The action (Sp(6)xU(3)):M6,3(C)
Chal Benson and Gail Ratcliff

[ This Maple worksheet provides details concerning an example presented in section 4.6.2 of our paper
Spaces of Bounded Spherical Functions on Heisenberg Groups: Part I. Atissue is the (multiplicity free)
action of the compact group Sp(6)xU(3) on the space V=M ; (C) of 6x3 complex matrices via (k1,
k2). z = k1l z k2”t. We will show that this action is well-behaved as defined in Section 2 of the
paper.

> restart:with(linalg):

Functions dot and sym below implement the inner product of 6x3 matrices and the symplectic product
of vectors in C*6. In the inner product complex conjugation should be applied to the matrix entries of the
second input. But for our purposes it will suffice to restrict attention to matrices all of whose entries are
real.

> dot:=(a,b)->sum(sum(a['u’','v']*b['u’','v'], 'u'=1..6),'v'=1..3);

6
dot = (a, b) — Z ( z I b, .V.]

W=1\"u'=1

> sym:=(a,b)->sum(a['i']*b['i'+3]-a['i'+3]*b['i'], 'i'=1..3);
3
sym = (a,b)— Z (a,l., b,l., b3 T Ay, b,i,)
=1

:So for example...
> z:=matrix(6,3): dot(z,z); sym(col(z,1),col(z,2));
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=This multiplicity free action has rank 6. Fundamental highest weights and highest weight vectors were
given in a paper by Howe and Umeda. We implement these below as A1,...,A6 (highest weights) and h1,.
..h6 (highest weight vectors).

> hl:=z->z[1,1];hl(z);
hl =z-z

21
> h2:=z->z[1,1]*z[2,2]-2[1,2]*z[2,1];h2(zZ);

h2 =ZZ 12y 5 T2 55

Z11%2,2 7 F12%00



> h3:=z->det(delrows(z,4..6));h3(z);
h3 =z —linalg:-det (linalg:-delrows (z, 4 ..6))

z +22’ +z

21%2,2%3.3 T F11%2,3%3,2 T 201512533 171,3%3,2 T %3,1%1,2%2,3

T 3.1%1,3%2,2

[> A1:=[[1,0,0],[1,0,0]];
Al'=[[1,0,0],[1,0,0]]

> A2:=[[1,1,0],[1,1,0]] ;
A2 =[[1,1,0],[1,1,0]]

=> A3:=[[1,1,1],[1,1,1]1];
A3=10[1,1,1],[1,1,1]]

> h4:=z->sym(col(z,1),col(z,2));h4(z);
h4 = z—sym (linalg:-col (z, 1), linalg:-col (z,2))

Z1 1240 %4170 T2,

> A4:=[[0,0,0], [1,1,0]] ;
A4:=1[0,0,0],[1,1,0]]

+ Z3, z, .z

175,27 %5.1%2,2 126,27 %6,17%3,2

> h5:=z->expand(z[1,1] *sym(col(z,2),c0l(2,3))-2[1,2]*sym(col(z,1),col
(z,3))+z[1,3]*sym(col(z,1),col(z,2)));h5(2);
h5 = z—>expand(z1 | sym (linalg:-col (z, 2), linalg:-col (z,3)) — z, , sym(linalg:-col (z, 1),

linalg:-col (z, 3)) +z, 5 sym(linalg:-col(z, 1), linalg:-col (z, 2)) )

z +z z
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T2 323 1%,0 " %1.3%.1%.2

> A5:=[[1,0,0], [1,1,1]1]1;
A5 =[[1,0,0], [1,1,1]]

> h6:=z->expand((z[1,1]1*z[2,3]-2[2,1]*z[1,3])*sym(col(z,1),c0l(z,2))~-
(z[1,1]*z[2,2]-2[2,1]*2[1,2])*sym(col(z,1),c0l(Z,3))); h6(2);
h6 :=z—>expana’((z1 12y 372, 1 2 3) sym (linalg:-col (z, 1), linalg:-col (z,2))

— (Z1 12y 272, 52, 1) sym (linalg:-col (z, 1), linalg:-col ( z, 3)))
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> a6:=[[1,1,0], [2,1,1]];
A6 :=[[1,1,0],[2,1,1]]

=[Al,A2,A3,A4,A5,A6];
[[[1,0,0],[1,0,0]], [[1,1,0], [L,1,0]], [[L, 1, 1], [1,1,1]],[[0,0,0], [1,1,07],

[[1,0,0] [T, L 1]}, [[1,1,0], [2, 1, 1]]]

| Matrix X will be an arbitrary element of the Lie algebra sp(6,C)....

> X:=matrix(6,6): X[1,5]:=X[2,4]: X[1,6]:=X[3,4]: X[4,4]:=-X[1,1]: X
[5,4]:=-X[1,2]: X[6,4]:=-X[1,3]: X[2,6]:=X[3,5]: X[4,5]:=-X[2,1]:
[5,5]:=-X[2,2]: X[6,5]:=-X[2,3]: X[1,6]:=X[3,4]: X[4,6]:=-X[3,1]:
[5,6]:=-X[3,2]: X[6,6]:=-X[3,3]: X[4,4]:=-X[1,1]: X[4,2]:=X[5,1]:
[4,3]:=X[6,1]: X[5,3]:=X[6,2]: evalm(X);

> A:

X1,1 X1,z X1,3 X1,4 X2,4 X3,4
X2,1 Xz,z X2,3 Xz,4 Xz,s Xs,s
X3,1 X3,z X3,3 X3,4 X3,5 X3,6
X4,1 XS,I X6,1 _Xl,l _XZ,I _X3,1
XS,I Xs,z X6,2 _X1,2 _Xz,z _X3,2
_X6,1 X6,2 X6,3 _X1,3 _Xz,s _X3,3 |

Matrix Y will be an arbitrary element of gl(3,C)....

> Y:=matrix(3,3):

| The moment map takes V to the dual of sp(6) x gl(3). We implement this below as function mom.

[> mom:=z-> simplify(dot(evalm(X&*z),z) ) + simplify(dot(evalm(z&*
transpose(Y)),z)) ;

mom =z —simplify (dot (evalm (X &* z), z) ) + simplify (dot (evalm (z &* linalg:-

transpose (Y )),z))

=To illustrate the use of function mom we give below spherical points for each of A1, A2, A3, A4, AS,
Ao....
[> z:=matrix(6,3,0): z[1l,1]:=1: evalm(z); mom(z); Al;
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> z:=matrix(6,3,0): z[1l,1]:=1: 2[2,2]:=1: evalm(z); mom(z); A2;
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[[1,1,0],[1, 1,0]]

> z:=matrix(6,3,0): z[1l,1]:=1: 2[2,2]:=1: z[3,3]:=1: evalm(z); mom(z)
; A3;
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> z:=matrix(6,3,0): z[1,1]:=1: 1:=1: evalm(z); mom(z); A4;
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[[0,0,0],[1,1,0]]

> z:=matrix(6,3,0): z[1,1]:=1: z[2,2]:=1: 2[5,3]:=1: evalm(z); mom(z)
i A5;
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> z:=matrix(6,3,0): z[1l,1]:=sqrt(2): z[2,2]:=1: z[4,3]:=1: evalm(z);
mom(z); A6;

_Vﬁf . O_
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XH’14—A;’2+-2)1’1+-Y22-+ Y3’3

[[1,1,0],[2,1,1]]

Z%%%%%%%%%%%%%%%%%%%%%%%
Using numerical methods, we found the points in V which map to diagonals under the moment map. We

code the results of this investigation as procedure spt below. We will show that this produces a spherical
point which maps to the weight aA1+bA2+cA3+dA4+eAS5+fA6.

> spt:=proc(a,b,c,d,e, )

local 211,212,213,221,222,223,231,232,233,241,242,7243,251,252,253,
Z261,Z262,7263;
Zll:=a*(ate+f)*(at+b+f)* (at+tb+e+d+£f) * (at+b+2*c+e+2*f) * (a+2*b+2*c+d+
e+2*f) * (ct+et+f+a+b)

/ (ate)/ (a+f)/ (a+tb+2*c+e+f)/ (atb+d+f)/ (a+2*b+2*c+e+2*£f)/ (e+f+a+b):
Z12:=b*e*f* (a+2*b+d+2*c+e+2*£f) * (b+2*c+e+f) * (atb+d+e+f) * (atb+cte+f)
/ (a+2*b+2*c+e+2*f) / (a+b+2*c+e+£f)/ (ate)/ (a+f)/ (atbt+e+£f)/(b+d):
Z13:=e*d* (2*c+2*f+e+a+b) * (b+d+£f) * (ct+te+f+a+b) * (2*c+e+f+b) * (et+f+a)

/ (a+2*b+2*c+2*f+e)/ (ate)/ (b+d)/ (a+b+2*c+e+f)/(a+b+d+£f)/ (e+f+a+b):
Z2]1:=e*f*(e+2*c+2*f+a+2*b+d) * (e+2*c+2*f+a+b) * (a+b+£f) * (b+d+£f) * (c+£+
b)

/ (2*c+2*f+e+a+2*b)/ (e+a)/ (f+a)/ (b+£f)/ (atb+d+£f)/ (2*c+£f+b):
Z22:=(2*c+2*f+e+a+2*b+d) *a*b* (b+d+£f) * (e+2*c+£f+b) * (e+f+a) * (c+£f+b)

/ (2*c+2*f+e+a+2*b)/(ate)/ (b+d)/ (b+£f)/(a+tf)/ (2*c+£f+b):

Z23:=a*d*f* (e+2*c+2*f+a+tb) * (e+f+2*c+b) * (etf+a+b+d) * (c+£f+b)

/ (e+2*c+2*f+a+2*b) /(b+d)/ (ate)/ (b+£f)/ (atb+d+£f)/ (£+2*c+b):
Z31l:=a*c* (2*ct+et+2*f+a+2*b+d) *e* (2*c+2*f+e+a+b)

/ (et2*c+f+a+b)/ (f+2*c+b)/ (e+f+a+b)/ (f+a+b+d)/ (f+a)

*b/ (b+£f)*d:
Z32:=(et+2*c+2*f+a+2*b+d) * (e+2*c+f+b) *c*f* (f+a+b) * (e+f+a)




/ (f+a)* (f+b)/ (e+2*c+f+a+b)/ (£+2*c+b)/ (e+f+a+b)

/ (b+£)/ (b+£f)*d/ (b+d):
Z233:=(et+2*c+2*f+a+b) * (e+2*c+£f+b) * (e+f+a+b+d) *c* (£+a+b) * (£+b+d)
/ (e+2*c+f+a+b)/ (£+2*c+b) / (e+f+a+b)/ (f+a+b+d) / (£+b)

*b/ (b+d) :

Z41l:=e*f*b*d* (e+f+2*c+b) * (b+d+£f) * (e+f+c+a+b)

/ (e+2*c+f+a+b)/ (2*c+2*f+e+a+2*b)/ (a+te)/ (a+f)/ (a+b+d+£f)/ (e+f+a+b):
Z42:=(e+2*c+2*f+a+b) * (ctet+f+a+b) *a*d* (atb+f) * (et+£f+a) * (b+d+f)

/ (2*c+f+e+a+b)/ (2*c+2*f+e+a+2*b)/ (ate)/ (e+f+a+b)/ (b+d)/ (a+f):
Z43:=a*b*f* (e+2*c+2*f+a+2*b+d) * (etf+ct+atb) * (et+f+a+b+d) * (a+b+£f)
/ (2*c+f+etatb)/ (2*c+2*f+e+a+2*b)/ (a+te)/(b+d)/ (etf+a+b)/ (at+tb+d+f):
Z51:=a*b*d* (et+f+2*c+b) * (f+c+b) * (et+f+a+b+d) * (et+f+a)

/ (2*c+2*f+e+a+2*b)/ (f+2*c+b)/ (ate)/(a+f)/(b+£f)/ (a+b+d+f):
Z52:=e*d*f* (2*c+2*f+e+a+tb) * (c+£f+b) * (et+f+a+b+d) * (a+b+f)

/ (at+e)/ (a+£f)/ (b+d)/ (b+£f)/ (2*c+e+2*f+a+2*b)/ (f+2*c+b):
Z53:=b*e* (atb+f) * (ate+f) * (b+c+£f) * (b+d+£f) * (a+2*b+2*c+d+e+2*f)

/ (ate)/ (b+d)/ (b+£f)/ (atb+d+f)/ (b+2*c+£f)/(a+2*b+2*c+e+2*f):
Z61l:=(et+2*c+f+b) * (etf+atb+d) *c*f* (e+f+a) * (£+a+b) * (£+b+d)

/ (e+2*c+f+a+b)/ (f+2*c+b)/ (e+f+a+b)/ (f+a)/ (f+a+b+d)/ (b+f):
262:=(et+2*c+2*f+a+b) * (e+f+a+b+d) *c*e

/ (e+2*c+f+a+b)/ (e+f+a+b)/ (£+2*c+b)/ (£f+a)

* (b+d+£f) *b/ (b+£)/ (b+d) *a:

Z63:=a* (et+2*c+2*f+a+2*b+d) *cre*f* (et+f+a)

/ (et+2*c+f+a+b)/ (f+2*c+b)/ (et+f+a+b)/ (£f+b)/ (f+a+b+d)

/ (b+d) *d:

matrix([[sqrt(211l),-sqrt(Z12),sqrt(213)],
[sqrt(z21),sqrt(z22),-sqrt(z23)],

[-sqrt(Z31) ,sqrt(232) ,sqrt(Z233)],

[sqrt (Z41) ,sqrt(zZ242) ,sqrt(243)],

[-sqrt (Z51) ,sqrt (Z252),sqrt(z253)],

[-sqrt (Z61) ,-sqrt(Z262) ,sqrt(Z63)]])

end:

Below we apply procedure spt to 6 random integer inputs in the range 1..10. Applying the moment map
yields a "diagonal functional" as required. Re-executing these lines will produce a new numerical example

each time.

[> mom(z) ;

> r:=rand(1l.
> z:=spt(r(),r(),r(),r(),r(),r());

.10):

1 8
7T§—w/16588957 —————\/12122 713—\/4862
27 V 874874 —— |/ 46189 NES 319
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1 1
T3 73 V52003 —E—\/6O697
32 ! V30107 ——L——\/12685673
715 143 2145
2
\ 70499 V 1335334 { 1144066
715 40 04 0
1
VTS 79373 "5 58 730 8398




33)(1’1 —f—22)(2’2—|-6)(3’3 + 41 Y1,1 + 28 Y2’2 + 16 Y3’3

Here is our general spherical point:

> sp:=spt(a,b,c,d,e,f);

o]

((a(at+et+f)(a+tb+f)(a+tbt+tetd+f)atb+2c+e

+2f)(a+2b+2c+d+e+2f) (c+e—|—f+a+b))/((a+e) (a+f)(atb

1/2
+2ctet+f)(a+btd+f)(at2b+2ct+e+2f)(etf+a+b)))

-((bef(a+2b+2c+d+e+2f)(b+2c+e+f)(a+bt+e+d

+f) (cte+f+a+b))/((a+2b+2c+e+2f)(a+b+2c+e+f) (a

1/2
+e)(at+f)(etfta+b)(b+d)))

((ed(a+b+2c+e+2f)(b+d+f)(c+te+tf+a+b)(b+2c
+et+f)(ate+f))/((a+2b+2c+e+2f)(a+e)(b+d)(a+b+2c+e
+f)(a+b+d+f)(e+f+a+b)))l/2
((ef(a+2b+2c+d+e+2f)(a+b+2c+e+2f) (a+b

+AH (b+d+f) (c+f—|—b))/((a+2b+2c+e+2f) (ate)(atf)(b+Sf) (a
1/2
+b+d+f) 2ct+f+b)))

(((a+2b+2c+d+e+2f)ab(b+d+f)(b+2c+e+f)(ate

+£) (c+f+b))/((a+2b+20+e+2f) (ate)y(btd)b+tf)(atf) (2c



1/2
+/+0)))

/ adf(a+b+2c+e+2f) (b+2c+e+f)(a+b+e+d+f) (c+f+D)
(a+2b+2c+e+2f)(b+d)(ate)(btf)(a+b+d+[f)(2c+f+D)

|

((ac(a+2b+20+d+e+2f)e(a+b+2c+e+2f)bd)/((a

+b+2ct+e+f) 2ctf+b)(etrfra+b)(a+tb+d+f)(at+f)(b+f)))

1/2

/(a+2b+2c+d+e+2fﬂb+2c+e+ﬂcfm+b+f)m+e+fw1
(a+f)(b+f)(a+b+2c+e+f)2c+f+b)(e+f+a+b)(b+d) "’

(((a+b+2ctet+2f)(bt2ctet+f)atbtetd+f)c(at+b

+f) (b+d+f)b)/((a+b+2c+e+f)(2c+f+b)(e+f+a+b)(a+b+d
1/2

TN (+f) (b+d)))

((efbd(b+2c+e+f)(b+d+f)(c+te+f+a+b))/((a+b

+2ct+tet+f)(a+2b+t2ct+e+2f)(ate)(at+f)(a+tb+d+f)(et+f+a

1/2
+0)))



(((a+b+2c+e+2f)(ctet+ftatb)ad(a+b+f)(ate

+N (b+d+f))]((a+b+2c+e+f)(a+2b+2c+e+2f)(ate) (e+f

1/2
+a+b)(b+d)(atf)))

((abf(a+2b+2c+d+te+2f)(ctetftat+b)(atbt+e+d

+f)(a+b+f))|((a+b+2c+e+f)(a+2b+2c+e+2f)(ate) (b

1/2
+d)(et+f+a+b)y(a+tb+d+f)))

((abd(b+2c+e+f)(c+f+b)(at+tb+tet+d+f)(ate+f))]

((a+2b+2c+e+2f)2ct+f+b)y(ate)(atf)(b+f)(atb+d+f)))

”2/edﬂa+b+2c+e+2fuc+f+m(a+b+e+d+fua+b+f)
(a+e)(a+f)(b+d)b+f)(a+2b+2c+e+2f)2c+f+b) ~

((be(a+b+f)(atet+f)(ctf+b)(b+d+f)(a+2b+2c+d
—I—e+2]))/((a—|—e)(b—|—d)(b—l—f) (at+b+d+f)2c+f+b)(a+2b+2c

1/2
+e+21)))

|

((b+2c+e+f)at+tbt+tet+td+f)cf(ate+f)(at+b+f) (b



+d+f))/((a+b+2c+e+f) 2c+f+b)(etfta+tb)(atf)(atb+d

1/2
+H b+
_/ (a+b+2c+e+2f)(a+b+e+d+f)ce(b+d+f)ba
(a+b+2c+e+f)(etfta+b)Qe+f+b)(a+f)(b+[f)(b+d)’

((a(@a+2b+2c+d+e+2f)cef(a+e+f)d)|/((a+b+2c+e

1/2
+/) 2ctf+db)(et+fra+db)(b+f)(at+tb+d+f)(b+d))) H

[ To help with simplification, we replace each square root in the matrix above with a single variable, t1....
t24.

> getallterms:=proc(sp)
local ntermsarray, dtermsarray, Trms, i, Jj;
ntermsarray:=map (x->{op(convert (numer(x"2), list))}, sp);
dtermsarray:=map (x->{op (convert (denom(x"~2), list))}, sp);
Trms:={};
for i from 1 to 6 do
for j from 1 to 3 do
Trms:=Trms union ntermsarray[i,j] union dtermsarray[i,
il
od od;
convert (Trms, list)
| end:
> Terms:=getallterms(sp); nops(Terms);
Terms = [a,b,c,d,e,f,a+e,a+f,b+db+fa+b+fatetf,b+d+fc+f+Db,

2c+f+b,a+b+d+f,b+2ctetfietftrat+bat+tbt+2ctetfath
+2c+e+2fia+bt+et+d+fia+2b+2c+e+2f,cte+f+a+ba+2b
+2ct+d+e+2f]
24

> rewrite := proc(q)
local num, den, numr, denr, j:
global Terms;
num:={op(convert (numer(q), list))};
den:={op (convert(denom(q), list))};
numr:=1; denr:=1;
for j from 1 to nops(Terms) do
if Terms[j] in num then numr:=numr*t[j] £i;
if Terms[j] in den then denr:=denr*t[j] fi
od;
numr/denr
end:

:The matrix zt is the spherical point expressed in terms of the t's.
> zt:=zip((x,y)->sign(x)*(rewrite(y”~2)), sp, sp);
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) PTTRY Liste gty by Litsth ozt
Lo hsbe by Lilgly g bis ty llg bo bis tig fan
) Lilsly by lizligly B Lty LGl lslgly by
I3 ti0 s lie lig lho ety tio s lig to fofio s tie lig lhg

:To convert back from "t-variables" to parameters (a,b,...) use this substitution......
> Sub:={seq(t[j]=sqrt(Terms[j]), j=1l..nops(Terms))};

Sub = {tl=\/7,t2=\/7,t3=\/?,z4=\/7,t5=\/?,t6=\/7,t7=,/a+e,t8=\/a+f,t9
=Jb+d,t,,=Jb+ [t =Ja+b+f.t,=Jatet[ t,=Jb+d+[. 1,
=Je+f+b.t=J2c+f+b.t,,=Jat+tb+d+[f.t,=Jb+2cte+tf 1,

=Jet+fta+b,ty=Jatb+2ct+e+f,,y=Jat+tb+t2ctet2f,1,

=Ja+tbtetd+f,t,,=Ja+2b+2c+e+2f,t,=Jctetf+at+b,t,

’ t22

=Ja+2b+2c+d+e+2f}

;We apply the moment map to zt, convert back to parameters (a,...,f) , simplify and collect terms...

> mom(zt):
subs (Sub, %) :
simplify(%):
collect(%,[X[1,1],X[2,2],X[3,3],¥[1,1],¥([2,2],¥([3,3]]);

(ctet+fta+b)X +(c+f+b)X, ,+cX, ;+(et2fta+tb+d+c)Y, |

+(f+d+etc+b)Y, ,+(ctet+f)Y,,

jSo this is a "diagonal functional" and the weight for aA1+bA2+cA3+dA4+eAS5+fA6 is:
[> evalm(a*Al+b*A2+c*A3+d*Ad+e*A5+£*A6) ;
ctetft+a+b ctf+b c

et2f+a+b+d+c f+rd+et+c+b ct+e+f

=This completes the justification that z:=spt(a,b,c,d,e,f) is indeed a (generalized) spherical point for the




| weight aA1+bA2+cA3+dA4+eAS5+fA6.

:%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[ Next we evaluate the highest weight vectors hl,...,h6 at our general spherical point sp. For this we work
in terms of the t's and simplify.

[> hl(zt):hln:=subs(Sub,$%);
hin =

(VaJatbtfJatetsJatbt2ctet2fJatbtetd+/f

Jc+e+f+a+bJa+2b+2c+d+e+zﬂ/

(VateJatsJatbtdtsJetftatrbJatbt2ctets

Ja+2b+t2ctet2f)

> h2 (zt) :factor (%) :subs(Sub, %) :h2n:=factor(%);
mn=(b+t2ctetfJetftbJb+d+fJb (a+2b+2c+d+e

+2f)JctetftatbJatbtetdrfJatbt2ctetr2fJatbrtf)

ﬂJ2c+f+be+fJb+d(a+2b+2c+e

+2n)Jatbt2ctetsJetfrtatb Jatbtdtf)
> h3(zt) :factor (%) :subs(Sub, %) :h3n:=factor(%);
h3n:=(\/?(b+20+e+f)\/m(a+2b+20+d+e
+2f)Je+e+f+a+b (a+b+20+e+2f))/((20+f+b) (a+b+2c+e
+f)(a+2b+2c+et+2f))
> h4 (zt) :factor (%) :subs(Sub, %) :h4dn:=factor(%);
m:Jb+d+fJFJa+2b+2c+d+e+2fJa+b+e+d+f
Jb+d Ja+b+d+f

> factor (h5(zt)) :subs(Sub, %) :h5n:=factor(%);
h5n =

h4

(JeJbt2ctetsJat2bt2ctdret2fJctetftath

JatbtetdtsJatbticterasJaters)/

(JateJetstatbJatbt2ctetfJat2b+2ct+et2f)

> factor (h6(zt)) :subs(Sub,3):hén:=factor(3);
hon=-(JbrdtfJbt2ctetfJctj+tbJf(at2b+2c+d+e

+2NJe+e+f+a+bJat+tb+e+td+f(a+b+2c+e

+2ﬂJa+e+fJa+b+f)/




(VotrfJV2cts+bJatrfJetftat+bJatbt2ctetsfJatbtdrrs

(a+2b+2c+e+2f))

[ These are the formulas given in section 4.8 of our paper. They show that for positive real parameters (a,b,
Q¢qﬂemhﬁmmmmmﬂmgwﬁwdgnvmwrmwﬂmmsammaﬂowmwMquZQMmhg¢qﬂlt

follows that sp lies in the open Borel orbit in V and Corollary 3.4 in our paper implies that (for positive
integer values of the parameters a,...,f) the spherical point sp is well-adapted to the highest weight vector

h? h2b h,° h4d h© h6f. But we can also demonstrate this via direct computation as follows...

[ The well-adapted property uses directional derivatives of the HWV's evaluated at the spherical points. We
simplify using the t-substitution. The i,j'th entry of dk is the 1,j'th derivative of h, evaluated at the spherical

| point sp.

[> u:=matrix(6,3):w:=matrix(6,3):

[> dl:=matrix (6,3, (i,j)->coeff (coeff (hl(evalm(zt+p*w)),p),w[i,j]1)):

matrix (6,3, (i,j)->coeff(coeff(h2(evalm(zt+p*w)),p),w[i,jl)):

|  d2:=map(factor,subs(Sub,%)):

[> matrix (6,3, (i,j)->coeff (coeff(h3(evalm(zt+p*w)),p),w[i,j1)):

d3:=subs(Sub, %) :

> matrix (6,3, (i,j)->coeff(coeff (h4(evalm(zt+p*w)),p),w[i,jl)):

d4 :=map (factor,subs(Sub,%)):

> matrix (6,3, (i,j)->coeff (coeff (h5(evalm(zt+p*w)),p),w[i,j]l)) :map

(factor,%):

d5:=map (factor,subs(Sub,%)):

> matrix (6,3, (i,j)->coeff (coeff (h6(evalm(zt+p*w)),p),w[i,j])) ::map
(factor,%):

| d6:=subs(Sub,%):

The well-adapted condition says that the sum of the following six terms is the spherical point sp.

terml:=map (factor,evalm((a)/hln*dl)):

term2:=map (factor,evalm(b/h2n*d2)):

term3:=map (factor,evalm(c/h3n*d3)):

term4 :=map(simplify,evalm(d/h4n*d4)):

term5 :=map (factor,evalm(e/h5n*d5)):

termé6 :=map (factor,evalm(£/h6n*d6)):

ans:=map(factor,evalm(terml+term2+term3+termé+term5+termb)) ;

ans = l

(VaJatbrfJatetsfJatrbt2ctret2fJatbtetdrs

vy

V"V"V"V"V"V"V"

Jc+e+f+a+bJa+2b+2c+d+e+zﬂ/

(VateJatfJa+rb+td+fJetfta+thb Jatb+2ctets




Ja+2b+2ctet2f),

(Wb JeJfyb+ta2ctetrfJatbtetd+fJctetsfta+th

Ja+2b+2c+d+e+zﬂ/

(VateJatsybrtdJetftatbJatb+t2ctets

Ja+2b+2ctet2rf),

(JadJbrdrfJeJbt2ctetsJatetrfJatbt2ctet2f

\/c+e+f+a+b)/

(VateJetstatbJatbt2ctetrfJat2b+t2ctet2/Jb+d

Jatb+d+r)]

(Ve JfJatbriybrdtfJctftbJatbt2ctet2s

Ja+2b+2c+d+e+zﬂ/

(VateJatsybtfJ2ctrbJatrbrtdrs

Ja+2b+t2ctet2rf),

(VaJbJatetrfJbtdtiJctftbJbt2ctets

Ja+2b+2c+d+e+zﬂ/

(VateJatsybtdJbtiy2ctstbJat2bt2ctert2s),

-(VeFtrtbJb+t2ctetfJatbF2ctet2sJdJaJf
Jatbterd+r)/




(VateJbtdJat2bt2ctet2fJbt/y2ct/+bJatbtd+tr)],

%J;J?J?JﬁJ?Ja+b+2c+e+2f¢a+2b+2c+d+e+lﬂ/

(Vat/fJb+fJ2ctf+bJatbrd+fJet/tath

Jatb+t2ctet[),

(VeJdJfJatbtfJatetfJbt2ctet/s

Ja+2b+2c+d+e+zﬂ/

(Vat/fJb+dJb+fJ2ctf+bJetftat+bJatbt2ctets),

(Vobtd+fJybJatbtetdtsJat+tbtfJcJb+2ctets
Ja+b+2c+e+;ﬂ/

(VetftatbJatbtdrfJbtfJb+d J2c+/+0b

Ja+b+20+e+f”,

(Vo JadJeJf b tdirybtictersJctersrath)/

(VateJatsJatbtdrfJetftatrbJatbt2ctets

Ja+2b+2ctet2f),

(VaJdJatbtsJatetrfJbrdtsJatbt2ctet2f

Jc+e+f+a+b)/



(VateJatsybrdJetstatbJatb+t2ctets

Ja+2b+2ctet2f),

(WoJaJa+tbt+fJatbtetdtfJctetftathb [f
Ja+2b+2c+d+e+zﬂ/

(VateJbtdJat2bt2ctet2fJatbtdrfJatbt2ctets

Jet/+a+b)]

- JaJbJdJatetfJctfrbJb+2ctetfJatbtetd+Sf
JateJatsi bty 2c+/+bJatb+d+/Jat2bt2cter2s

Jd Je JfJa+b+fJc+f+tb Ja+tb+2c+e+2fJa+tbtet+td+f
JateJatsJbtdJb+7J2ct/+bJa+2b+t2cter2s

(Ve Jat2b+2ctdrtet2fJets+bJbrd+fybJat+tb+ts
\/a-i-e-l-f)/

(VateJbtdJat2bt2ctet2fJbt/y2ct/+bJatbtd+tr)],

-WeJfJatb+tfJatersybrdtfJb+t2ctets

Jatbtexrd+r)/

(VatfJb+fJ2ctf+bJatbrdtiJetftath

Ja+b+2cte+r),

CJabJcJeJb+td+fJatb+2ctet2fJatbtetd+S
Jat/Jb+dJb+/2ct/+bJetftatbJatbt2ctets

JatetfJfJdJcJaJa+t2b+2c+d+e+2f e

Jb+d Ja+b+d+fJa+b+2c+e+fJet+f+a+b Jb+fJy2c+f+b



|

=The following code checks that this ans does equal the spherical point sp by comparing the squares and
| signs of each entry in ans and sp.

> for i from 1 to 6 do;
for j from 1 to 3 do;
simplify(ans[i,j]1"2/sp[i,j]"2);
print(%);
end do;
end do;

1
1

> evalm(map(sign,sp)-map(sign,ans));
00

S O O o o O

00
00
00
00
00




| %0%0%6%%%%%%%6%6%6%0%0%0%6%6%6%%%%%%%6%0%0%%%6%6%%%%%

Our results hold for all positive reals parameters a...f. To complete the verification that our action is well-
behaved we must also consider non-generic spherical points for which one or more coefficient a...f is
zero. Here we apply Lemma 3.5 from our paper. First we check condition (3) in the Lemma: limits of
(generalized) spherical points exist if we take some variables to zero. Since the moment map is
continuous, these limits are also (generalized) spherical points....

T irst, we generate all possible ways the variables can go to zero. We eliminate the empty set. There are 63
non-empty subsets of {a=0, b=0, ¢c=0, d=0, e=0, f=0}.
> with(combinat):
> zs:=[a=0,b=0,c=0,d=0,e=0,£=0];
ch:=[seq(choose(%)[1],i=2..64)]:
tnops(%);

zs =[a=0,0=0,¢=0,d=0,e=0,f=0]
63

[ The following code lists each possible setting of parameters a...f to zero and prints the limiting
(generalized) spherical point. This verifies condition (3) in Lemma 3.5. In particular no singularities arise
| as we perfom these limits via setting parameters to zero in succession.

> for i from 1 to nops(ch) do:
print(ch[i]);
zf:=evalm(sp):
for j from 1 to nops(ch[i]) do:
zf:=subs(ch[i][]j],evalm(zf)):
end do:
print (zf);
end do:
[a=0]

HO _/ b(2b+2c+dte+2f)(btet+d+f) (ctetf+b)
’ 2b+2c+e+2f)(e+f+b)(b+d) ’

/ch+2c+e+2ch+e+f+bHe+f)l
2b+2c+e+2f)(b+d)(e+f+b) |

‘/ 2b+2ctdtet2f)(bt2ctet2f) (ctfth)

2b+2c+e+2f)(2c+f+b) ’0’0]’

})/(2b+2c+d+e+2fy4e+fyz
’ 2Qc+f+b)(e+f+b)(b+d) °

/(b+2c+e+2fnb+e+d+fnwl
2c+f+b) (e+f+b)(b+d) [

'/ bd(ct+etf+0Db) ool
2b+2c+e+2f)(et+tf+b) " 7 |

_0 / d(b+t2ctet2f)(ctf+b)(btetd+f)
’ (b+d)2b+2c+e+2f) (2c+f+b) ’




/b (e+/) (c+f+Db) 2b+2c+d+e+2f) l
b+d)2c+f+b)2b+2c+e+2f)

[/ btetdtf)c(etr) OOH
2c+f+b)(e+f+b)

[6=0]

909

|

/a(a+e+d+f) (a+2c+d+e+2f)(c+e+f+a)
(ate)(at2ct+et+f)(at+d+))

/e(d-i—f) (ctetft+a)(2ctet+f) l
(a+e)(a+2c+e+f)(a+d+f) |

[/ e(at2ctdtet2f) (d+])) ()

(ate)(atd+f)(2c+))

_/ a(Qc+e+f)(ate+d+f)(c+)) l
(a+e)(at+d+f)2c+f) ’

'0/(a+2c+d+e+2f)(2c+e+f)c Ol
’ (a+2c+e+f)(2c+])) 0

0/ (ctetft+a)a(d+)) 0]
’ (a+2c+e+f)(at+e)’ [

'O/e(c+f)(a+e+d+f) Ol
’ (a+e)(2c+f) i

—_/ 2cte+f)atet+td+f)c(d+))
(a+2c+e+f)Rec+f)(a+d+f) 7

/ a(a+2ctdtet2f)ce H
(a+2c+e+f)2c+f)(a+d+))

[¢=0]

((a(at+etf)(a+b+f)(a+tbtetdt+f)atbt+e+2f)(at+t2b+d+te

1/2
+2j))/((e+f+a+b) (ate)(atf)atb+d+f)at+2bt+tet+2f)))

_/ bef(a+2b+d+e+2f)(e+f+b)(a+b+e+d+[f)
(e+f+a+b)(a+2b+e+2f)(a+e)(a+f)(b+d)’

/ ed(a+b+e+2f)(b+d+f)(e+f+Db)(at+e+))
(etft+a+b)(at+2bt+te+2f)(ate)(btd)(atb+td+f)



{/efm+2b+d+e+2fua+b+e+2fua+b+fnb+d+f)
(b+f)(a+2b+e+2f)(at+e)(a+f)(a+b+d+])) ’

/(a+2b+d+e+2fyﬂub+d+f)w+f+bna+e+f)
(b+f)(a+2b+e+2f)(ate)(b+d) (atf))

_/ adf(a+b+e+2f)(e+f+b)(a+b+e+d+))
b+f)(a+t2b+e+2f)(b+d)(ate)(a+btd+))

0,0, 0],

/ efbd(e+f+b)(b+d+/f)
v (e+f+a+b)(a+2b+e+2f)(ate)(a+f)(a+b+d+[f)"’

/ (a+b+e+2f)ad(a+b+f)(at+e+f)(b+d+[)
(e+f+a+b)(a+2b+e+2f)(at+e)(b+d)(a+)f)’

/ abfat2btdtet2f)(atbtetd+f) (atbtr) l
(e+f+a+b)(a+2b+e+2f)(ate)(b+d)(a+b+d+]))

[7/ abd(et/+tb)(atbtetdtf) (atetf)
(b+f)(a+2b+e+2f)(ate)(a+f)(a+tb+d+f)’

/edf(a+b+e+2f) (a+b+e+d+f)(a+b+))
(btf)(ate)(at+f)(b+d)(a+2bt+e+2f)

—/bew+b+f)w+e+fﬂb+d+fﬂa+2b+d+e+2f)l
(b+f)(ate)(btd)(atb+td+f)(at+t2b+et+?2f)

por]

/a(a-i—e-l—f) (a+b+2c+e+2f)(ctet+f+a+b)
(ate)atf)(a+tb+2ct+et+))

[d=0]

|

'/ (bt2ctetf)(ctetftarth) l
(a+b+2c+e+f)(ate)(atf) ~

[/ a+b+20+e+2f“c+f+m
J(a+f) (2c+f+D)

/ (b+2ctet/)(atetf) (c+/+D) Ol
(a+e)(a+f)2c+[f+D) T

% a+b+2€+e+2f”b+2c+e+f)cl
atb+2ct+et+f)2ct+f+b)



—00/ af(cte+f+a+b) l
T (a+b+2c+e+f)(ate) [

—Oo/e(a-l—e-i-f) (c+f+b) l
T (a+e) (2c+f+b) ’

__/ (b+2c+e+f)cfat+e+))
(a+b+2c+e+f)2c+f+b)(at+f)’

_/ (a+b+2c+et2f)cea OH
(a+b+2c+e+f)2c+f+b)(a+f)’

[e=0]

H/(a+b+2c+2f”a+2b+2c+d+2f)@+f+a+b)

0,0
(a+b+2c+f)(a+2b+2c+2f) o l’

[0/(a+2b+2c+d+2f)(b+d+f)w+f+m
: (a+2b+2c+2f)(b+d) (b+/f)

f/ df(a+b+2c+2f) (c+f+0b) ]
(a+2b+2c+2f) (b+d) (b+/f)

0/ (a+2b+2c+d~+2f)cfd / (a+b+2c+2f)c(b+d+f)b
(b+f)a+b+2c+f)(b+d) (a+b+2c+f)(b+f)(b+d)

(a+b+2c+2f)(c+fra+b)d(b+d+f)

0, (a+b+2c+f)(a+2b+2c+2f)(b+d)

|
|
b/

/ bf(a+2b+2c+d+2f) (c+f+a+b) l
(a+b+2c+f)(a+2b+2c+2f)(b+d)

_/ bd(c+/+0b) 00]
i (a+2b+2c+2f)yb+f) " 7 [

'_/ cfb+d+r) OOH
| (a+b+2c+f)(b+)) "

[/=0]

H/(a+bHa+b+e+d)m+2b+2c+d+eﬂc+e+a+m
(a+b+d)(a+2b+2c+e)(eta+b)

505

ed(cteta+b)(b+2c+e)
(a+2b+2c+e)(a+b+d)(eta+b)




'0 (at2bF2ctd+e)(b+2cte) (cth) |
’ (a+2b+2c+e) (2c+Db) 0

—_ cla+2b+2c+d+e)ed 0
2c+b)(eta+b)(at+b+d)’ "

/ (b+2c+e)(a+b+e+d)c(a+D) l
(2c+b)(eta+bd)(at+b+d)

_0 (cteta+b)d(a+b) 0
'y (a+2b+2cH+e)(e+a+bd)’ ]

'_/ d(b+2cte)(ctb)(atbtetd)
(a+2b+2c+e)2c+b)(a+b+d) "
/e(a—i—b) (c+b)(a+2b+2c+d+e) l
(a+b+d)(2c+b)(a+2b+2c+e)
[0 _/ (a+b+etd)ce OH
’ (e+a+b)(2c+b)’
[a=0,b=0]
0 0 \/c+e+f_
/(2c+d+e+2f)(c+f) 0 0
2¢t+f
2ct+d+et+2f)c
0 / 2¢+f 0
0 0 0
(ct+f)(e+td+f)
0 / 2¢+f 0
) (etd+f)c
/ 2c+f 0 0
[a=0,c=0]

HO_/zm2b+d+e+2be+e+d+f) dbtet2f)(etf)
: (2b+e+2f)(b+d) ) 2b+e+2f) (b+d)

'/(2b+d+e+2fub+e+2f)

0,0
2b+e+2f T L

0,0, Ol,




' bd

;/2b+e+2fﬂﬁL

k)/cub+e+2fﬂb+e+d+f) /zme+fuzb+d+e+2f)
’ (b+d)(2b+e+2f) (b+d) (2b+e+2f)

o]

[a=0,d=0]
0 -Jcte+f+b 0
‘/(b+20+e+2f)w+f+b) 0 0
2¢c+f+b
0 0 \/(b+20+e+2f)c
2c+f+b
0 0 0
0 0 4/(e+f)w+f+b)
2c+f+b
) c(etf)
2c+f+b 0 0
[a=0,e=0]

HO_/zw2b+2c+d+;m(b+d+f)w+f+b)
’ 2b4+2c+2f)(b+f) (b+d)

/ cub+2c+2fuc+f+bn‘l
2b+2c+2f)(b+d) (b+f) |

'/ 2b+2ctd+2f)(b+t2c+2f) (ctfth)

2b+2c+2f)2ctf+b) ’0’0]’

0/ 2b+2c+td+2f)cfd /(b+2c+2fnb+d+fywl
' QetfEb)y(b+f)(b+d) Y Qe rb)(b+f) (b+d) |

'/ bd(c+/f+b)
(

2b+2c+2ﬂ(b+f)’&0L

'0/cub+2c+2fuc+f+bub+d+f)
’ (b+d) (2b+2c+2f) (2c+f+b)

/ bf(c+/f+b)2b+2c+d+2/) l
(b+d) 2c+f+b)2b+2c+2f) |




HO / b(2b+2c+dte)(btetd) (cteth)
’ (2b+2c+e) (et b)(b+d)

/ db+2c+e)(cte+b)e l
2b+2c+e)(b+d)(e+ D)

/ 2b+2ctdte)(b+t2cte) (ctbh)

0,0
2b+2c+e) (2c+b) T l’

/ 2b+2ctdte)ced /(b+2c+e)(b+e+d)cbl
(2c+b)(et+b) (b+d)”’ (2c+b) (et+b) (b+d)

/ bd(ct+e+b)
(

2b+2c+e)(e+b) ’O’Ol’

'O/d(b+2c+e)(c+b)(b+e+d) / be(c+b) 2b+t2c+d+e) ]
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To complete the verification that our action is well-behaved it remains to show that condition (4) in
Lemma 3.5 applies. For each subset of the parameters (a,...,f) we obtained above a spherical point for the
weight with those parameters set equal to zero. We must also check that the fundamental highest weight
vectors associated with the complementary parameters are non-zero at this spherical point. For example at
the spherical point Z for a weight of the sort aA1+0A2+cA3+0A4+0AS5+fA6 (i.e. with b=d=e=0) we
require that each of h (Z), h;(Z) and h,(Z) be non-zero.

The code below generates the following output for each of the 63 non-empty subsets of {a=0, b=0, c=0,
d=0, e=0, f=0}:

- A listing of the subset. These parameters are set to zero in succession to obtain a non-generic
(generalized) spherical point as in the previous output.

- A list of the fundamental highest weight vectors (h,...h,) associated with the complementary

parameters.
- A list of values for these hj 's at the spherical point.

The output shows that in all cases each fundamental highest weight vector for a complementary parameter
takes a non-zero value at the limiting spherical point in question. Thus condition (4) from Lemma 3.5
does hold here, completing our analysis for this example.

>11,2,3,4,5,6]: ch:=[seq(choose(%)[i],i=2..64)]:
h:=[hl,h2,h3,h4,h5,h6]: hn:=[hln,h2n,h3n,h4n,h5n,h6n]:
| zs:=[a=0,b=0,c=0,d=0,e=0,£f=0]:

> for i from 1 to nops(ch) do:

s:=map (x->zs[x],ch[i]):

print(s);

zc:=[op({1,2,3,4,5,6}minus{op(ch[i])})]:

hs:=map (x->hn[x],zc):

for j from 1 to nops(s) do:




hs:=subs(s[j],hs):
end do:
print (map(x->h[x],2zc));
print (hs);
end do:
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a+2b+2f
[a=0,c=0,e=0]
[h2, h4, h6
Jb @b+d+2f)Jb+d+fJb+2f JdJ2b+d+2fJb+d+f
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