is multiplicity
free. One obtains a canonical basis {p, } for the space C[Vi]¥ of K-invariant polyno-
mials on Vg and also a basis {g, } via orthogonalization of the p,’s. The polynomial
Pq yields the homogeneous component of highest degree in g,. The coefficients that
express the ¢,’s in terms of the pg’s are the generalized binomial coefficients of Z.
Yan. We present some new combinatorial identities that involve these coeflicients.
These have applications to analysis on Heisenberg groups. Indeed, the polynomials
¢ completely determine the generic bounded spherical functions for a Gelfand pair
obtained from the action of K on a Heisenberg group H =V x R.
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1. INTRODUCTION

Throughout this paper, V' will denote a complex vector space of dimension n with
a Hermitian inner product (-,-) and K will denote a compact Lie subgroup of the
group U(V) of unitary operators on V. The group U(V) acts on the ring C[V] of
holomorphic polynomials on V' via

(k- p)(z) = p(k™"2)
for k € U(V), p € C[V], z € V. One decomposes C[V] as an algebraic direct sum

(1.1) CV]=> P,

a€A
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of (finite-dimensional) K-irreducible subspaces. Here A is a countably infinite in-
dex set that parameterizes the decomposition. The action of K on V is said to be
multiplicity free when the representations of K on P, and Pj are inequivalent for
a # (3. In this case, the above decomposition of C[V] is canonical. We will assume
throughout this paper that the action of K on V is multiplicity free. There is a rich
theory for such actions (see for example [How95]) and a complete classification (see
[Kac80], [BR96], [Leal]).

The representation of U(V') on C[V] preserves the spaces P,,,(V') of homogeneous
polynomials of degree m. Hence each P, is a space of homogeneous polynomials. We
write || for the degree of homogeneity of the polynomials in P,, so that P, C P (V).
We will also let d, = dim(P,) and write 0 € A for the index with Py = Py(V') = C.

There are no non-constant K-invariants in C[V] since the action of K on V is
multiplicity free. The algebra C[Vg]¥ of K-invariant polynomials on the underlying
real space Vi of V is, however, of interest. One always has, for example, that

¥(z) = |2[*/2
(where |2|? = (z, 2)) belongs to C[Vg]¥. One can describe a canonical basis for C[Vg]|*
as follows. We equip C[V] (and also C[Vg]|*) with the Fock inner product defined by

12) o= () [ s@a@e

Here “dz” denotes Lebesgue measure on Vi = R**. Given a € A and any orthonormal
basis {v1,...,vq,} for P,, we let

13) pal2)i= > i1

The polynomial p, is an R*-valued, K-invariant polynomial on V& homogeneous of
degree 2|ar|. The definition of p, does not depend on the choice of basis for P, and
{pa | @ € A} is a vector space basis for C[Vg]® (see [BJR92]). We remark that a result
in [HU91] ensures that C[Vg]¥ is itself a polynomial algebra C[Vg]® = C[yy, ..., 7],
where {v1,...,7:} is a canonical subset of {p, | @ € A}.

We let {q, | @ € A} be the polynomials obtained from {p, | @ € A} via Gram-
Schmidt orthogonalization with respect to the Fock inner product. Here we:

1. Order the index set A so that « precedes 3 if |a| < |3|. The indices {a | |a| = m}

can be ordered arbitrarily.

2. Normalize the polynomials g, so that ¢,(0) = 1.
It is shown in [BJR92| that the polynomials obtained in this way are independent
of the ordering chosen for the indices {« | |a] = m}. Thus {q, | @ € A} is another
canonical basis for the space C[Vg]%. One has that (—1)l*p, is the homogeneous
component of highest degree in ¢,:

Qo = (—1)‘O‘|pa + lower order terms.
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The set {q. | @ € A} is a complete orthogonal system in the space L% (Vi, e *)dz) of
K-invariant functions that are square integrable with respect to the weight appearing
in the Fock inner product. (See [Yan|, [BJR].) Moreover, the norms of the ¢,’s are
given by

1
<Qa7 Q()z>Jf = a-

In this paper, we will study various “combinatorial” problems that concern the
polynomials {p,} and {¢,} for a multiplicity free action. These objects are natural
and the problems seem of interest in their own right. Our motivation for this work
arises, however, from its applications to analysis on Heisenberg groups. Each mul-
tiplicity free action yields a Gelfand pair associated with a Heisenberg group. The
polynomials {q,} determine a dense set of full Plancherel measure in the space of
bounded spherical functions for this Gelfand pair. This connection, which accounts
for the title of this paper, is discussed in more detail below in Section 2. For an
analytical application of some of the combinatorial identities proved here, we refer
the reader to [BJR].

For o € A, the functions {pg | || < |a|} form a basis for the space of K-invariant
polynomials on Vi of degree at most 2|«|. Since g, belongs to this space, we can
write:

(1.4) Go= Y (=D [g]pﬁ

18I<le|

for some well-defined numbers [g] We call these values generalized binomial coeffi-
cients for the action of K on V. Since the functions g, and pg are all real valued, the
generalized binomial coefficients are real numbers. The factor of (1)l in the defini-

tion ensures that the [g} 's are non-negative. This will be shown below in Lemma 3.9.

Since (—1)lelp, is the homogeneous component of highest degree in q,, we see that

(%] = 1 and that [g] = 0 for § # «a with |§] = |a|. We extend the definition of

the generalized binomial coeflicients by setting [g} = 0 for || > |a|. Also note that

5] =1 since po = 1 = ¢a(0).

The generalized binomial coefficients were introduced by Z. Yan in an unpublished
manuscript [Yan|. The terminology is motivated by the case where K = U(n) acts in
the standard fashion on V' = C". Here the generalized binomial coefficients coincide
with the usual binomial coefficients. (See Example 5.1 below.) Moreover, it is shown
in [Yan| that for multiplicity free actions that arise from Hermitian symmetric spaces,
the generalized binomial coefficients agree with those introduced by Herz, Dib and

Faraut-Koranyi (see [Dib90, FK94, Yan92]).
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Our main results appear in Sections 3 and 4. These establish properties of the
generalized binomial coefficients, including the following identities:

(15) po= 3 07|

18I<]a|
7 a
(16) ngpg = |a§8:|+k |:6:| dapcw
d
(1.7) ORI DI (RRCRRROED S AT
|B|=]al+1 |Bl=|a] -1
AF 1
e
|Bl=lal—k
AF 1\" o
(19) ﬂQa = (_5) lﬂ%]ﬂ |:51 qg-

A comparison of Equations 1.4 and 1.5 shows the generalized binomial coefficients are
“self-inverting” and thus a remarkable symmetry exists between the p,’s and the q,’s.
Equations 1.6 and 1.7 provide product formulae for the invariant polynomials p, and
¢o € C[Vg]™ with powers of the fundamental invariant v(z) = |2|?/2. In Equations
1.8 and 1.9, A := Z?Zl %a%j is (a multiple of) the usual Laplace operator. These
equations are in some sense dual to Equations 1.6 and 1.7. Equation 1.6 is a central
result in [Yan]. We provide a new proof below in Section 3 and subsequently make
frequent use of this fundamental identity.

We see that the solutions to a variety of combinatorial problems that arise in con-
nection with multiplicity free actions can all be expressed in terms of generalized
binomial coefficients. Moreover, we show in Section 4 that the generalized binomial
coefficients determine the eigenvalues for K-invariant polynomial coefficient differen-
tial operators on C[V] as well as the eigenvalues for K-invariant and left-invariant
differential operators applied to spherical functions on the Heisenberg group. These
eigenvalues have recently been studied in [0097], [Ols] and [Sah94].

Section 5 concerns the computation of the generalized binomial coefficients for
several examples. We show how Equation 1.6 can be used to obtain the generalized
binomial coefficients for the standard actions of K = U(n) and K = SO(n,R) x T on
V' = C". Example 5.3 concerns the action of U(n) x U(n) on C"®C". Here we reduce
the computation of the generalized binomial coefficients to standard combinatorial
values together with evaluation of the p, polynomials at a single base point. In this
case, the p,’s can be expressed in terms of Schur polynomials and Equation 1.6 is
related to the classical Pieri formula for certain products of Schur polynomials. We
wish to thank Jacques Faraut for drawing our attention to these connections.
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We conclude this section with some remarks regarding the normalization conven-
tions adopted in our definition of the inner product 1.2. If one uses an orthonormal
basis for (V,{-,-)) to identify V with C" then the monomials 2! := 2i'--- 2! in

C[V] = C|z1,..., 2z, are orthogonal with respect to (-, -)F and satisfy (27, ZI>,7: =

211 .= 2utFing 1.4 1 Tt is natural, however, to ask whether the choice of scaling
in the Gaussian factor of (-, -)~ plays any role in the definition and properties of the

generalized binomial coefficients. The answer is “no”. Indeed, suppose that we were
to replace (-, '>.7-" by an inner product (-,-), of the form
() =er [ FEE e
v

where A and c, are positive constants. We would obtain bases {p} | a € A} and
{q} | @ € A} for C[Vg]¥ using (-, -), in place of (-, ->]__ in the definition of the p,’s and

¢o’s. It is then easy to show that p}(z) = i‘—:pa (\/XZ) and ¢} (2) = qa (\/XZ) Thus
if we define coefficients [gh via ¢} = Zlﬂls\al(_l)lﬁl [g] /\pé then one simply obtains
[g} N o [g} We see that our choice of normalization conventions has no significant
effect on the theory developed in this paper.

The authors thank the Université de Metz for their support during the preparation
of this paper.

2. SPHERICAL FUNCTIONS ON THE HEISENBERG GROUP

A connection is established in [BJR92| between the polynomials {q, | « € A}
for a multiplicity free action and analysis on the Heisenberg group. We recall this
connection briefly in this section and refer the reader to [BJR92] and [BJRW96] for
further details.

One forms the Heisenberg group H,, =V x R with group law

1
(z,t)(,t) = (z + 2t +t — §[m<z, z’>) :

The unitary group acts by automorphisms on H,, via
k-(z,t) = (kz,t) for k € U(n) and (z,t) € H,.

Given a compact Lie subgroup K of U(V), we say that (K, H,) is a Gelfand pair
when the algebra L} (H,,) of K-invariant L'-functions on H,, is commutative under
convolution. It is known that (K, H,) is a Gelfand pair if and only if the action of
K on V is multiplicity free. (See [Car87], [BJR92].)

There is a well developed theory of spherical functions associated to Gelfand pairs
(K, H,). These are the smooth K-invariant functions ¢ on H,, with ¢(0,0) = 1 which
are joint eigenfunctions for the differential operators on H,, that are invariant under
the action of K and under the left action of H,. Integration against the bounded
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K-spherical functions on H,, yields the Gelfand space A(K, H,,) for the commutative
Banach %-algebra L} (H,,).
The functions ¢, defined for &« € A and A € R* by

Dar = o (|>\\1/22) e—v(lx\\l/%)/zem

are pair-wise distinct bounded K-spherical functions on H,. The set A{(K, H,) =
{par | @ € A, X € R*} is dense and of full Godement-Plancherel measure in A(K, H,).
We see that the determination of these functions completely reduces to the compu-
tation of the polynomials ¢,. The bounded K-spherical functions that do not belong
to Ay(K, H,) are also of interest but will not play a role in this paper.

Recall that the polynomials ¢, can be obtained from the p,’s by Gram-Schmidt
orthogonalization. The paper [BJR9I2| contains a “Rodrigues’ type formula” which
provides another procedure to compute the polynomials ¢, from the p,’s. We present
this here as we will need it later in Sections 3 and 4. We use an orthonormal basis to
identify V' with C" so that (z,2') = z - 2/ for 2,2’ € C". Proposition 4.7 in [BJR92]
asserts that

0 0
Y 97 N\ — g o
(2.1) Dar (2827 282) (e ) gae” .

Here p, (2%, —2%) denotes the differential operator on Vi obtained by replacing
each occurrence of z; in p, by 2% and each occurrence of z; by —2%. One can
J J

also state this result in terms of the symplectic Fourier transform on Vg given for
fe L' (Vg) by

(2.2) FE)Q) = /V f(2)e im0 d

where “dz” denotes Euclidean measure on V. One has (see Corollary 4.17 in [BJR92])
(2.3) F (pae_v) = (2m)"qae”

and by Fourier inversion
(2.4) [ aa(Qe e = (2 (2)e .
1%

3. GENERALIZED BINOMIAL COEFFICIENTS

In this section, we develop some properties of the generalized binomial coefficients,
beginning with a fundamental result due to Z. Yan. We view this as a “Pieri formula”.
(In Example 5.3 it will be shown how Theorem 3.1 is related to the classical Pieri
formula.)

Theorem 3.1 (cf. [Yan]).
k

¥ a
o deps = > |:ﬁ:|dozpoz-

le|=|8]+k
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Theorem 3.1 shows how the generalized binomial coefficients can be computed using
only the p,’s. The proof below uses some techniques from [Yan|. First, however, we
require the following lemma.

Lemma 3.2. >, dapa =7"/m!.
Proof. Recall that p, = é > v;v; where {vy,...,v4,} is a orthonormal basis for
Po. Thus 37, _,, dapa can be expressed as 2121201 ] using the fact that
{z1/v/21]1} is an orthonormal basis for P,, (V). This yields
1 ! 1 m m
Z dope = M r=1 _ (12)™ = 8 (Z>

2mm) 72 2mm) m!
|a|=m [I|=m

Proof of Theorem 3.1. Let the values A, 3 be defined by

k

7
Fdﬁpﬂ = Z Aa,ﬂdapoc
’ la|=|Bl+k

and consider the function F': V x V — C defined by

F(z,() = / e k=0 qf.
K

F(z,() is real analytic and invariant under the action of K x K on V' x V. Fixing z,
we expand ¢ — F(z,() in a Taylor series as
(3.1) F(2,0) = ) cal2)dapal)-
acN
This converges in the usual topology on C*°(V x V) and thus we can differentiate
o 9

termwise. Applying the operator p, (6_5’ 8—<>‘ to each side of Equation 3.1 and
¢=0

noting that

o 0 [ 1/d.4 for o =3
(32) Da (a_za a_g> ‘Czopﬁ(z) - { 0 for o ?é 6 }7

we obtain the identity pa(z/2, —%/2) = ca(2)/41%l. Thus c,(2) = (—1)1%p,(2) and
Equation 3.1 becomes

(3.3) F(2,0) = Y (=1)"dapa(2)pa(C).

Next recall that {g.({) | @ € A} is a complete orthogonal system in the space
L2(Vg, e 1P2d¢) with ||ga||? = (27)"/dq. Since the function ¢ — F(z,¢) belongs to
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L?(Vi, e 1€°/24¢), we also obtain an expansion of the form
O =3 aa(2)(0
acl

where

([ P om0 )
- d" / 2, C)gal Qe 2

zIm kz( 7|C\2/2dkdc

zlm z{ kC) —|k¢|? /Qdkdc

o C) —[¢?/2 etIm(z, QdC

<\

~~

27T)
dq,

= G ) pa2)e M = dapa ().

Here we have applied Equation 2.4 in the last step above. We obtain

(3.4) = 3 dapal2)e P C)

acA

in L?(Vkg, e IKP2q¢ ). In fact, this series also converges absolutely and uniformly on
compact subsets of V' x V. Indeed, the spherical function ¢, 1(¢) = o (¢)e™7©)/2¢
is an appropriately normalized matrix coefficient, and thus is bounded by 1. Hence
we have that |g,(¢)| < €972 for all ¢ € V. This fact together with Lemma 3.2 gives

Z\dapa zZ)e =z qa |—Zdapoz z)e —() ‘q ( )’

acA a€A
< e (@102 Z Z dapal(2)
m=0 \ |a|=m

S CECEY "(2)
|
0 m.

The function
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is also analytic and K x K-invariant on V x V. We thus have a Taylor series expansion
of the form

G(z,0)=>_ Y cappal(2)ps(C)

m=0 |a|+|B|=m

with

o 9 o 9 Cop
e a—’ a_ T~ A~ G ) =
b (az az)pﬁ <ag ag) & O‘<z,¢)z(0,0) HaTtBld,d,

Here we have used Equation 3.2. This last quantity is equal to

o 0 o 0
(52 2) (pﬁ (52 ac) G“’OLO) ‘

0 0 0 0
s (a_? a_c) (pa <£’ %> S Zzo)

In the following, we assume that |3] < |«].
Our series expansions for F'(z, () yield two expressions for G(z, ():

Z dapa(2)¢a(C) and Z da(_1)‘a|pa<z)67(Z)pa(C)'

aEA a€el

z=0

and to

¢=0

Both series converge absolutely and uniformly on compact subsets of V' x V. The
first series is a Taylor series for z — G(z,() for each ¢ and the second is a Taylor
series for ¢ — G(z,() for each z. Thus the first expression gives

Pa (% %) G0 = 7a(C)

Ala]

z=0

and hence

1 « g 0
Y T
1] = [5]( )" ps 00 o p5(C) o

-3 T
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On the other hand, the second expression yields:

p (2 50) 60| = 0 (e s (o o) o)

o ¢’ o o
1
— (_1)\I8l ()~
( 1) dﬂpﬂ(z)éy dﬁ4|m
and hence
o 0 o 0
pa( — ) (p,@ (_—7_) G(Zag) )
0z 0z o¢ 0¢ 0/ |,
o 0 1 18]
— - — __ v(2)
Pa (az’az) (( 4) pa(z)e ) .
1\ @l o 0 0 ,YN(z) i
(1) n(a) |X 5
N=0 4 12=0
1\ P& o 9\ [7VN(2)
-(53) B () 5o
N=0 L z
1 |B] oo 8 a
:<_Z) Zpa<£7$> Z Aéﬁ—ps
N=0 | 16|=181+N 2=0

In these calculations we have applied Equation 3.2 several times. Comparing the

two expressions for p, (2%, 2) ps <8C’ 84‘) G(z,Q) O—00) finally yields Ao = 3]

as desired. O

Since {q, | @ € A} is a basis for C[Vg]¥, we can express each p, in terms of the ¢, ’s.
Interestingly, the coefficients that arise in this way are identical to the coefficients for
Jo in terms of the p,’s. The generalized binomial coefficients are thus self-inverting.

Proposition 3.3.
a
pa= Y (=) [ﬂ] qs-
|BI<le
Proof. Let the values b, s be defined via
(3.5) Pa= Y (=1)/"bs 5gs.
18I<|al

We will show that b, 3 = [g}
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Below we will apply termwise integration against ¢s(¢ )e="© to the Taylor series
> aer (=D dopa (2)pa(€) for ¢ — F(z,() given in Equation 3.3. First we’ll show that
> aen dapal?) ‘(Pa, Qﬁ>j_—‘ converges uniformly for |z| small. Since |g3(¢)| < el’/* and

Pa(2) < (7(2))1/|al! (by Lemma 3.2) we have:

S (=) | e )| < 3 pal2) / dapa(Q)las(Q) e Od¢

a€EN a€EA

gl |<\2/4 —[¢?/2
<Z m' Z / dopal e d¢

laj=m

_ ") /anf)e—ﬁ|2/4d§ (by Lemma 3.2 again)

:Cnivm( )Zm(m—i-n—l)

m=0 (m)
<a X (" e
c 1
= =) for v(z) < 3

where C,, and C) are constants depending only on n. Next we proceed to apply
termwise integration:

aGA

= Z ‘a|d aPa ) Z (_1>‘6|bo¢,6<q57qg>f
|| >8] 18]<lerf

= D (-D)dapa(2)ba,s(~1)" a5, 4s) -
|a|>\ﬁ|

= — Z Ialﬂﬁlba,ﬁdapa(z)
% =T

where the convergence is absolute and uniform in z for |z| small.
On the other hand, we can also apply termwise integration against gz(¢)e™¢) to
the series given in Equation 3.4. In view of Theorem 3.1 this yields:

(%) /F(Z,OQB(C)e‘”(OdC = dsps(2)e g5, 4s)
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(2)

1 o
= Z
= di %:BI(_DalJrlﬁ {ﬁ} dapal(2).

We now have two expressions for the analytic function ( ) [ F(z,¢)gs(C)e” 1Ddc.
Both are convergent power series for |z| small. Thus we can equate coefficients to
conclude that b, 5 = [g] as claimed. O

Corollary 3.4. Suppose |a| =m, |d| =k, and k < { <m. Then

(3.6) % [g} m = m (_W;)T(; )—' 1)l m and
oo el -t s

Proof. Theorem 3.1 shows that Y™ *dsps = (m — k)! Zlal [ } oPa- On the other
hand, two applications of Theorem 3.1 yield

mfkd — m—L Efkd — Am—L 0 — k) B d
v sps =" Fdsps =" )Zéﬁpﬁ

|B|=¢
= (k) (m -0y m m dopa-
it

This establishes the first identity. For the second equation, we use Proposition 3.3
together with the definition of the generalized binomial coefficients to write

o= X0 5= S0 ] 0| o

B 8,6

OJ

We write A = 377 62 a— ,

tion 3.5 provides a formula for A(p,) in terms of the generalized binomial coefficients.

so that 4A is the Laplace operator on Vg. Proposi-
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First, we compute that for a € Z*,

0
—'y/a e~ /e —v/a
pa Z 0z; azj (Pa) + Z 0z; pa)az] ( )

Jj=1 Jj=1

0 0 "0 0
— = (/e 2 (e/a
+ Z 82 (pa) Zj (6 ) + Pa Jz_; aZj 3Ej (e )

(3.8) = (Apa) e — Z ﬁ_‘ (pa) e~V/® — Z ﬁi (pa) e~/

Proposition 3.5.

AF 1 o
w3 [l
18|=la|—k

Proof. We first prove the result for £ = 1. Equation 3.8 with a = 2 shows that
(48 = 7/2) (pae™""?) = (4A(pa) — (2]a| +n)pa)e ™.
On the other hand, it is known that
(4A = 7/2) (gae™?) = =(2lal + n)gae 7.

(This can be found for example in [BJRW96].) Using this together with Proposi-
tion 3.3, we can write

(4A —~/2) (pae_wz) = (4A —v/2) (Z(_l)w [;} qﬁe—v/2>

B

= S0P 5] -2 - g

= [ (Dol +n)ga + D <—1>'°‘[§]<2ra|—2+n>qﬁ+L-o.T. e
|B|=]a| =1
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= v @lal 0 | )R et S [
o151 19

> (= m (=D 2la| —2 = n)ps + L.O.T. | e /2
181=lal-1

where “L.O.T.” denotes the homogeneous summands of lower degree.
Equating the polynomial terms of homogeneous degree 2(|a| — 1), in the two ex-
pressions for (4A —~/2) (pae™?/?), we conclude that

« Q@
1800 = @al+n) ¥ [Slm-lal-2em 5 [0
18]=lal—1 18]=lal—1
and hence A(p,) = %Zlﬁlﬂalfl [g]pg as claimed.

The general result follows by repeated application of the Contraction Formula
3.6. L]
Corollary 3.6.

e p = (—1)1g,.
Proposition 3.7.
dg |8 o’
D S { [T CTAPR A D bl 18
Bl=laf+1 "¢ 1]=|of 1

Proof. Equation 3.8 with a = 1 reads

Alpac=) = (A<pa> ~ L lal +mypa + gpa)

The symplectic Fourier transform given by Equation 2.2 satisfies

7 () o=$rno.  =(L)o=--3m00

and hence
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Thus we can apply Equation 2.3 together with Theorem 3.1 and Proposition 3.5 to
obtain

(2m)"ae™" = 77 (ac7) = =257 (A (pac ™))

F(—2A(pa)e™ + (2la| +n)pae™ — ypac””)

\%4

w2l T[S ol mmer - 2 2 e

|B|=]a| -1 1Bl=|af+1

S 2 [Z]qﬁ(ma'*”)%‘ 2 j_ﬁmqﬁ e,

|B=lal -1 1Bl=lal+1

Proposition 3.8.
AF 1\* o
e () 2 [l
|B|=le|—k

Proof. Tt suffices to consider the case k = 1. The general case follows by induction as
in the proof of Proposition 3.5. Let A(q,) = ZIBI<\a| Capqp- Since the polynomials

(o form a complete orthogonal system in L*(Vi, e <"/2d¢) with [|qa||> = (27)"/dq
and the q,’s are real valued, we have

[ Atz = 2mp L.
B

On the other hand, we can use Equation 2.1 and integration by parts to write:

0 0
() g, — =~ 92 ) (=)
/Aqa(z)qg(z)e dz /Aqa(z)pg (282’ 282) e dz

o 0 il
=07 [ a@mn) (525 ) €9 ae
An application of Theorem 3.1 yields
o 0 ds [0 o 0
(Yps) <£; %> = Z d_g [ﬁ]m (%7 &) .
[o]=[8|+1
Thus we have

[ s Oa = 0 [ o B0, (2 2) o)

ol=lgl+1 7

=g [l 3 g futre

51=18l+1 7
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where we have again used Equation 2.1 in the last step. Using orthogonality of the
go’s, we obtain:

0 i |3] # Ja| - 1
Aqg,(z e " dy = ol (21 . )
[ sutonts { SE [ 18 = el -1
Thus, for || = |a| — 1, we have
Ca,3 11
2oyt —=E = ——
(2m) ds 24, {
and thus ¢, g = —% [g} as claimed. O

We conclude this section by proving nonnegativity of the generalized binomial
coefficients as promised earlier.

Lemma 3.9. [g} is a nonnegative number for all o, 5 € A.

Proof. Suppose that |a| = || + k. Repeated application of Equation 3.6 yields

59 > o1 e

where the sum is over all (eq,...,&,_1) with |¢;| = |5] + j. This identity shows that
it suffices to prove Lemma 3.9 for the case where |o| = |3] + 1. We consider this case
below.

Let 8 € A and {vy,...,v,,} be an orthonormal basis for Ps (m = dg). Since
ziv; € Pig11(V) = 22 0= ip141 Fa We can write

ZiVj = Z Va2, 7)
lal=|B|+1

where v,(7, j) € P,. Thus also

n

2m7pg = Zzzzvjm: Z sza(iuj)va’(ivj)'

i=1 j=1 lal=|8l+1=|o/| i=1 j=1

Note that the sum 35 1_j0 Fo ® P, is direct in C[Vg] = C[V] ® C[V] and that
each P, ® P, is a K-invariant subspace. Since 2mypg is a K-invariant polynomial,
it follows that

sza(i7j)va’<iaj) € b, ®Fa’
i=1 j=1
is K-invariant for each |a| = |3] +1 = |o/|. Schur’s Lemma implies, however, that

= & | {0} ford #a
(P“®P°‘/) _{Cpa for o = «
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and hence we conclude that > 7, > 7", va(i,j)var (i, ) = 0 when o/ # « and that
Do 2y [vali, )|* = aapa for some value a, € C. As p, and Y770, Y70 [va(4, 5)[?
are both non-negative real valued polynomials, we must have that a, > 0. Thus
2myps = Y Gapa
laf=|8]+1

for some values a,, > 0. Theorem 3.1 now implies that [g} = aq/2d, > 0. O
Remark 3.1. Note that the subspace Span(Py(V')Ps) of C[V] spanned by Pr(V') P
is K-invariant. The proof of Lemma 3.9 shows that for |a| = |#| 4+ 1, we can have
[g} # 0 only when v,(i,j) # 0 for some ,j. As zv; € P(V)Pg, this implies that
P, C Span(P;(V)Ps). Using Equation 3.9, we obtain that for |a| = || + k

[g] £ 0= P, C Span(P(V)Pp).

4. EIGENVALUES FOR K-INVARIANT DIFFERENTIAL OPERATORS

One basis for the Lie algebra of left invariant vector fields on H, is written as
{Zl, Zg, ce Zn, Zl, ZQ, ey Zn, T} where

0 z; 0 = o )
(4.1) iITes T e T %, 2o
and 5
T :=—.
ot
With these conventions one has [Z;, Z,] = —2iT.

The first order operators Zi, ..., Zyn, Z1, ..., Zn, T generate the algebra D(H,,) of
left-invariant differential operators on H,. We denote the subalgebra of K-invariant
differential operators by

Dy (H,) :={D e D(H,) | D(fok)=D(f)okfor ke K, f e C*(H,)}.
Recall that the K-spherical functions for the Gelfand pair (K, H,,), discussed in Sec-

tion 2, are eigenfunctions for the operators D € Dy (H,). We denote the eigenvalue
for D € Dk (H,) on a spherical function ¢ by D(¢):

Dy = D(¥)y.

Given a polynomial p € C[Vg]X, we construct operators p(Z, Z), p(Z,Z) and L,
in Dk (H,). Here p(Z,Z) = p(Zy,...,Zn,Z1,...,Zy,) is obtained from p(z, ..., 2y,
Z1,...,2n) by replacing each occurrence of the variable z; by the operator Z; and each
z; by Z;. Within each monomial z{* - - - 20nZb ... Zbn e ensure that the holomorphic
variables z; appear before any anti-holomorphic variables Z;. The operator p(Z, Z) =
p(Z1,..., 20,2, ...,Zy,) is also obtained from p(zy,...,2,,%1,...,%,) by replacing
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the variable z; by Z; and the variable z; by Z,. Here, however, we place the anti-
holomorphic variables Z; before the holomorphic variables z; within monomials. The
operator L, is obtained in a similar fashion but by averaging over all possible orderings
of the variables. One can give basis free descriptions of the operators p(Z, Z), p(Z, Z)
and L, (this is done for L, in [BJR92]), but these will not needed here. The operators
{pa(Z,Z) | @ € A}, or alternatively {p,(Z,Z) | a € A} or {L,,, | « € A}, together
with T', generate the algebra D (H,,). Using the fact that {p, | & € A} is a basis for

C[Vr]® together with the commutation relations [Z;, Z;] = —2iT, we see that
Lp@ = Z Cﬁﬁpé(Z,?)Tlﬁ‘il&‘
lo|<|8

for some numbers cgs. We will see that the coefficients ¢35 can be written in terms
of generalized binomial coefficients.

Theorem 4.1 (cf. [Yan]). For 5,a € A, A € R* one has

o= () S

Proof. Lemma 3.4 in [BJRW96] shows that Epﬂ (Panr) = |)\|W|Epﬂ (¢a,1). Hence we
need only prove the result for ¢, = ¢o1. Proposition 3.9 in [BJRW96] shows that we
have a series expansion for the (real analytic) function

Ga(2,0) =D dsLy, ($a) Ps(2).
B
On the other hand, we compute

(2.0 =l =3 (=3) Do,

Equating coefficients in these two series expansions for ¢,(z,0) in terms of ps yields

L,y (60) = (-%)'ﬂ' > BlH 2

as claimed. O
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Theorem 4.2.

_ INNCE
PS(Z.2)" (D) = % M .

Proof. First we note that

(4.2) (Pas 08) = (_dl)ﬁl m

Indeed, we have

eris)y = 31 m (06, = (—dlﬁ)ﬁl m

5

Now let {uy,...,uq,} and {vy,...,v4,} be orthonormal bases for the subspaces P
and P, in C[V]. We can use Equation 2.1 and integration by parts to write

(Pas 45) - = ﬁ /pa(Z) [pg (2%, —2%) e—“M] dz
= dﬁ(;ﬂ)n /pa(z)zi:m (—2%) u; (2%) ez
S e

Y (s (2.2)) v

In the last line, = denotes the irreducible representation of H,, on Fock space (the
Hilbert space obtained by completing C[V] with respect to the Fock inner product)
with 7(0,1) = I. One has that

= 0
m(Z;) = —z; and w(Z;)= 2%.
Proposition 3.20 in [BJR92] asserts that the operator m(D) for D € Dg(H,,) acts on

P, as the scalar D(¢,). Thus we obtain:
(Par 4s) = P3(Z, 2)"(¢a)-

Comparing this with Equation 4.2 yields

_ 1) [
w2200 == 5],
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This completes the proof, since ps(Z, Z)" (¢an) = |NPps(Z, Z)(ba). O

Theorem 4.3.
3 /T Pl
Lpg_Z{é]pzS(ZaZ) (7) ‘
5

Proof. Let D = ) s [?}p(;(Z,?) (%)WHM. Since D € Dg(H,), D is completely

determined by its eigenvalues {D(v)) | ¢ € A(K, H,)}. Moreover, since 1 — D(1))
is continuous on A(K, H,,) and the set Ay (K, H,) = {¢an | @ € A, € R*} is dense

in A(K, H,) (see [BJRW96]), we need only show that D(¢a ) = Ly, (Pa,n) for all

a €A A€ R As D(¢ay) = IMNPID(4a) and Ly, (dan) = [NPIL,,(¢a), we need
only check that

D(¢a) = Ly, (¢a)

for all & € A. As T(a) = ihe We see that
D ez
=S m (%) o (_;J)I(S m by Theorem 4.2
0
-(3) S
P

p5(¢a) Dby Theorem 4.1.

Theorem 4.4.
(2. 2) (6n) = (WS - m [?] |

Proof. As in the proofs of Theorems 4.1 and 4.2, it suffices to prove the result for
Go = Pag. Let {vi,...,v4,} and {us,...,uq,} be orthonormal bases for P, and

Ps. Note that pg(Z,Z) = i S ui(Z)ui(Z). As in the proof of Theorem 4.2, a
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straightforward calculation shows that

po(Z, 2(62) = T 3 w(0a(Z, 2Dy 3

«

= a2 [ (22 wial| ne e

t% Z / {“( ) i~ Z)vj(z)] e O
dadﬂtgﬂ Z / ui(—2)v;(2)0; (2) (_Q%) v
- dﬁ<2w)n Z / Do)~ 2)T (2)e P dz

= (—1)‘ﬂ‘<pa,pﬁ>f

)8 Z 1y m 1) {ﬁ ] (45. 42)
1>ﬂ;d—if£] o)

" dodg

O
Corollary 4.5.
= p Z\(iT) 8-l
7,7) = Z, 7)) (T :
p(7.2)= 3 {226
Proof. Let D be the operator on the right hand side of this equation. We have
5 8] (=1A) "'
Blow) = X [J] 0 5] pn = oy
5
O

We conclude this section by describing some related results for differential opera-
tors on V. We let PD(V)X denote the space of K-invariant polynomial coefficient
differential operators on V. The action of D € PD(V)¥ on C[V] is diagonalized by
decomposition 1.1. That is, D|p, is given by a scalar for each a € A. Given g € A, one
can form the Wick ordered operators pg ( zZ, az) and gg (2 ( ) the anti-Wick ordered
operators pg ( ) and gg ( ) and the symmetrized operators Sym (pg ( z, gz ))
and Sym (gs (=, )) These all belong to PD(V)X. We will see that the eigenvalues
for each of these operators on P, can be expressed in terms of generalized binomial
coefficients.
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Proposition 4.6. We define a continuous family of operators {D,(t) | t € C} in

PD(V)E by
ZCEDY lﬂ (é)lal_m s ( ag) |
Then:
- (- 2)
Dutt) = (51:7)
(

Proof. The proof of Theorem 4.2 shows that 7(ps(Z, Z)) = ps (—z, 2%) =
)

(=2)PPlpg (=, —) acts on Pj as the scalar ps(Z, Z)" (¢s
on Ps as the scalar

SEIG)6) all-6) il
Theorem 4.4 shows that 7(po(Z, Z)) = pa (2 ,—z) = (=2)llp, (Z,2) acts on P

as the scalar p,(Z, 2)" (¢s) = (—1)l ZB i [ H ] and hence p, <8z’ ) = D,(1).
Theorem 4.1 shows that 7(L,,) = (— )'O“Sym (pa (z,2)) acts on Ps by the scalar

Ly, (#) = (=)', [5] [5] %, and hence Sym (po (2, £)) = Da(1/2).
Since g = D _5(— )'ﬂ‘[ |ps, we see that Do(—2) = (—1)lgq, (2, 2). We also have
that ¢, (%, z) acts on Ps by the scalar

laf

sl Sl £ ) E B

B m=le| |Bl=m

Z H 2( )m (o] Eﬁl)?(lj)—!yd)!m by Equation 3.6
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1 6 1 le] 1 || —le] a
= — _Z 1- =
el (s) (-3) [
€
1\ 1[4 [«
S — —1)lel=lel
(-2) ZzlJ[t]e

Thus ¢, ( ,Z) = (=1)l*lDy(—1). A similar calculation shows that Sym (qq (, %))
acts on Pjs by the scalar

31 TG 0 ]| i o7 [ G

which gives Sym (go (2, 2)) = (1)1 D, (—3/2). O

The proof of Proposition 4.6 determines the spectrum of the operators p, ( Z, %),
Go (2 52)> P (32:2) G (32:2)5 Sym (P (2, 37)) and Sym (ga (2, 57)) on C[V]. We

have:
pa (2 52)p, = ()" &L
4o (252 |, = % (3" &)
Pa (52:2)|p, = )" E B0
4o (52:2) |, = ()", B
Sym (pa (2 3) |, = (D) S % [ [)
Sym (4o (= 2)) |5, = (DS (-5 H [

5. EXAMPLES

In this paper we have studied various combinatorial problems that arise in con-
nection with a multiplicity free action and have related these to analysis with an
associated Gelfand pair. We have seen that these problems are related to each other
in the sense that their solutions can all be expressed in terms of the generalized bino-
mial coefficients for the action. In this section we consider the explicit determination
of generalized binomial coefficients for some specific examples of multiplicity free ac-
tions. We begin with the usual action of K = U(n) on V = C". This is the simplest
and most classical example. Here the generalized binomial coefficients coincide with
the usual binomial coefficients, motivating the terminology.

5.1. U(n). Consider the standard action of K = U(n) on V = C". Here decomposi-
tion 1.1 reads C[V] = >~ *_ P (V) and the U(n)-invariant polynomial p,, associated

with P, (V') is py, = (m’inl)l)'y (see Proposition 6.2 in [BJR92]). Theorem 3.1 shows
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that in this case we have

k k
(5.1) {m+ }:<m+ ))
m m
so that the generalized binomial coefficients are the standard binomial coefficients.
Using Equation 1.4 and our formulas for p,, and [ } gives

m

@) = St = - 003 () SEEE < 1,

— 1!
= j = \i/)(G+n=1)!

Here L") is the generalized Laguerre polynomial of degree m and order n — 1,
normalized so that L%“l)(()) = 1. This result is well known. As a consequence of

Proposition 3.3, we also see that the (m + 1) x (m + 1)-matrix [(—1)j (;)} is self-
inverting.
5.2. SO(n,R) x T. Next we consider the usual action of the group K = SO(n,R) x

T on V = C". A detailed treatment of this example appeared in [BJR93]. The
multiplicity free decomposition of C[V] under the action of K is related to the theory

of spherical harmonics. Let e(2) := 22 +---+ 22 and H;, := {p € Pp(V) | & 922 Ft

g 7 = 0} be the homogeneous “c-harmonic” polynomials of degree k. Decomposmon

1.1 can be written as

where A = N? and Py, = He’. Note that |(k,¢)| = k + 2¢ and that dj, = dim (P )

is given by
. n+k—1 n+k-—3
dkj:dk = dlm(Hk)—( L )—< L—9 )

for all /. We adopt the notation v;(2) = v(z) = |2]?/2 and 12(z) = |e(2)|?/4, so that
71,72 € C[V&]X have degrees 2 and 4 respectively. It is shown in [BJR93] that

1
(5.2) Dht = —Dis
Ck0

where py := pio and

n—1
(5.3) Chy = 4f(£!)2(k T3 Zﬁ )

Note that the ¢ ’s also depend on the dimension n of V.
We wish to compute the generalized binomial coefficients [ ] for indices (K, L),

(k,?¢) € A. First note that [M} =0 when K +2L < k + 2. Thus we suppose below
that K + 2L > k + 2¢. Theorem 3.1 shows that [I]gﬂ is the coefficient of dgpg 1, in
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(%) dyprye for m = (K + 2L) — (k + 2¢). Since pgr, is divisible by 74 and py, is
divisible by 7%, we conclude that

K. L
{k‘:elzo for L < /.
Theorem 3.1 thus gives
A L&) k+m — 25,0+ 7]
1 _ —ah ) o
mdkpk,z = jzo i L ¢ ] dk+m—2gpk+m—2],e+;
| Ay . B
E+m =250+ 7| dirm-—2; t+j
= L ; J Chtm—2,0+j
We can however also write
" s " < [k+m-— 2] j
RN _f2 1 it 25 Dbt 27 i
m] kPke = Che m] v z; { k+m—2jPk4+m—27,j

| Etm o
Z {k +m — 2973} Ajtm—2;

045
£ 0 Pl+m—2572
) Ck 0Cl4+m—25,j

=0
Comparing these expressions for 4{*dypy¢/m! yields
K, L . CK,L K, L—1¢
k] k,0

for L > ¢. Thus it now suffices to compute the generalized binomial coefficients of

the form [[Z(ﬂ with £k < K 4+ 2L.

Since ' /k! = Z k2L g, 2iPk—2;,j, we can use Theorem 3.1 to write

CrtCK,L—¢

b 5] 1552 ) o
N M k2 — 2+
o = Z 9 i dm+k—2j—2epm+1c—2j—2&j+é
ml e iy
ktmomin(| £ L
G koL
— Z b9 et k—2LPm+k—2L,L-
£ L j.J

We also have
|55 |

k+m k+m 2
M kE+m\ v _(k+m
km! ( k )(k‘—i-m)! - ( k ) Z dktm—2LPk+m—2L,L-

L=0
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Comparing these expressions and replacing k + m by K gives
min(| £],L) min(| % ],L)

K\ K —2L,L| CK—2L,L K —2L,L—j
(ks)_ 2 [k—zj,j]_ 2 { k= 24,0 }

C _ . AC _ _
=0 =0 k—2j,jCK—2L,L—j

for k < K and each L =0, ..., |K/2]. In particular, letting L = 0 gives
o) = (i)
k,0 k
for all £ < K. Moreover, for L =1,...,|K/2] we have
min(| 4 ,L)

K-2L,L] (K\ ck-orr K —2L,L—j
k,0 -\ k k—2j,0

=1 Ck—2;,jCK—2L,L—j

or equivalently

min(| £ |,L) .
K,L| (K+2L CK.L K, L—j
]{?,0 - k - Ck—Qj,jCK,L—j k — 2],0

7j=1

,_
[k

for k < K + 2L and L > 1. This provides a recurrence relation that reduces the
calculation of [[g(ﬂ to that for coefficients [Ié;f)/] with values L’ < L and k' < k.
Repeated application of the recurrence terminates with initial conditions of the form
[I,;’OO} = ([kf) and [IO{OL] = 1. We summarize our results below in Theorem 5.1. This
provides an algorithm to compute all generalized binomial coefficients for this exam-

ple.

Theorem 5.1. The generalized binomial coefficients [IL(?] for the action of the group
SO(n,R) x T on C" are determined as follows.

. [I]:ZL =0 if either K +2L <k+2¢ or L < /.

]
° [gé} =1 and [I];’O(;;L—Z(I,:) for K > k.
¢ [k‘zﬁ} - Ck,ZCI;,LL—Z[ ;670_ ] for L > L.
. k )
o [ho]=("2) - P k[0 fork < K +2L and L > 1.

Here the values cy o are given by Equation 5.5.

5.3. U(n) ® U(n). The group K = U(n) x U(n) and its complexification Ko =
GL(n,C) x GL(n,C) act on the space V = M, ,(C) of n x n complex matrices via

(ki k) - Z = ki ZKL.

The decomposition of C[V] under the action of K (and of K() is classical and elegant.
(See for example [How95].) Let A denote the set of Young’s diagrams with at most n
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rows and write o, for the irreducible representation of U(n) (or GL(n,C)) given by
the Young’s diagram « € A. One has

ClV]=>_ P
acA
where the representation of U(n) x U(n) (or (GL(n,C) x GL(n,C)) on P, is equiv-
alent to o7, ® o7, the outer tensor product of two copies of the representation o7,

contragredient to o,. A highest weight vector in P, is given by w{lwg2 ... wlm where
J¢ is the number of columns in D having length ¢ and

211t R
we(Z) =1 : fort=1,...,m.
20 vt Zu

The degree |a| of the polynomials in P, is given by the size (total number of boxes)
of the Young’s diagram «. Let H = (R™)" denote the set of n x n diagonal matrices
with (strictly) positive real entries. Note that H C GL(n,C) and that H C V. The
character tr(o,(h)) for the representation o, at a matrix h = diag(ds,...,d,) € H
is given by
tr(oa(h)) = saldy, ..., dy)

where s, is the Schur polynomial in n variables obtained from the Young’s diagram
a. (See for example [Mac95].) The following result asserts that the polynomials
Po € C[Vg]¥ are also “essentially” Schur polynomials.

Theorem 5.2. The polynomial p, € C[Vk|X is completely determined by its restric-
tion to the set H = (R™)" in V = M,,,(C). Moreover, for h = diag(d,, ...,d,) € H
we have
Pal(h) = casa(d?, ... d>)
where s, 1s the Schur polynomial for the Young’s diagram o € A and c,, is the positive
constant
pa(l)

= dim(oy)

Proof. The polynomial p, is determined by its restriction to the open dense set of
non-singular matrices Z in V. Given a non-singular Z € V, the matrix ZZ* is
Hermitian with positive real eigenvalues, ay, ..., a, € RT say. One has

pa(Z> = Pa (diag (\/au RR) \/@)) :
Indeed, the spectral theorem ensures that one can find a matrix k& € U(n) with
k1 274kt = (K Z) (ki Z)* = diag(ay,...,a,). Thus k1 Z has pair-wise orthogonal
rows with norms /a1, ..., /a,. We see that k, := diag (1/@, ce 1/\/a7n) k17 is
a unitary matrix. Thus k1 Zk,' = diag (\/E, . \/@) and one obtains p,(Z) =
Dar (diag (\/E, ey \/@)) by K-invariance of p,.
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Let 0, be realized in a Hermitian vector space V,, with dim(V,,) = m. The operators
{oa(h) | h € H} are simultaneously diagonalizable with positive real eigenvalues.
Let {v1,...,v,} be an orthonormal basis for V,, consisting of eigenvectors for the
operators o, (h) (h € H). We thus have homomorphisms o,; : H — R* with

O'a(h)vi = O'a’l'<h)'Ui

fori=1,...,n. The associated dual basis {v7, ..., v} for V.* consists of eigenvectors
for the operators {¢(h) | h € H} obtained from the contragredient representation
for o,. Indeed, we have

os(h)v; = ogi(h vy

Let w;; € P, be the polynomial that corresponds to v} ® v; € Vy ® V7 under a
unitary isomorphism P, = V* ® V* that intertwines the representation of Ko on P,
with o ® 0. Then {w; ; | i,j =1,...,m} is a basis for P, and for hy,hy € H, Z € V
one has

wij(hZhs) = wij(mZhy) = (1" hy') - wig) (Z) = 00i()oa(he)wi(Z).
Since po = sz ¥, ; [wiy|?, we see that
1 1
Pa(liZhs) = — > Gai(h1)’0ai(ha)*|wi(2)]* = g > 0ai(h})ow;(h3)wi;(2)
Z’?j Z?]
for hl,hg eH ZeV.
There is an alternative formula for p,. One can always replace the average in

the definition of p, by an integral over the compact group K (see [BJR92]). In the
present case this gives

/ / |wij (kn ZKS)[* dkrdky = pa(Z)
U(n) JU(n)

for each i, j. Here we use normalized Haar measure on U(n). Thus we can write

/ / pa(hlklzkéhQ)dklde
U(n) JU(n)
1
2 2 :Ooéﬂ' h2)0a7'(h2)/ / ’LUiy'(k‘ Z]{?t) 2dkydk
m2 - ( 1 J 172 U(m) U(n)’ VAR 2| 1AR2

_ pa(2)

> 0ai(h})oa,(h3)
i,J
for hi,hy € H, Z € V. Setting hy = [ = Z and hy = h = diag(dy,...,d,) € H in
this equation and using K-invariance of p, gives
pa(l) pa(l) pa(l)
pa(h) = D o0 (h?) = - D 00 (h?) = = Fsa(di, L dY).

2
m? 4= - dim(o,)
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Since p, # 0, the nonnegative constant ¢, := p,/dim(o,) is necessarily positive.
This completes the proof. O

Given two Young’s diagrams «, 0 € A, we write § C o when [ is a sub-diagram of
«. That is, o has at least as many boxes as does [ on each row. If || = |3| + k then
Cap will denote the number of sequences (eo, ..., cx) of Young’s diagrams such that

e =69 Ce1 C--Cer1 Cep=a,and

o [g;j|=|p|+jforj=1,... k.

That is, €; is obtained from ¢;_; by adding a single box O to some row. Note that
Cop =01if 8 ¢ a. When 8 C «, Cyp is the number of standard tableaux of shape
a — 3. That is, the number of ways to assign the values 1,2,...,k to the boxes of
the skew-diagram o — 3 so that values increase as we move along rows from left to
right and as we move down columns [Mac95].

Theorem 5.3. For «, 3 € A with |o| = |5| + k we have

o] - oD dimioy
Bl 2Klpo (1) dim(oy)

In particular, [g] # 0 of and only if B C «.

We note that dim(o,) is given by the formula

djm(o‘a) _ H o — ?j__l_z] —1

i<j
where «; denotes the length of the j'th row in . Thus Theorem 5.3 reduces the
computation of the generalized binomial coefficients for this example to the classical
problem of counting standard tableaux and evaluation of the p, polynomials at a

single point I € V. For other viewpoints on Theorem 5.3, we refer the reader to
[KS96] and [O0O97].

Proof of Theorem 5.3. First suppose that |a| = |3] + 1. Theorem 3.1 asserts that

(5.4) dyvps = ) [g]dapa

|lal=|5]+1
where d, = dim(P,) = dim(o,)? and dg = dim(P3) = dim(os)?. Theorem 5.2 shows
that

pall) = P2 sl ) and ()

for h = diag(dy, ...,d,) € H. Moreover,

A+t d

A = T S (@)

s, (d}, ..., d2)
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where [0 denotes the Young’s diagram consisting of a single box. Thus Equation 5.4

yields

2dim(0a)p (1) [«
im(o)ps (1)

On the other hand, a special case of the Pieri formula for Schur polynomials (see
[Mac95], page 331) gives
SS8 = Z Sa-

lo|=[B]+1
BCa

solds, . d2)sp(ds, . d2) = )

la|=|B|+1

{ } sulde, ).

Thus we conclude that

(I)dim(og) . .
[a} — QIZZ(I) dim(oﬂa) ffCa (| _ ps(f) dl@(“ﬁ) »
B 0 if 3¢ o 2pa(1) dim(oy,)

The general case where |3| = |a| + k now follows by an easy application of Equation
3.9. Ll

We conclude by noting that Theorems 5.2 and 5.3 can be generalized as follows.
One considers the action of K = U(n) x U(m) on the space V = M, ,,,(C) of n x m
matrices via (ky,ks) - Z = k1 ZkL. We can assume without loss of generality that
m < n. The decomposition of C[V] is parameterized by the set A of Young’s diagrams

with at most m rows. Let H C V denote the set of matrices of the form h = [10)}
where D = diag(dy,...,d,) with d; € RT. For a € A Do is determined by its

restriction to H via the formula p,(h) = pa(Zs)sa(d3, ..., d2%,)/ dim(c™). Here s, is a

Schur polynomial in m variables, Z, := o and o] is the irreducible representation

of U(m) given by a € A. The generalized binomial coefficients can be expressed as
o]  pp(Zs)dim(oy)
8l 2%klp.(Z,) dim(on)

where o} is the irreducible representation of U(n) given by o € A.
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