The action (Sp(4)xU(4)):M4, 4(0)

Chal Benson and Gail Ratcliff

[ This Maple worksheet provides details concerning an example presented in section 4.6.4 of our paper
Spaces of Bounded Spherical Functions on Heisenberg Groups: Part I. At issue is the (multiplicity free)
action of the compact group Sp(4)xU(4) on the space V=M, ,(C) of 4x4 complex matrices via (k1,
k2). z = k1l zZ k2"t. We will show that this action is well-behaved as defined in Section 2 of the
paper.

> restart: with(linalg):

Functions dot and sym below implement the inner product of 4x4 matrices and the symplectic product
of vectors in C*4. In the inner product complex conjugation should be applied to the matrix entries of the
second input. But for our purposes it will suffice to restrict attention to matrices all of whose entries are
real.

> dot:=(a,b)->sum(sum(a['u','v']*b['u’','v'],'u'=1..4),'v'=1..4);

4 4
dot == (a:b)_) Z [ z Aoy 'v'b'u' 'v']
w=1lwu=1 "" ’
> sym:=(a,b)->sum(a['i']*b['i'+2]-a['i'+2]*b['i'],'1i'=1..2);
2
sym = (a,b)— 2 (a,i,b,l,,+2 —a,i,+2b,i,)

=1

;So for example......
> z:=matrix(4,4): dot(z,z); sym(col(z,1),col(z,2));
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[ This multiplicity free action has rank 6. Fundamental highest weights and highest weight vectors were
given in a paper by Howe and Umeda. We implement these below as A1,...,A6 (highest weights) and h1,.
..h6 (highest weight vectors).

> hl:=z->z[1,1];hl(2);

—
hl =z Z

> Al:=[[1,0],[1,0,0,0] 1;
Al =[[1,0],[1,0,0,0]]

> h2:=z->z[1,1]1*z[2,2]-2[1,2]*z[2,1];h2(=2);
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21,1%2,2 7 %1252,

> A2:=[[1,1],[1,1,0,0]] ;
A2:=1[[1,1],[1,1,0,0]]

[> h3:=z->det (delcols(delrows(z,3...3),4..4)); h3(z);
h3 =z — linalg:-det (linalg:-delcols (linalg:-delrows (z, 3 ..3),4 ..4))

=z z z +22 +z
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> a3:=[[1,0],[1,1,1,0]];
A3=1[[1,0],[1,1,1,0]]

> h4:=z->z[1,1]1*z[3,2]-2[1,2]*z[3,1]+2[2,1]1*2[4,2]-2[2,2 ]*z[4,1];
h4(z);
hd =z—z +z,

1,1%3,2° %1,2%3,1 124,207 %2,2%4,1
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> Aa4:=[[0,0],[1,1,0,0]];

24207 %4.1%22

A4:=[[0,0],[1,1,0,0]]
> ml:=z->matrix([[z[1,1],0,2z[1,2],2[1,3]],
(z[2,1],0,z[2,2],2[2,3]],
[0,z[1,1],=2[1,2], =z[1,3]],
| [0,2[3,1],2[3,2],2([3,3]11]):
> m2:=z->matrix([[z[1,1],0,2[1,2],2[1,3]]1,
[z[2,1],0,2[2,2],2[2,3]],
[0,2z[2,1],2[2,2], z[2,3]],
| [0,z[4,1],2[4,2],2[4,3]11]):
> h5:=z->det(ml(z))+det(m2(z));
h5(z);
h5 = z— linalg:-det (m1(z)) + linalg:-det (m2(z))
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[> A5:=[[1,1],[2,1,1,0]];
A5 = [[1, 1], [25 15 150]]

> h6:=z->det(z);h6(z);
h6 =z — linalg:-det (z)

1,17%3,2%2,47%4,3

+ Z.
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=> A6:=[[0,0],[1,1,1,1]];
46 :=[[0,0], [1, 1,1, 1]]

jMatrix X will be an arbitrary element of the Lie algebra sp(4,C)....
B X:=matrix(4,4): X[1,4]:= X[2,3]: X[3,3]:=-X[1,1]: X[4,3]:=-X[1,2]:
X[3,4]:=-X[2,1]: X[4,4]:=- X[2,2]: X[4,1]:= X[3,2]: evalm(X) ;
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[Matrix Y will be an arbitrary element of gl(4,C)....
> Y:=matrix(4,4);
Y=array(l.4,1.4,[])

jThe moment map takes V to the dual of sp(4) x gl(4). We implement this below as function mom.
[> mom:=z-> simplify(dot(evalm(X&*z),z) ) +simplify(dot(evalm(z&*
transpose(Y)),z));
mom = z —simplify (dot (evalm (X &* z), z) ) + simplify (dot (evalm (z &* linalg:-

transpose(Y)),z))

Z%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
Using numerical methods, we found the points in V which map to diagonals under the moment map. We

code the results of this investigation as procedure spt below. We will show that this produces a spherical
point which maps to the weight aA 1+bA2+cA3+dA4+eAS5+fA6.

> spt:=proc(a,b,c,d,e,f)
local z11,z12,z13,z14,z21,222,2z23,224,2z31,232,233,234,241,z42,243,
z44,sp;

zll:=(a* (atb+te)* (atcte)* (atbtct+2*e) * (a+2*b+c+d+2*e) * (atb+ctd+te) * (a+
b+c+d+2*e+£f))/

((at+c) * (ate) * (atb+c+e) * (a+tb+d+e) * (a+2*b+c+2*e) * (at+tb+c+d+2*e)) ;
z12:=(b*c*e* (atb+c+d+e) * (a+2*b+c+d+2*e) * (b+c+e) * (b+c+d+e+£f) )/
((atc) *(ate) * (b+d) * (atb+cte) * (at+2*b+c+2*e) * (b+ct+d+e) ) ;

z13:=(c*d* (at+b+c+2*e) * (a+c+e) * (b+c+e) * (b+d+e) * (ct+e+f) )/

((atc) * (b+d) * (ct+e) * (atb+c+e) * (a+2*b+c+2*e) * (a+tb+d+e) ) ;
zld:=(a*b*d*e*f* (at+tb+e) * (b+d+e))/

((atc) * (ct+e) * (atb+c+e) * (a+2*b+c+2*e) * (atb+c+d+2*e) * (b+c+d+e) ) ;

221}=(c*e*(a+b+e)*(a+b+c+2*e)*(a+2*b+c+d+2*e)*(b+d+e)*(a+b+c+d+2*e+
£))

((atc) * (ate) * (b+e) * (a+2*b+c+2*e) * (a+tb+c+d+2*e) * (a+tb+d+e) ) ;
z22:=(a*b* (a+2*b+c+d+2*e) * (atc+e) * (b+c+e) * (b+d+e) * (b+c+d+e+£f) )/
((atc)* (ate) * (b+d) * (b+e) * (at+2*b+c+2*e) * (b+c+d+e) ) ;

z23:=(a*d*e* (a+tb+c+2*e) * (a+b+c+d+e) * (b+ct+e) * (cte+f) )/

((atc) * (b+d) * (b+e) * (cte) * (a+2*b+c+2*e) * (a+tb+d+e) ) ;
z24:=(b*c*d*f* (a+b+e) * (a+b+c+d+e) * (atct+e) )/
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((a+c)* (b+e) * (c+e) * (a+2*b+c+2*e) * (a+b+c+d+2*e) * (b+c+d+e) ) ;

z31l:=(b*c*d*e* (b+c+e) * (b+d+e) * (a+tb+c+d+2*e+£f) )/

((at+c) * (ate) * (atb+c+e) * (a+2*b+c+2*e) * (atb+c+d+2*e) * (a+tb+d+e) ) ;
z32:=(a*d* (a+b+e) * (atb+c+2*e) * (a+c+e) * (b+d+e) * (b+c+d+e+£f) )/

((atc) *(ate) * (b+d) * (atb+cte) * (at+2*b+c+2*e) * (b+ct+d+e) ) ;

z33:=(a*b*e* (at+b+c+d+e) * (a+2*b+c+d+2*e) * (a+b+e) * (ct+e+£f) )/

((atc) * (b+d) * (ct+e) * (atb+c+e) * (a+2*b+c+2*e) * (a+tb+d+e) ) ;

z34:=(c*f* (atb+c+2*e) * (a+b+c+d+e) * (a+2*b+c+d+2*e) * (atcte) * (b+cte) )/
((atc) * (ct+e) * (atb+c+e) * (a+2*b+c+2*e) * (atb+c+d+2*e) * (b+c+d+e) ) ;

z4l:=(a*b*d* (a+b+c+d+e) * (a+c+e) * (b+c+e) * (at+b+c+d+2*e+f) )/

((atc)* (ate) * (b+e) * (a+2*b+c+2*e) * (a+b+d+e) * (a+tb+c+d+2*e)) ;
z42:=(c*d*e* (a+b+c+2*e) * (a+b+c+d+e) * (at+b+e) * (b+c+d+e+£) )/

((atc) * (ate) * (b+d) * (b+e) * (at+2*b+c+2*e) * (b+c+d+e) ) ;

z43:=(b*c* (a+2*b+c+d+2*e) * (a+b+e) * (a+c+e) * (b+d+e) * (c+e+£f) )/

((atc) * (b+d) * (b+e) * (cte) * (at+2*b+ct+2*e) * (atb+d+e) ) ;

z44:=(a*e*f* (at+b+c+2*e) * (a+2*b+c+d+2*e) * (b+d+e) * (c+b+e) * (c+d+e) )/
((atc) * (bt+e) * (cte) * (a+2*b+c+2*e) * (at+tb+c+d+2*e) * (b+c+d+e) * (c+d+e) ) ;

sp:=matrix([[z11],z12,213,z14],[2z21,222,223,224],[231,2z32,233,2z34],
[z41,z42,2z43,z44]1]);

sp:=map (x->sqrt(x),sp);

sp[l,2]:=-sp[1,2]; sp[l,3]:=-sp[1,3]; sp[l,4]:=-sp[1,4]; sp[2,1]:=-
sp[2,1]; sp[2,2]:=-sp[2,2]; sp[2,3]:=-sp[2,3];

sp[3,3]:=-sp[3,3]; sp[4,2]:=-sp[4,2];

evalm(sp);

end:

:Here now is our general spherical point:
> z:=spt(a,b,c,d,e, f);

((a(a+b+te)(atct+e)(at+tb+c+2e)(at+2b+c+d
+2e) (a+b+c+d+e)(a+b+c+d+26+f))/((a+c) (at+e)(atb+c

1/2
t+e)(a+tb+dte)(a+2btct+2e)(a+btct+d+2e))) ,

((bce(a+b+ct+d+e)(a+t2btct+td+2e)(bt+ct+e)(b+c

+d+e+ﬂ)/((a+c)(a+e)(b+d)(a+b+c+e)(a+2b+c+26)(b+c



1/2
+d+e)))

_/ cd(a+b+tct+2e)(atcte)(btcte)(bt+d+te)(ctet+f)
(a+c)(b+d)(cte)(atb+ct+e)(a+2b+c+2e)(at+b+d+te)’

—((abdef(a+b+e)(b+d+e))/((a+c)(c+e)(a+b+c

1/2
t+e)(at+2b+ct22e)(at+tbtctd+2e)(btct+d+e)))

|

-((ce(a+b+e)y(atb+ct2e)(at+2b+ct+d+2e)(b+d

+e) (a+b+c+d+2e+f))/((a+c)(a—i-e)(b-l—e)(a+2b+c+2e)(a
1/2

+b+ct+d+2e)(at+tb+td+te)))

-((ab(a+2b+c+d+2e)(atcte)(btct+e)(b+d+e) (b

+c+d+e+f))/((a+c)(a+e) (b+d)(b+te)(a+2b+tct+2e)(bt+tctd

+e)))

_/ ade(a+b+tct+2e)(a+btct+tdt+e)(btcte)(ctetf)
(a+c)(b+d)(b+e)(cte)(a+2b+c+2e)(a+b+d+e)’

((bcdf(a-i—b-l—e)(a—i-b-i-c-i—d-i—e)(a+c+e))/((a+c)(b

1/2
+e)(cte)(at2bt+tct+2e)(atbt+ct+d+2e)(b+ctd+e))) },

((bcde(b+c+e)(b+d+e)(a+b+c+d+2e+f))]((a

tc)(ate)(atbt+ct+e)(atb+dte)(at+2btct+t2e)(atbtct+d



1/2
+2e)))

/ad(a+b+e)(a—i-b-l—c-l-Ze)(a—l-c-i-e) (b+d+e)(b+ct+d+tet+f)
(a+c)(at+e)(b+d)(at+b+ct+e)(a+2b+c+2e)(b+ct+d+te)

_/ abe(a+b+tct+d+e)(a+t2bt+c+d+2e)(at+bte)(ctet+f)
(a+c)(b+d)(cte)(atb+ct+e)(a+2bt+c+2e)(at+b+d+te)’

((cflatb+c+2e)(a+bt+c+d+e)(a+2b+tc+d+2e) (a

+c+e) (b+c+e))/((a+c)(c+e)(a+b+c+e) (a+2b+c+2e)(a+b

1/2
+ct+d+2e)(bt+ct+d+e)))

b

((abd(a+b+c+d+e)(a+tct+te)(btcte)(atbtctd+2e

+ﬂ)/((a+c)(a+e)(b+e)(a+2b+c+2e)(a+b+c+d+2e)(a+b

1/2
+d+e))) ,

_/ cde(a+b+tct+22e)(atbtct+td+te)(atb+te)(b+tct+dtetf))
(a+c)(ate)(b+d)(b+te)(at+2b+c+2e)(b+c+d+e) ’

/bc(a+2b+c+d+2e)(a+b+e)(a+c+e) (b+d+e)(ctet+f)
(atc)(b+d)(b+te)(cte)(a+2b+tc+2e)(atb+td+te) ’

((aef(atb+c+2e)(a+2b+c+d+2e)(b+d+te)(b+c

+e))/((a+c)(b+e)(c+e)(a+2b+c+2e) (a+b+ctd+2e) (btc

+d+€H;hH

[ To help with simplification, we replace each square root in the matrix above with a single variable, tI....
=t26.

> getallterms:=proc(sp)
local ntermsarray, dtermsarray, Trms, i, Jj;
ntermsarray:=map (x->{op(convert (numer(x~2), list))}, sp);




dtermsarray:=map (x->{op (convert (denom(x"~2), list))}, sp);

Trms:={};

for i from 1 to 4 do

for j from 1 to 4 do
Trms :=Trms union ntermsarray[i,j] union dtermsarray[i,

il

od od;

convert (Trms, list)
| end:
> Terms:=getallterms(z); nops(%);
Terms = [a,b,c,d,e,fa+c,at+eb+d b+ect+eat+bteatct+teb+cted

+d+ectet+fa+bt+cteat+btct+2eat+bt+dtea+2bt+c+2eb
+c+d+ea+b+c+dtea+b+ct+d+2ea+2b+c+d+2eb+c+d
t+et+fatbtct+d+2e+f]

26

> rewrite := proc(q)
local num, den, numr, denr, j:
global Terms;
num:={op(convert (numer(q), list))};
den:={op(convert(denom(q), list))};
numr:=1; denr:=1;
for j from 1 to nops(Terms) do
if Terms[j] in num then numr:=numr*t[j] £fi;
if Terms[j] in den then denr:=denr*t[j] fi
od;
numr/denr
end:

:The matrix zn is the spherical point expressed in terms of the t's.
> zn:=zip((x,y)->sign(x)*(rewrite(y"2)), 2z, z);

o= [ tl t12 ZL13 t18 t22 ZL24 t26 t2 t3 15 ZL14 t22 t24 ZL25 t3 t4 t13 tl4 t15 t16 118
T s s )
t7 t8 t17 t19 t20 t23 t7 t8 t9 t17 tZO tZl t7 t9 tll t17 t19 t20

1274757671215

t7 tll t17 t20 t21 t23

l‘l‘ttttl“

I_ t3 tS t12 t15 tlS t24 t26 _ tl t2 t13 tl4 t15 t24 125 _ tl t4 t5 t14 tl6 t18 t22
2 2 b
t7 t8 th t19 t20 t23 t7 t8 t9 th tZO t21 t7 t9 th tll t19 t20

2737476712713 22

t7 th tll t20 t21 t23

ttl‘l‘ttl“

ttt ot t. tttt_t t.  ttt .ttt tt ottt t

lltttl‘ltl‘lttl‘tt t ottt tt, Lttt t 0, ¢
778 717 "19 20 23 77879717 20 21 779711717 "19 20 7711 717 20 21 23

2737475714715 26 174712713 "15 "18 25 17275712 16 22 24 376 13 714 "18 22 24
],




[ tl tZ t4 t13 t14 t22 t26 t3 t4 tS t12 t18 t22 tZS t2 t3 t12 t13 tlS t16 tZ4 tl tS t6 tl4 tlS t18 tZ4

t7 18 th t19 t20 Z‘23 t7 Z‘8 Z‘9 th t20 Z‘21 t7 t‘) th tll tl‘) Z‘20 t7 th tll t20 Z‘21 t23

;To convert back from "t-variables" to parameters (a,b,...) use this substitution......
> subt:={seq(t[j]=sqgrt(Terms[j]), j=1..nops(Terms))};

subt = {tl=\/7,t2=ﬁ,t3=\/?,z4=ﬁ,t5=\/?,t6=\/7,t7= atc,t,=Jate,t

= b+d,t10= b—i—e,tll: cte,t,= a+b+e,t13= atc+te,t,

=Jb+cte,t=ybt+tdte,t =Jctetft =Jat+tb+cte,i,

=Ja+tbtct+2e,ty=Jat+tbtd+e

=Ja+2b+c+2e

’ t20 ’ tZl

=Jb+c+d+e,t,=Jat+b+c+d+e,t,,=Ja+tb+c+d+2e,t

’ t22 ’ t23 > 24

=Ja+2b+c+d+2e

J%ZJb+c+d+e+fJ%=Ja+b+c+d+2e+f}

Now we can apply the moment map to our general spherical point to show that we indeed get aA 1+
bA2+cA3+dA4+eAS5+fA6=[[atb+cte,b+e],[atb+ctd+2*e+f,b+ct+d+etf,ctett,f]]. Here recall that our
| weights are:

[> A1;A2;A3;A4;A5;A6;

[[1,0],[1,0,0,0]]
[[1,1],[1,1,0,0]]
[[1,0],[1,1,1,0]]
[[0,0],[1,1,0,0]]
[[1,1],[2,1,1,0]]
[[0,0],[1,1,1,1]]

| We apply the moment map to zn, convert back to parameters (a,...,f) , simplify and collect terms...
> mom(zn):

subs (subt, %) :

simplify(%):

collect (%, [X[1,1],X[2,2],Y[1,1],¥[2,2],Y[3,3],¥[4,4]1]);
(a+tb+cte)X t(b+e)X, ,+(a+btct+d+t2e+f)Y +(b+tctd+te

TN, (ctet )Y, +/Y,,

[ This completes the justification that z:=spt(a,b,c,d,e,f) is indeed a (generalized) spherical point for the
| weight aA 1+bA2+cA3+dA4+eAS+TAG.

| 70%0%0%0%0%0%0%0%0%%0%0%0%0%0%0%0%0%0%0%6%0%0%0%0%0%0%0%0%0%%0 %% %% %
Next we evaluate the highest weight vectors hl,...,h6 at our general spherical point z. For this we work in
terms of the t's and simplify.




[> w:=matrix(4,4):
hl(w);

1,1
> hl(zn);
hln:=subs (subt, %);

tl t12 Z‘13 t18 t22 Z‘24 t26

t7 t8 t17 tl9 t20 t23

hin =

(J:;Ja-+b-+e-Ja-+c-+eAJa-+b—%c4—ZeAJa-+b—+c4-d%-e

Ja+2b+c+d+2eJa+b+c+d+2eﬁﬂ/

(Ja-+c«Ja-+e<Ja-+b-+c-Fe-Ja-Fb-%d-Fe«Ja-FZb-+c—F2e

Jatbtctdt2e)

> h2(w);

WiaWa o= Wy 2Wy

> factor (h2(zn)) ;subs(subt, %) ;h2n:=factor(%);

2 2 2 2 2
t12 t18 t22 t24 t26 t2 t14 t15 t25 (tl t13 + t3 tS )

2 2 2
t7 t8 t17 tl9 t20 t23 t9 th t21

(Jat+tbteJatbtct2eJatbtctdte (a+2b+c+d

+2e)

Jat+tb+ct+td+2etfJbyb+tc+teJbtd+e Jb+ctd+e+tf (a(atc

+e)+ce))/((a+c) (a+e)Ja+b+c+eJa+b+d+e (a+2b+c

t2e)Jatbtctdt2eJbtdJbrteJbtctdte)

n=-(JbtctdtetsybrdreJbtcteJbJatbtctd+2ets (a

+2b+c+d+2@¢a+b+c+d+eJa+b+c+2eJa+b+e)/

(JbtctdrteJbteJbtdJatbtctd+2e (a+2b+c

+2e)JatbtdteJatbtcte)

> h3(w);

w w w w —-w w w +w w w +w

L1, oWa 3 T Wi i W 3 W0 2,1 1,2 W43 2,1 1,3 W42

T W4 1 W13 W02

> factor (h3(zn));subs(subt, %) :h3n:=factor(%);

13 Zzl t2 f3 P t2 t2 tot <tl3 t18 t22 124 Z‘26 t14 125 Z‘3 t16 <_
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h3n =

(VatcteJatbrct2eJatbtctdteJat2btctd+2e

Ja+b+c+d+2e+fJb+c+eJb+c+d+e+fJ?Jc+e+f)/
(Ja-+C«Ja-F2b-+c—F2e-Jc-%e-Jb-%c-%d-%e.Ja-kb-Fcﬁ—d%-2e

Ja-%b-%c%—e)

> ha(w);
Wi g W3 0 W g W | TWy Wy 5 T W, W,y
> factor (h4(zn)); subs(subt,o) h4n:=factor (%);
by by e Iy s Ty (t t12 13 128 fio T tzz t32 tsz t124 tlzo + t32 tsz t122 t128 t127 + t12 tzz t123 t124 t127)
t72 t82 t127 fg tzzo bhyly by t120

hdn =

(JbtctdrtetfJbrdteJdJatbtctdt2ets

Ja+2b+c+d+2e¢a+b+c+d+e)/

(VbtctdteJbtdJatbtctdt2eJatbtdte)

> h5(w);

" + 2 +w W, W, ., W - W, W, W, W
Wi g W oW 3T W 1 Wy 3W3 1131 %1,3 M2 13,101,223

+_W11MHJ‘%,2W13__W w w w — W w w w

TWy W Wy 3 Wy, TW

TW, Wy W 3 W,

> factor (h5(zn));h5n:=factor (subs(subt,%));
1

- t4 t3 t3 l‘3 t4 t2 tZ P t3 p <t12 113 t128 t22 1224 t226 t14 115 t25 tS t16 (t? 1120 t122 t123 1222 t22 t224 +
7 °8 17 °19 20 23 79 21 "10 "11
G0ty s 5y 1 g 0 g 65 6 105 Gy = £ R 6 6 6 (14 s 055 0 Gy 65 0,15
Gy toa F 1 00 15 0y 6 Gy s g 05 0 6 1y 5 3 s G, F 6 0 0 0 (6 G 1y + 85
fi7 05 M 015 5 Gy 05 0 65 0y s 0 B = 6 0 0 0 004 05 0, 65 15, 07 5 6 15, 07

hn=-(JctetfJeJbtctdtetsJbtdteJbtcte (at+tb+c+d
+2e+f)(a+2b+c+d+2e)Ja+b+ct+d+e (a+b+c




e)Ja+c+e \/a-l—b—I—e)/

(\/b-l-e Jat+eJa+b+d+eJa+b+c+eJct+teJb+c+d+e (a+b

tc+d+2e)(a+2b+c+2e))

> hé6(w);

Wi Wy aWa 3 Wy g =W Wy oWy g Wy 3 ~ W 1 W3 g Wy 3 Wy g TW 1 W3 0 W) 4 Wy 3
TWy Wy g Wy 3 Wy g TW Wy g Wy W 3 TWy Wy Wa s Wy
TW Wy g Wy g Wy 3 TWy W g Wy g Wy Wy Wy Wy Wy g
TWy Wy g Wy 3 Wy g TWy Wy Wy W s W Wy Wy Wy
T3 WL Wa g W3 T W3 g Wa o W3 Wa g T3 Wy o W g Wy s
TWy Wy Wy Wy g TW Wy g Wy g Wy 3 Wy W g Wy 3 Wy
TWy Wy g Wy g Wy g T W Wy Wy g W T W Wy Wy Wy

s

TW, Wy g Wy 3 Wy g W, Wy Wy g W, g

> factor (h6(zn));h6n:=factor (subs(subt,%));
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1

12 713 18 22 24 "2 "14 155 12 13 18 22
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hon=\Jf\Jc+tet+fJb+ctd+te+fJa+tb+tct+td+2e+f

[ These are the formulas given in section 4.10 of our paper. They show that for positive real parameters (a,
b,c,d,e,f) each fundamental highest weight vector hj (z) takes a non-zero value at z=spt(a,b,c,d,e,f). It

follows that z lies in the open Borel orbit in V and Corollary 3.4 in our paper implies that (for positive
integer values of the parameters a,...,f) the spherical point z is well-adapted to the highest weight vector



h* h2b h;°h 4d h° h6f. But we can also demonstrate this via direct computation as follows...

The well-adapted property uses directional derivatives of the HWV's evaluated at the spherical points. We
simplify using the t-substitution. The i,j'th entry of dkn is the 1,j'th derivative of h_k evaluated at the
| general spherical point (expressed in terms of the t's).
> dln:=matrix (4,4, (i,j)->coeff(coeff(hl(evalm(zn+t*w)),t),w[i,j])):
> matrix(4,4,(i,j)->coeff(coeff(h2(evalm(znt+t*w)),t),w[i,j])):
d2n:=map(simplify,subs(subt,%)):
> s:="'s':matrix (4,4, (i,j)->coeff(coeff(h3(evalm(zn+s*w)),s),w[i,j])):
d3n:=map(simplify,subs(subt,%)):
> matrix(4,4,(i,j)->coeff(coeff(hd(evalm(znts*w)),s),w[i,j])):
d4n:=map(simplify,subs(subt,%)):
> matrix (4,4, (i,j)->coeff(coeff (h5(evalm(zn+s*w)),s),w[i,jl)):
| d5n:=map(simplify,subs(subt,%)):

[> matrix (4,4, (i,j)->coeff(coeff(h6(evalm(zn+s*w)),s),w[i,j])):
dén: -map(51mp11fy,subs(subt,o))

The well-adapted condition says that the sum of the following six terms is the spherical point z.

terml :=map(simplify,evalm(a/hln*dln)):

term2:=map (simplify,evalm(b/h2n*d2n)):

term3:=map(simplify,evalm(c/h3n*d3n)):

term4 :=map (simplify,evalm(d/h4n*d4n)):

term5 :=map (simplify,evalm(e/h5n*d5n)):

term6 :=map (simplify,evalm(£f/hé6n*dén)):

ans:=map (factor, evalm(terml+term2+term3+termé+termS5+termb));

ans = l

(J:fJa-+b-+e.Ja-+c-+e~Ja-+b-%c—k2e<Ja-+b-%c4-d+-e

V"V"V"V"V"V"V"

Ja+2b+c+d+26Ja+b+c+d+2ef”/

(Ja-+C«Ja-+e.Ja-+b-+c-%e~Ja-+b-%d-%e~Ja-%2b—kc+-26

Jatbtctdr2e),

—(J?:vq;vq;Jl)+cv+e«Ja-%b-%c—kd-Fe«Ja-F2b-+c-%d—F2e

Jobtctdterr)/

(Ja-+C«Ja-+e.Jb-+dea-+b-+c-%e<Ja-%2b-%c4—2e.Jb-%c+-d+-e),




—(\/7\/?\/b+c+e Jat+c+eJat+b+c+2e \/c+e+f\/b+d+e)

/(\/a-i-c Ja+2b+c+2eJa+b+d+eyb+dJa+tb+c+e \/c-l-e),

(JFVatbreJeJbrdre JaJbJa)/

(VatcJatbtcteJat2btct2eJatbtctdt2eJbtctdte

\/c-i-e)],

(VeJeJatbteJbtdteJatbtct2eJat2btctd+2e

Jatbtctdt2err)/

(\/a-}-c Jat+eJb+eJa+b+d+eJa+2b+c+2e

Jatbtctdt2e),

(VaJbJatcteJbtcteJbtdreJat2btctd+2e

Jbtcrdtexr)/

(\/a-}-c Jat+eJb+db+eJa+2b+c+2e \/b+c+d+e),

JaJdJeJctetffbtcteJatbtct2e Jatbtctdte
Jat+cyb+dJb+eJat+b+d+eJa+2b+c+2eJc+e

\/7\/a+b+e \/?\/a-l—b-l—c—I—d-I—e Ja+c+e \/7\/7

b

Jat+cyb+eJc+teJa+2b+c+2e Jb+c+d+eJa+tb+c+d+2e



(VoVeJadJeybFereJbrdreJatbrerd+aetrrs)/

(Ja+cJa+eJa+b+c+eJa+b+d+eJa+2b+c+2e

Jatbtctdr2e),

(f;JjJa+%%%eJa+c+er+wﬁ+eJa+b+c+2e

Jobtcrdterr)/

(Ja+cJa+e\ﬂr+dJa+b+w%%eJa+2b+c+2e¢b+c+d+el

-(VeJat2btctd+2eJatbtctdreJatbteJbJa

Jc+e+f)/

(Ja+ch+dJc+eJa+b+c+eJa+b+d+eJa+2b+c+2eL

(j?Ja+c+eJa+b+c+2eJa+b+c+d+e¢a+2b+c+d+2e

JireteVe)/

(Ja+cJa+2b+c+2e¢c+eJb+c+d+eJa+b+c+d+2e

Ja+b+c+e”,

(f;fFfJJa+c+er+c+eJa+b+c+d+e

Ja+b+c+d+2e#ﬂ/

(Ja+cJa+eJb+e¢a+b+d+e¢a+2b+c+2e

Jatbtctdr2e),



(VeJdJeJatbreJatbtct2eJatbtctdrte

Jb+c+d+e+f)/

(Ja-+c.Ja-+e.Jb-+d»Jb-+e.Ja—%2b-+c—%2e.Jb-+c%-d4-e),

JeJa+2b+c+d+2eJb+td+e b Jatb+teJctetfJat+tcte
Ja+2b+c+2eyb+teJb+dJat+tb+d+eJatcct+e

2

JfJeJb+td+e Jb+cteJat+t2bt+tctd+2e Jat+thb+c+2eJa
Jat+cyb+eJc+teJa+2b+c+2eJb+c+d+eJa+tb+c+d+2e

|

[ The following code checks that this ans does equal the spherical point z by comparing the squares and
| signs of each entry in ans and z.

> for i from 1 to 4 do;
for j from 1 to 4 do;
simplify(ans[i,j]172/2[i,7]1"2);
print(%);
end do;
end do;




1
> evalm(map(sign,z)—map(sign,_ans)); _
0000
00O00O0
00O00O0

0000

| %6%0%0%%%%%6%%%0%0%6%6%%%%%6%%%0%6%6%%%%%%6%% % %% %0
Our results hold for all positive reals parameters a...f. To complete the verification that our action is well-
behaved we must also consider non-generic spherical points for which one or more coefficient a...f is
zero. Here we apply Lemma 3.5 from our paper. First we check condition (3) in the Lemma: limits of
(generalized) spherical points exist if we take some variables to zero. Since the moment map is

| continuous, these limits are also (generalized) spherical points....

_First, we generate all possible ways the variables can go to zero. We eliminate the empty set. There are 63
| non-empty subsets of {a=0, b=0, c=0, d=0, e=0, {=0}.

[> with(combinat):
[> zs:=[a=0,b=0,c=0,d=0,e=0, £f=0];
ch:=[seq(choose(%)[1],i=2..64)]:
tnops(%);
zs =[a=0,b=0,c=0,d=0,e=0,f=0]

63

[ The following code lists each possible setting of parameters a...f to zero and prints the limiting
(generalized) spherical point. This verifies condition (3) in Lemma 3.5. In particular no singularities arise
| as we perfom these limits via setting parameters to zero in succession.

> for i from 1 to nops(ch) do:
print(ch[i]);
zf:=evalm(z):
for j from 1 to nops(ch[i]) do:

zf:=subs(ch[i][j],evalm(zf)):

end do:
print(zf);

end do:
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To complete the verification that our action is well-behaved it remains to show that condition (4) in
Lemma 3.5 applies. For each subset of the parameters (a,...,f) we obtained above a spherical point for the
weight with those parameters set equal to zero. We must also check that the fundamental highest weight
vectors associated with the complementary parameters are non-zero at this spherical point. For example at
the spherical point Z for a weight of the sort aA1+0A2+cA3+0A4+0A5+fA6 (i.e. with b=d=e=0) we
require that each of h,(Z), h,(Z) and h(Z) be non-zero.




The code below generates the following output for each of the 63 non-empty subsets of {a=0, b=0, c=0,
d=0, e=0, f=0}:

- A listing of the subset. These parameters are set to zero in succession to obtain a non-generic
(generalized) spherical point as in the previous output.

- A list of the fundamental highest weight vectors (h,...h;) associated with the complementary

parameters.
-Ahﬁoﬁmh%ﬁxm%e%%mmewmmmummt

The output shows that in all cases each fundamental highest weight vector for a complementary parameter
takes a non-zero value at the limiting spherical point in question. Thus condition (4) from Lemma 3.5
| does hold here, completing our analysis for this example.

| > [1,2,3,4,5,6]: ch:=[seq(choose(%)[1],i=2..64)]:
> h:=[hl1,h2,h3,h4,h5,h6]: hn:=[hln, h2n,h3n,h4n, h5n,h6n]:
| 2s:=[a=0,b=0,c=0,d=0,e=0,£=0]:
> for i from 1 to nops(ch) do:
s:=map (x->zs[x],ch[i]):
print(s);
zc:=[op({1,2,3,4,5,6}minus{op(ch[i])})]:
hs:=map (x->hn[x],zc):
for j from 1 to nops(s) do:
hs:=subs(s[j],hs):
end do:
print (map(x->h[x],zc));
print (hs);
end do:
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Jbt+d+eJb (at+2b+d+2e)Jat+b+2e
Jb+d (a+2b+2e) ’
Jb+d+eJd Ja+t2b+d+2e
Jb+d ’
JeJbt+dte (a+2b+d+2e)(atb+2e)
at+2b+2e
[a=0,c=0,/=0]
[h2, h4, h5]
Jb+d+e b 2b+d+2e)Jb+2e Jbt+dted  2b+d+2e
Jb+d 2b+2e) ’ Jb+d ’
JeJbt+dte (2b+d+2e) (b+2e)
2b+2e

[6=0,c=0,/=0]
[hl, h4, h5]
[\/d+2e+a,\/d+e Jd+2e+a,-Je Jd+e (d+2e+a)]
[a=0,b=0,c=0,/=0]
[h4, h5 ]
[\/d—i-e Jd+2e,-Je Jd+e (d+2€)]
[d=0,/=0]
[hl, h2, h3, h5]

JaJatct+e Ja+tb+tc+2e

,-Jb+c+eJa+tb+c+2e,

Ja+cJa+e
Jat+c+eJa+b+c+2e \/b-l—c-l-e\/?
- T ,
JeJbtcte (atb+c+2e)Jatcte
- e

[a=0,d=0,f=0]
[h2, h3, h3]

[—\/b-l-c-l—e Jb+c+2e,-Jyb+c+2eb+tct+eJc+e,



-Jet+eJb+c+te (b+c+2e)]
[6=0,d=0,f=0]

[h1, h3, h5]
JaJa+tcteJa+t2etc JatcteJat2etc Jctefc
Ja+ca+e - \/m ,
JeteJe (a+2e+c)Jatct+e
} e

[a=0,b=0,d=0,f=0]
[h3, h5]
[—\/c—i-Ze (ct+e),-(ct+e) (c+2e)]
[c=0,d=0,f=0]

[hl, h2, h5]
[\/a+b+26,—\/b+e Ja+b+2e,-Je [b+e (a—i—b-l-Ze)]
[a=0,c=0,d=0,/=0]

[h2, h5]
[—\/b+e\/b+2e,—\/?\/b+e (b—|—2e)]
[b=0,c=0,d=0,f=0]

[hl, h5]
[\/a+2e,—e(a+2e)]
[a=0,b=0,c=0,d=0,f=0]

[A5]

[-2¢7]

[e=0,/=0]

[hl, h2, h3, h4]

Ja+bJa+2b+c+d Jat+b+c+d

2

Ja+b+dJa+2b+c

JbtcJatbtct+d (a+2b+c+d)Jatb
(a+2b+c)Jyat+tb+d

Ja+2b+ct+dJatb+c+d Jb+cfc

Ja+2b+c¢

9

2



Jd Ja+b+c+d Ja+2b+c+d

Ja+b+d

[a=0,e=0,=0]
[h2, h3, h4]

Jbtct+dJb 2b+d+ce)Jbte Jbtc2b+tdtc [btctd[c
Jb+d (2b+c) ’ J2b e ’

Jb+c+d Jd 2b+d+c
Jb+d

[b=0,e=0,/=0]
[h1,h3, h4]

ﬁ(d—i—a—l—c) (d+a+c)c ﬁ(d—l—a+c)

\/a+c\/a+d’ Ja+tc ’ Ja+d
[a=0,b=0,e=0,/=0]
[h3, h4]

[—(a’—i—c)\/?,d-l—c]
[c=0,e=0,=0]

[h1, h2, h4]
a+bJa+2b+d b(a+2b+d)ya+b
- ( ) Jd Ja+2b+d
Jaxzs a+2b eV
[a=0,c=0,e=0,f=0]
[h2, h4]

w—~%¢J7J2b+d

[6=0,c=0,e=0,/=0]
[hl,h4]

Vatd.JdJa+d]
[a=0,b=0,c=0,e=0,=0]
[74]

[d]
[d=0,e=0,/=0]
[hl,h2, h3]



[\/a—l—b—l—c,—\/b—i-c Ja+b+c,-Ja+b+cJb+c \/?]
[a=0,d=0,e=0,=0]
[h2, h3]
[-b=c-(b+e)c]
[b=0,d=0,e=0,/=0]
[hl, h3]

[\/a-i-c,—\/a-i-c c]
[a=0,b=0,d=0,e=0,f=0]
[73]

[_03/2]
[c=0,d=0,e=0,f=0]
[hl, h2]
[\/a—i-b,—ﬁw/a—l—b]
[a=0,c=0,d=0,e=0,f=0]
[h2]

[-b]
[b=0,c=0,d=0,e=0,f=0]
[A1]

[Va]
[a=0,b=0,c=0,d=0,e=0,/=0]
[]

[ ]







